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Preface 


This book evolved from courses about elementary differential geometry which 
I have taught in Freiburg, Hamburg and Potsdam. The word “elemen- 
tary” should not be understood as “particularly easy”, but indicates that the 
development of formalism, which would be necessary for a deeper study of dif- 
ferential geometry, is avoided as much as possible. We will instead approach 
geometrically interesting problems using tools from the standard fundamen- 
tal courses in analysis and linear algebra. It is possible to raise interesting 
questions even about objects as “simple” as plane curves. The proof of the 
four-vertex theorem, for example, is anything but trivial. 

The book is suitable for students from the second year of study onwards 
and can be used in lectures, seminars, or for private study. 

The first chapter is interesting mostly for historical reasons. The reader can 
here find out how geometric results have been obtained from axioms for thou- 
sands of years, since Euclid. In particular, the controversy about the parallel 
axiom will be explained. In this chapter we will mostly follow Hilbert’s pre- 
sentation of plane geometry, since it is rather close to Euclid’s formulation of 
the axioms and yet meets today’s requirements for mathematical rigour. In 
the mean time the axiomatic system has been simplified significantly [2]. A 
presentation with only seven axioms can be found in [30]. 

Anyone who is only interested in differential geometry can begin with the 
second chapter. The theory of curves is developed here, with particular focus 
on curves in the plane and in three-dimensional space. Curvature, a central 
notion in differential geometry, appears for the first time. Of particular interest 
are global results, i.e. statements about the overall shape of closed curves. The 
above-mentioned four-vertex theorem and the theorems of Fenchel and Fary— 
Milnor fall into this category. They tell us how much a space curve needs to 
curve so that it can close up (Fenchel) and how much a curve needs to curve 
to become knotted (Fary—Milnor). 

We begin to study surfaces in three-dimensional space in the third chapter. 
The necessary concepts are introduced, e.g. different notions of curvature, and 
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some important classes of surfaces are studied in more detail. One of them 
is the class of minimal surfaces, which appear in nature as soap films. Some 
examples are illustrated in colour as well. 

In the fourth chapter we change our point of view and concentrate on 
geometric quantities that can be obtained using measurements taken on the 
surface itself only. We study the shortest connecting curves between two 
points on a given surface, for example. This stance suggests the introduction 
of general Riemannian metrics, which allows us to construct new important 
geometries. The most prominent example is the hyperbolic plane, which, as 
Hilbert showed, cannot be realised as a “classical” surface. One reason why 
the hyperbolic plane is so important is that it ended the controversy about 
the parallel axiom. It is therefore often referred to as a non-Euclidean geom- 
etry. We devote ourselves to hyperbolic and spherical geometry and derive 
the most important trigonometric laws. Spherical geometry is used to discuss 
applications in cartography. We conclude the chapter with a comparison of 
different models of hyperbolic geometry illustrated by a woodcut of Dutch 
artist M. C. Escher. 

In the fifth chapter we derive Gauss’s divergence theorem and deduce that 
the total Gauss curvature of a closed surface does not depend on the Rie- 
mannian metric. The total curvature is thus a “topological invariant” of the 
surface. 

The last chapter is dedicated to the topological interpretation of this quan- 
tity. We show that every compact surface can be triangulated, i.e. that it can be 
cut into triangles in a suitable way. The Gauss—Bonnet theorem then tells us 
that the total curvature can be found by counting vertices, edges and triangles. 
We conclude with the outlook and recommendations for further study. 

Three appendices follow: first hints for solutions to the exercises, then a col- 
lection of useful formulae concerned with the inner geometry of surfaces and 
the most important trigonometric laws, and finally, the mathematical symbols 
used in this book are listed, to make it easier to look them up. As is the custom, 
the book ends with the references and the index. 

The enumeration of theorems, lemmas, examples and so forth is done using 
three numbers, where the first one denotes the chapter and the second one 
the section. The numerous exercises are enumerated by two numbers, the first 
one being the chapter. They are interspersed in the text and mainly discuss 
examples, which can be used to practice the material treated so far. The fur- 
ther logical arguments do not build on most exercises, but reading and doing 
the exercises is recommended to establish the necessary familiarity with the 
introduced concepts. 

At this point it is my pleasure to thank all those that made this book 
a success, e.g. by pointing out mistakes and making suggestions, including 
B. Ammann, M. Aubel, F. Auer, L. AuBenhofer, P. Ghanaat, H. Karcher, 
A. Kreuzer, D. Lengeler, F. Pfaffle, C. Pries, W. Reichel, E. Schréder, 
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C. Schulz, T. Seidel, U. Semmelmann, H. Wendland, U. Witting, and 
U. Woske. I am of course solely responsible for any mistakes in this book, 
which it will inevitably contain. I would be very grateful for a note telling me 
about them which can be sent to baer@math.uni-potsdam.de. Sincere thanks 
also go to Cambridge University Press, in particular C. Dennison, for her 
always pleasant and trusting collaboration. 

This book has been typeset using IATpX with the PSTricks package to pro- 
duce the drawings. The coloured illustrations have been created with povray, 
the maps in the section on cartography with the Generic Mapping Tools for 
Unix. The transformations of Escher’s woodcut to the Klein model of hyper- 
bolic geometry on page 220 and to the half-plane mode on page 222 have 
been carried out with gimp using the mathmap plugin. I am very grateful 
to the developers of all this great open source software. The illustrations on 
pages 142, 206, and 256 have been created with Maple. 

At last, a special thank you to A. Hornecker who contributed the coloured 
illustrations and many of the drawings and to P. Meerkamp who wrote a first 
translation of the German edition into English. 


Notation 


We here introduce some terms and conventions that will appear in this book 
again and again. 
The cardinality of a set A is denoted using absolute value bars: 
|A| = number of elements of A. 
For the difference of two sets we write 


A-B={xEA|x ¢ B}. 


R” denotes the vector space of all column vectors with 7 real entries: 


The individual entries usually have their indices at the top. For a subset A C R” 


- ° 
the expression A denotes the closure, 0A the boundary and A the interior. 
The Euclidean standard scalar product on R” is written using angle 
brackets: 


n 
(c, +e ys (yt, oe yy") = Si xiyl, 
j=l 
For a subspace V c R” 
Vt ={xeR"| (x,y) =O for ally € V} 


is the orthogonal complement. 
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The vector product on R? is given by 


e yl x2y3 — x3y2 
2 ix] y Jal —xly3 42391 
¥ y xly2 — y2yl 


For the real part of a complex number z we write X(z) and for the natural 
logarithm of a positive real number x we write In(x). 

A smooth map denotes one that is infinitely often differentiable. For the 
differential or its Jacobian matrix at a point p we write 


oF! oF! 
aut Be (p) 
arm oF” 
ae (p) aur (p) 


where F = (F!,...,F”)! : R” > R”. For functions f : R’ > R specifically 


= 
grad f = Df = (74) 


denotes the gradient. 
The group of invertible real n x n matrices is denoted by GL(n), the 
subgroup of orthogonal matrices by O(n): 
O(n) = {A € GL(n) | A'A = Id}, 
and the subgroup of special orthogonal matrices by SO(n): 


SO(n) = {A € O(n) | det(A) = 1}. 


Here A! denotes the transpose of A. 


1.1 


1 Euclidean geometry 


We familiarise ourselves with the axioms of Euclidean geometry in the plane 
and derive some geometric implications, among them the existence of the paral- 
lel line. We briefly discuss the historical importance of the parallel axiom. The 
existence of the Cartesian model shows the consistency of the Euclidean axioms. 
The Cartesian model is used to investigate Euclidean trigonometry. 


The axiomatic approach 


Geometry is one of the oldest of all sciences. Remarkable geometric knowl- 
edge was already present in the advanced oriental cultures of the fifth—third 
centuries BCE. Practical problems from metrology, architecture, astronomy 
and navigation were considered on an abstract level and led to geometric laws. 
For instance, the Egyptians used the formula for the area of a triangle 


___ length of base line x height 
7 2 


area 


and the approximate formula for the area of a circle 


diameter ) 


area = ( diameter - 9 
The latter corresponds to an approximation of 2 by 236 3.1605. No dif- 
ference was made between exact and approximate formulae in principle. 
Mathematical knowledge was there in the form of laws, justifications or proofs 
were not given. 

This changed in Greece between 350 and 200 BCE. Aspects of usefulness 
were then superseded by the desire for understanding. Mathematicians not 
only wanted to know certain laws, but also why they hold. This was the starting 
point of the axiomatisation of geometry. At first only a few intuitively evident 
axioms were laid down, from which it was thought that everything else could 
be derived logically in a rigorous manner. In what follows we will become 
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acquainted with the axioms of Euclidean plane geometry and go through 
some rather simple implications as illustrations of the axiomatic proof. We 
will mainly follow the formulation of the axioms presented by Hilbert in [13]. 

The axioms can be classified into five groups. We begin with the incidence 
axioms. To formulate these, we need two sets Y and ¥, whose elements we 
call points and straight lines respectively. Further assume that for every point 
p € # and every straight line L € Y the statement “p is contained in L”, in 
symbols “p € L”, is either true or false. Note that the symbol “e” does not 
denote a set-theoretic inclusion in this case, since the straight lines L are for 
now not sets, but abstract elements of Y. We nevertheless want to use this 
suggestive notation. Let us now move on to the first axioms. 


Incidence axioms These axioms make some statements about the con- 
tainedness of points in straight lines. 


Axiom I, For any two points there exists a straight line that goes through both 
of them, 
Vp,qeEPR AaLeY: peLandqe Ll. 


P 


Axiom Iy_ There is at most one straight line through any two distinct points, 


Vp.qEeA,p#q, VLMeY,pelL,qelL,peM,qeM: L=M. 


For any two distinct points p and q, there is by those first two axioms exactly 
one straight line that goes through both of them, we will from now on denote 


it by L(p,q). 


Axiom [3 Every straight line contains at least two distinct points, 
VLEG Ap,qeEF,p#q: peELandqeL. 


Axiom I4_ There exist three points that do not lie on a straight line, 


dp,grEeFYA: ALEYwithpeL,qeL,reL. 


P q 


Axiom I4 expresses that our geometry has at least two dimensions. 
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Axioms of order For the formulation of these axioms we need, in addition to 
the notions of #, Y and ¢, that for every triple (p,q, r) of points the statement 
“q lies between p and r” must be either true or false. The following axioms 
must be satisfied. 


Axiom Ay If q lies between p and 1, then p, q and r are three pairwise distinct 
points on a straight line. 


P 
Axiom Ay If q lies between p and 1, then q lies between r and p. 


For two points p and q we call the set of all points that lie between p and q the 
line segment from p to qg and write pq. Axiom Az therefore implies pr = 7p. 


Axiom A3_ For any two distinct points p and q there exists a point r, such that 
q lies between p and r. 


Attention This axiom does not say that for any two given points, there exists 
another point between them. We will first have to prove this, see theorem 1.1.1. 


Axiom Ay _ Given three points, at most one of them lies between the two others. 


If two straight lines L and M have a point p in common, p € L andp e€ M, 
then we sometimes say that L and M intersect, in symbols L 1 M # . We say 
that a line segment pr and a straight line L intersect if there exists a point q 
with g € L between p and r. 


Axiom As Let p, gq and r be three points that do not lie on a straight line, let L 
be a straight line that does not contain any of these three points. If L intersects 
the line segment pq, then L intersects precisely one of the other two line segments 
pr or qr. 


L 


P q 


This means that a straight line which enters a triangle must leave it through 
one of the other two sides. It also illustrates that our geometry does not have 
more than two dimensions. In three dimensions axiom As would not be valid: 


Let us now prove a first theorem, using the axioms stated so far. 
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Theorem 1.1.1 For any two distinct points p and q there exists a point r which 
lies between p and q, i.e. the line segment pq is not empty. 


Proof Let p and q be two points. By axiom I, there exists a point s that 
does not lie on the straight line L( p,q). By axiom Az there is a point ¢ such 
that s lies between p and ¢. Another application of axiom A3 gives a point u 
such that q lies between ¢t and u. The straight line L := L(s,u) intersects the 
line segment pi at s. 


The point ¢ does not lie on the straight line L( p,q), since otherwise s would by 
axiom A, also lie on that straight line, contradicting the choice of s. We can 
therefore apply axiom As to the straight line L and the three points p, g and 
t. As L intersects the line segment pt, L must by axiom As also intersect one 
of the two line segments pq or fq, unless it contains one of the three points 


p,q ort. 


First case L contains p or t. 


Then L agrees with the straight line L(p, t) by axiom In. Hence u lies on L(p, t) 
and axiom A, implies that g lies on L(p,?) as well. Hence p, q and t¢ do lie on 
a straight line, a contradiction. 


Second case L contains q. 


Several applications of axiom Ip show that the points s, u, g, t and p lie ona 
straight line, a contradiction. 


Third case L intersects the line segment tq at a point v. 


Then L and L(t,q) have the two points u and v in common. If u = v, then 
u would lie between t and q while q lies between ¢ and u, a contradiction to 
axiom Ay. Thus L and L(t, q) have two distinct points in common, and axiom 
Ip implies that L = L(t,q). But then both s and p lie on L, i.e. p, q and ¢ lie on 
a straight line, a contradiction. 


Thus L and pq must intersect at a point r. In particular, pg cannot be empty. 
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Exercise 1.1 Let p, g,r ands be points on a straight line. Show that if q lies 
between p and s and if additionally r lies between q and s, then r lies between 
p ands as well. 


Using this exercise and theorem 1.1.1, it is now easy to solve the following 
exercise. 


Exercise 1.2 Show the following: there is an infinite number of distinct 
points between two points. 


Definition 1.1.2 Let L be a straight line, p € L. Let g and r be two points on 
L, neither of which is p. We say that g and r lie on the same side of the point 
p if p does not lie between g and r. 


Exercise 1.3 Let L be a straight line and let p € L be a point on L. Show 
that the relation “gq, lies on the same side of p as q2” defines an equivalence 
relation on the set {q ¢ L| q # p}. 


An equivalence class of points on L that do not equal p can then be referred 
to as a side of p on L. 


Exercise 1.4 Show that there are exactly two sides of p on L. 


Definition 1.1.3 Let L be a straight line and let p and q be two points that 
do not lie on L. We say that p and q lie on the same side of a straight line L if 
the line segment pq does not intersect the straight line L. 


Exercise 1.5 Let L be a straight line. Show that the relation “q; lies on the 
same side of L as q2” defines an equivalence relation on the set {q | q ¢ L}. 


Again we can call an equivalence class of points not on L a side of L. 
Exercise 1.6 Show that there are exactly two sides of L. 


Congruence axioms To formulate the third group of axioms, the congru- 
ence axioms, we need in addition to the previous notions that for every pair 
(pq,P1q1) of line segments the formal statement “pq is congruent to p;q71” is 
either true or false. 


Axiom Ky, (reproduction of lengths) Let pq be a line segment, let L; be a 
straight line, let py,ry € L4, 1 # pi. Then there is a point qy € L1 on the same 
side of p, as r, such that pq is congruent to p71 qq. 
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In this axiom only the existence of a congruent line segment is required. Its 
uniqueness needs to be proved later with the aid of other axioms. 


Axiom Ky) _ [If the line segments p,qy and p2q2 are both congruent to the line 
segment pq, then p1qq is congruent to p2qz as well. 


Four more congruence axioms will follow. We can nevertheless already prove 
a first implication. 


Lemma1.1.4 The congruence of line segments defines an equivalence relation 
on the set of line segments. 


Proof (a) Let pg be a line segment. We show that pq is congruent to itself. 
Let L be a straight line that contains p, p € L. By axiom Ky there exists a 
point r on L such that pg and pr are congruent. Then p7q1 := p2q2 ‘= pq is 
congruent to pr and hence pq is by axiom Kz congruent to itself. 


(b) (symmetry) Let pg be congruent to p;q;. We show that then p7qj is con- 
gruent to pq. It follows from (a) that p7q7 is congruent to pj7q7. Axiom K7 now 
gives that p7q_ is congruent to pq. 


(c) (transitivity) If p;g7 is congruent to prqz and p2qz is congruent to p3q3, 
then we need to show that p;qj1 is congruent to p3q3. This follows directly 
from axiom Kp» together with (b). 


We will from now on sometimes denote “pyzqz is congruent to p2q2” by 
“PIN = P2942” 


Axiom Kz (additivity of line segments) Let L and Ly, be straight lines, let 
p.g,' € L be three pairwise distinct points on L and p1,q1,11 € Lj likewise on 
L,. Assume that the line segments pq and qr do not have any common points, 
pq gr = %. Analogously let ppq, N Girt = 9%. 


If now pq = pig and Gr = qi", then pr = piri. 


We need the concept of the angle for the formulation of the three other 
congruence axioms. 


Definition 1.1.5 An angle is an equivalence class of triples of points p, g and 
r that do not lie on a straight line, where two triples (p,q,r) and (pi, q1,11) are 
equivalent if 


(i) 
(ii) 
(iii) 


(i) 
(ii) 
(iii) 
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q=1, 
L(p,q) = L(p1,q) and p and p, lie on the same side of g, 
L(r,q) = L(4,q) and r and 7 lie on the same side of q, 


or if 


q=41; 
L(p,q) = L(,q) and p and r; lie on the same side of q, 
L(r,q) = L(~1,q@ and r and p, lie on the same side of q. 


For the equivalence class of (p,q,r) we write Z(p,q,r). The point q is then 
called the vertex of the angle Z(p,q,7r). 


We now additionally require that for any two angles 4(p,q,r) and 
Z(p1,91,11) the formal statement “Z(p,q,r) is congruent to 7(p1,q1,11)” 1s 
either true or false. Again, we write “2(p,q,r) = Z(~1.q1,11)” if Z(p,q,") 1s 
congruent to Z(p1, 41,11). 


Axiom Ky The congruence of angles induces an equivalence relation on the 
set of angles. 


Axiom Ks (reproduction of angles) Let p, q, r be points that do not lie on a 
straight line, and let py, q1, 81 be another set of points that do not lie on a straight 
line. Then there exists a point r; on the same side of L( pj, q,) as 81 such that the 
angle Z(p1,q1,11) is congruent to the angle Z(p, q,"). 


If rz is another point with the same properties as r, i.e. rz also lies on the same 
side of L(p1,q1) as 81 and if Z(:p1,41,12) = Z(p,q,"), then Z(pi1,q1,1) = 
Z(P1,91512): 


Axiom Ks says that we can reproduce a given angle in a unique way if we 
are given the vertex, one line adjacent to the angle and the side of the other 
line next to the angle. 
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The last congruence axiom relates the congruence of line segments to 
that of angles. Until now the two notions of congruence existed entirely 
separately. 


Axiom Kg Let (p,q,r) be a triple of points that do not lie on a straight line 


and (p1,q1,11) likewise. If pg = piqi, pr = pir, and Z(q,p,r) = Z(1,P1,11) 
then 


Z(D.@") = Z(P1,405")- 
71 


q B P1 


Let us make some inferences using the axioms introduced so far. We will first 
extend the statement of the last axiom. 


Theorem 1.1.6 Let (p,q,r) be a triple of points that do not lie on a straight 


line, (p1,91,11) likewise. If pq = Pid, pr = pin and Z(q,p,r) = 2(,P1,11); 
then 


LPO =4P.40D), 4D =LZPLN.d1), = qn. 
Proof The angle congruences follow directly from axiom Kg, in the second 
case after renaming the variables. It remains to show that gr = qirj. By axiom 


K, we can find a point s; on the straight line L(q1,71) which is on the same 
side as r; and satisfies gr = q15}. 


71 


q Pi 
P 
We apply axiom Kg to (p,q,r) and (pj, q1,81) and conclude that 


Z(q,p.") = Z(1,P1,51)- 


On the other hand we have 4(q,p,r) = Z(q1,p1,11), and by the uniqueness 
from axiom! Ks 


! For an application of the uniqueness statement from axiom Ks it must be ensured that r; and 
sy lie on the same side of L(p1,q1). This is left as an exercise for the reader. 
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Z(41,P15,81) = Z(41,P1,11)- 


If we now had r; 4 s1, then we would conclude that p; and q; both lie on 
the straight line L(71,51), i.e. p1, gq, and r, would lie on a straight line, which 
contradicts the assumption. 

Thus 7; = s1 and hence gr = q1/1. 


Theorem 1.1.7 (Congruence of adjacent angles) Suppose that the pairwise dis- 
tinct points p, q and s lie on a straight line L, while r¢ L. Analogously, let 
P1,91,51 € Ly be pairwise distinct, ry ¢L1. If Z(p,q,r) and Z(pi,q1,11) are 
congruent, then the same is true for Z(s,q,r) and Z(s1,q1,11)- 


ns 


Pl, 1 8&1 


The angle /(s,q,r) is sometimes called the adjacent angle of Z(p,q,r). The 
theorem thus says that adjacent angles of congruent angles are congruent as 
well. 


Proof The points p;, 7; and s; can by axiom K, be assumed to have been 
chosen in such a way that pq = piqi, rg =71q and sq = 511. 


LS ZS 
2 L @ss fi iy © S1 


From theorem 1.1.6, applied to (p,q,r) and (p1,q1,11), it follows that pr = 
Pint. By axiom K3 we then have ps = pjs;. Applying theorem 1.1.6 once 
again, this time to (r,p,s) and (71, p1,51), we obtain 7s = 7157 and Z(q,5,r) = 
Z(q1, 51,71). Axiom Kg then says for (q,s,r) and (q1,51,71) that Z(s,q,r) = 
2(51,91,71)- 


Theorem 1.1.8 (Congruence of vertical angles) Let L and M be two distinct 
straight lines that intersect at p. Let r,q€L lie on two distinct sides of p and 
let s,t € M lie on two distinct sides of p as well. Then 


Z(q,p,8) = Z(r,p,t). 
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Proof Both 2(q,p,s) and Z(r,p,t), are adjacent angles of Z(qg,p,t). The 
angle 7(q, p,t) is congruent to itself by axiom Ky. The claim therefore follows 
by theorem 1.1.7. 


After these preparations we now come to the first truly interesting geometric 
theorem. 


Theorem 1.1.9 (Existence of a parallel) Let L be a straight line, p a point, p ¢ L. 
There then exists a straight line M that contains p and that does not intersect L. 


———_e———_ M 


P 


L 


We then say that M is a parallel to L through p. The theorem says that such 
parallels always exist. 


Proof Let L be a straight line and p a point that does not lie on L. We will 
first construct the line M and then show that it has the desired properties. 


For the construction we choose a point g € L and add the straight line N := 
L(p,q). We choose another point r € L,r 4 q. Thenr ¢ N, since otherwise 
pé€ L(p,q) = L(q,r) = L. We reproduce angle Z(r, g, p) as in axiom Ks on the 
straight line N at the point p, i.e. we find points s e N and t ¢ N on the same 
side of N as r, such that the angle Z(t, p,s) is congruent to the angle Z(r,q, p). 
We now set M := L(p,?). 


It remains to show that L and M do not intersect. Suppose that L and M did 
intersect at a point u. We restrict ourselves to the case that u lies on the same 
side of N as r and t. The other case is dealt with in a similar way. 
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We reproduce the line segment mq on the straight line M as in axiom Ky, 
beginning at the point p, and we do not do this on the same side as u. This 
means that uq = pv, with a point v € M such that p lies between u and v. 

The angles Z(u,p,s) and Z(q,p,v) are congruent by theorem 1.1.8. Hence 
the angles 7(u,q,p) and Z(q,p,v) are congruent as well. We apply axiom Kg 
to (u,q,p) and (v, p,q), and see that Z(q,p,u) = Z(p,q,V). 


But 2(q,p,u) is an adjacent angle of Z(u,p,s), so by theorem 1.1.7 and by 
the uniqueness of the reproduction of angles 7(p,q,v) must be an adjacent 
angle of 7(u,q,p). Hence v lies on the straight line L, and thus the same is 
true for p, which contradicts the assumption. 


Parallel axiom We have seen that the existence of parallels can be proved 
using the axioms introduced so far. What about their uniqueness? This is the 
subject of the parallel axiom. 


Axiom P (parallel axiom) Let L be a straight line, p a point, p ¢ L. Then 
there is at most one straight line that contains p and does not intersect L. 


There has been controversy about the necessity of this axiom for thousands 
of years. Many mathematicians believed that uniqueness could, as existence, 
be deduced from the other axioms. There were many proof attempts. Carl 
Friedrich Gauss (1777-1855) was probably the first person to truly believe 
in the independence of the parallel axiom. However, he never published his 
views about it. The debate was ended by the Russian Nikolai Iwanowitsch 
Lobatschewski (1792-1856) and by the Hungarian Janos Bolyai (1802-1860), 
who, independently of each other, found a geometry that satisfies all axioms 
except for the parallel axiom. Hence the parallel axiom cannot be derived 
from the other axioms. Bolyai’s father, a teacher of mathematics himself, was 
so worried about his son’s result that he wrote a letter to Gauss, asking him 
for his opinion. In his answer Gauss was enthusiastic about the work of the 
younger Bolyai, but added the remark that he could not praise him, since this 
would be self-praise as he, Gauss, had known this for many years. Janos Bolyai 
never again published work on mathematics. 

The afore-mentioned geometry is hyperbolic geometry, also known as non- 
Euclidean geometry. We will cover it in more detail later. 
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Completeness axioms When real numbers are introduced in analysis, one 
becomes acquainted with the completeness axioms, which distinguish the 
real numbers from the rational numbers and other ordered number fields. 
To determine the Euclidean geometry completely, we need the appropriate 
axioms. 


Axiom Vy (Archimedes’s axiom) Let pg and rs be two line segments. Then 
there exists a natural number n such that the line segment r,{8,, which results 
from the n-fold reproduction of the line segment fs on the straight line L( p,q), 
starting at p in direction q, contains the line segment pq. 


PH" S2=173 q 
s~,=!2 Tn Sn 


Before formulating the last axiom, we summarise those notions that we need 
for the axiomatic formulation of Euclidean geometry. We have 


a set Y, whose elements are called points, 

a set Y, whose elements we call straight lines, 
arelation € between Y and Y, 

a three-figure relation “between” on Y, 

a relation =; on the set of straight lines, 

a relation =» on the set of angles. 


One could now formally define a Euclidean geometry as a 6-tuple (Y,9, €, 
between, =;, =>) that consists of such notions, and that satisfies axioms I,-Iy, 
A 1—As, Ki—Ke, P, V1 as well as V2, which still is to be formulated. 

An extension of our geometry is a second 6-tuple (¥', 4’, <’, between’, =',, 
=5) such that PY Cc #', Y C GY’ and the relations €’, between’, =' as 
well as =, agree with the corresponding relations ¢, ... after a restriction to 
f and FY. 


Axiom V2 (maximality) Let (#',9’, €’, between’, =|, =) be an extension of 
our geometry. Then 7!’ = PandY' =F. 


Our geometry is therefore assumed to be non-extensible, i.e. maximal. 

For a further discussion of axiomatic geometry the reader is referred to 
Hilbert’s book [13]. Proofs of numerous geometric theorems, a discussion of 
the uniqueness of Euclidean geometry and of the necessity of Archimedes’s 
axiom, straightedge-and-compass constructions and spatial Euclidean geome- 
try can be found there. On a final note, some axioms can be weakened slightly, 
e.g. axioms Ky and V2. 


1.2 
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The Cartesian model 


While the axiomatic method ensures logical clarity in the structural layout 
of geometry, it is also annoyingly clumsy. The proofs of even relatively simple 
geometric facts can easily become quite laborious. In addition, dealing with 
geometric objects that are not composed of line segments, circular lines, and 
so forth is relatively involved. 

We therefore now follow the ideas of the Frenchman René Descartes 
(1596-1650) and characterise points by coordinates, which give the posi- 
tions of the points in the plane. This allows us to use methods from algebra 
and infinitesimal calculus in geometry, extending our mathematical toolkit 
considerably. 

We hence make the definition 


P= R’. 


Straight lines are defined as sets of points of the form 
L=Lpy := {x €R* |x=p+t-v, te R}, 


where p,v € R?, v £0, are fixed. The set of straight lines is then 
@ := {Lpy | p,v € R*,v £ 0}. 


We say that a point p is contained in a straight line L if p € L in the set- 
theoretic sense. 


Exercise 1.7 Verify the validity of axioms )-ly. 


A point q € R? lies between p and r € R*, p #r, if there exists at € (0,1) such 
thatg=t-p+(U-9d-r. 


Exercise 1.8 Show that axioms A;—Ay are valid. 


It remains to define the congruence relations. This is done using a suitable 
group of maps, which acts on the set of points. 


Definition 1.2.1 Let Ae O(n) be an orthogonal matrix, i.e. it satisfies 
A-A!' =Id, where A' is the transpose of A. Let b € R”. 


Then the map 
Fap:R" > R", Fa p(x) = Ax + b, 
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is called a Euclidean motion. The vector b is sometimes called the trans- 
lational part. For a fixed dimension n, we call the set of all Euclidean 
motions, 


E(n) := {Fap|A € O(7),b € R"}, 
the Euclidean motion group. 


Exercise 1.9 Show the following: composition of maps turns E(m) into a 
group with neutral element Id. Products and inverses are given by Fy poFB¢ = 
FB Ac+b and es = F4-1_ 4-1p tespectively. 


Exercise 1.10 Show that axiom As is valid. 


Hint An application of a Euclidean motion maps the straight line L to the 
x-axis L’ = {(x,0)' | x € R}. Then argue that two points (x,y)! and (x’,y’)! 
from R* — L’ lie on the same side of L’ if and only if y and y’ are both positive 
or both negative. 


Definition 1.2.2 Two line segments pq and 7s are said to be congruent if 
there exists a Euclidean motion F € E(2) such that 


F(p)F(q) = 7s. 


Analogously, the angle 7(p,q,r) is congruent to Z(p1,q1,11) if there is an 
F € E(2) such that 


LF (p), FQ), FO) = Z(p1,915"1)- 


Exercise 1.11 Show the validity of axioms K;—Ke. 
Exercise 1.12 Show the validity of the parallel axiom P. 
Exercise 1.13 Show the validity of Archimedes’s axiom Vj. 


The proof of the maximality axiom V2 requires more thought than those of 
the other axioms. We therefore want to show it here. 


Theorem 1.2.3 With the definitions made above the maximality axiom V2 is 
valid. 


Proof Let 7’ Dd Pand¥Y Dd F be respectively the set of points and the set 
of straight lines of an extension of our Cartesian model of Euclidean geometry. 
We will call the points from # old points, and those from Y’ — FY new points. 
We use analogous notation when dealing with straight lines. It needs to be 
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shown that there cannot be new points and straight lines at all, Y = #’ and 
G=G'. 


The proof is accomplished in three steps. We first show that the old straight 
lines do not contain new points, then that there are no new points, and finally 
that there are no new straight lines. 


(a) Old straight lines do not contain new points, i.e. for L € G and p € # with 
pé Lwehavepeé #. 


One must not become confused at this point. According to our definition, 
old straight lines are sets of old points. In the set-theoretic sense old straight 
lines only contain old points anyway. Nevertheless, it is a priori possible 
that new points are contained in old straight lines for the extension €’ of the 
set-theoretic inclusion €. It now needs to be shown that this is not the case. 

For this purpose let L € Y be an old straight line. Suppose that L contains 
a new point n. We choose an old point p; € L. As L is of the form L = Lpy, 
we can write py = p+tv =: c(t1), 4 € R. If we reproduce the line seg- 
ment (0,0) ' (0,1) sufficiently often on L, starting at p, in direction n, then we 
obtain by Archimedes’s axiom a second point q; € L such that n lies between 
Pp and q;. Reproducing the line segment (0,0)' (0,1)' on an old straight line 
starting at an old point always gives another old point. Thus q; is an old point. 
We write gq, = c(s1), 51 € R. Without loss of generality let t, < 5}. 

We now decompose the real numbers into two disjoint subsets, R = Tu S, 
where T = {t € R | c(t) lies on the same side of n as c(t,)} and S = {t e€ 
R | c(@ lies on the same side of n as c(s,)}. This decomposition of the real 
numbers constitutes a Dedekind cut. By the completeness of R either the sub- 
set T must have a maximum or S a minimum. We deal with the case that T has 
a maximum fj. The other case can be treated analogously. 

We set p2 := C(t). AS to € T, the points p; and pz must lie on the same 
side of n. By Archimedes’s axiom, there is a natural number k such that k-fold 
reproduction of the line segment p2n on L from p2 in direction gq, contains 
the line segment poq7. We set p3 := c(tz) with t3 = fh + (sy — ty)/k. Then the 
line segment p2p3 has the property that its k-fold reproduction on L from p2 
in direction q, gives the line segment p2q7. 

L 


—_e—_____#—___e__________@—__ 


P1 P2 pP3n q 


As the line segment p7q7 is contained in the k-fold reproduced line segment 
Pon, the line segment p2p3 must be contained in pon. Thus p3 lies between p2 
and n. It follows that t3 €¢ T and & > f. This contradicts the maximality of ty. 


(b) There are no new points, i.e. P= FP". 


Let p € # beapoint. We choose an old point g € Y and consider the straight 
line L through p and g. We now choose three old points r,s,t € Y that do not 
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lie on a straight line and none of which lies on L, such that L and the line 
segment 7s intersect at q. 


It follows from axiom As that L intersects the line segment rf or fs at a point 
u. As the two old straight lines L(r, f) and L(s, ft) do not contain any new points 
by (a), u must be a new point. Thus L = L(u,q) is an old straight line and 
contains, again by (a), no new points. Hence p is an old point, p € Y. 


(c) There are no new straight lines, i.e. G = G'. 


Let L € ¥' be a straight line. It follows from axiom I; that L contains two 
distinct points p and q. They must be old points by (b). Hence L = L(p,q) is 
an old straight line, L € Y. 


Exercise 1.14 Give another proof for part (a) of theorem 1.2.3 by consider- 
ing Cauchy sequences instead of Dedekind cuts. 


The axioms of Euclidean plane geometry are thus valid for the Cartesian 
model. In particular, we see that the axioms are consistent. 

Doing geometry in the Cartesian model has the advantage that we now 
have the whole mathematical machinery of differential and integral calcu- 
lus to hand. This makes the treatment of Euclidean trigonometry relatively 
easy. 

We will as of now use angle brackets to denote the standard scalar product 


on R”: 
n . . 
C= xy 
i=1 


for x = (x!,...,x”)',y = (y!,...,y”)" € R”. 

If x, y and z are three points in R? which do not lie on a straight line, then 
|(y—x,z—x)| < lly — x] - ||z — x|] by the Cauchy—Schwarz inequality. Hence 
ly —x,z—x)/(ly — xl] - lz —xl])| < 1. Since cos : [0,7] — [—1,1] is bijective 
we can define their interior angle as the unique number y € [0,7] such that 
cos(y) = (y—x,z—x)/(lly — x1] - Iz — x). 


Exercise 1.15 Show that if x, y, z, and x’, y’, z’ represent the same angle in 
the sense of definition 1.1.5, Z(y,x,z) = Z(y’,x’,z’), then they have the same 
interior angle, y = y’. 
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Exercise 1.16 Show that two angles are congruent if and only if they have 
the same interior angle. 


This is analogous to the fact that two line segments are congruent if and only 
if they have equal length. 


Theorem 1.2.4 (cosine rule for Euclidean geometry) Let p,q,r € R*. Leta = 
lp —qll, b = lp —r|| and c = ||q —1r|| be the sides of a triangle with vertices p, q 
and r. Let y be the interior angle at the vertex p. Then 


Cc =a’ +b* —2ab cos(y). 


Proof Euclidean motions do not change the side and angle ratios. We can 
therefore after the application of a suitable Euclidean motion assume that 
p=(0,0)',q = (a,0)' andr = (x, y)'. 


r=(@,y)" 


p=@,0' 4% q=@,0)' 


Hence 
Cate 4+y ee 2a +y¥ He +0 — Dae. 


Further 


(qa,r) xa+ty-0 ax 
eee ab ab ~ ab 


and thus ax = abcos(y). The claim follows. 


Corollary 1.2.5 (Pythagoras’s theorem) Using the notation from theorem 1.2.4 
and letting the angle be a right angle, y = 1/2, the following equality holds: 


a+b* =’. 


Theorem 1.2.6 (sine rule for Euclidean geometry) If B denotes the interior angle 
at vertex q and a the one at vertex r, then the following equality holds: 


a sin(a@) 


b ~~ sin(B)’ 
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Proof By the cosine rule the angle at vertex r satisfies 
—2becos(a) = a* — (b* +c”) 
and hence 
22s 2 2 Die OV" 
4b*c cos* (a) = (-a +b +c) 7 
Analogously, 
QD. 5D 2 Bo a\A 
4a“c* cos (p) = (a —b +c) 7 
We therefore obtain 


sin’ (a) _ 4a”b?c? (1 — cos?(a)) 
sin2(B)  4a2b2c? (1 — cos?(g)) 


= 4a?b?c? — a? (—a? Se pre cy 

 4a2b2c2 — b2 (a — b2 + 2)? 

az 4b2c? — (at 4 pte = 0a? Slr obec) 
b?  4ac? — (at + b+ + ct — 2a?b? + 2a*c? — 2b?c?) 


Theorem 1.2.7 (angle sum in the Euclidean triangle) The sum of the interior 
angles in the Euclidean triangle satisfies 


a+BPt+y=az. 


Proof (a) We first prove the statement for right-angle triangles. Let y = 
z/2. Then 


sin(a + B + 2/2) = cos(a + B) = cos(a) cos(B) — sin(a) sin(B). (1.1) 
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Using the cosine rule 1.2.4 and Pythagoras’s theorem we obtain 


-?4+bh4+2 a@—b? +e 


cos(a) cos(B) = Phe Dns 


a (1.2) 


The sine rule 1.2.6 together with the cosine rule and Pythagoras’s theorem 
gives 


a) 
sin(@) sin(B) = — sin“ (a@) 


a 

b 2 
= (1 — cos («)) 
_o (, Ce@+e +e? 
~ a 4b2¢2 

(1.3) 

_b (,_ 40% 
a 4b2c2 
_ b 2b 
a, c2 
_ ab 
=o 


Substituting (1.2) and (1.3) into (1.1), we obtain sin(a + 6 + 27/2) = 0, ie. 
a+ 6+ 2/2 is an integral multiple of z, 


a+B+n/2=k-n, 


k e Z. As all angles in a right-angle triangle are > 0 and < m/2, we have 
w/2<a+B+2/2 < 3m/2 and thus k = 1. It follows thata + B+2/2=7, 
which proves the claim for right-angle triangles. 


(b) In a general triangle let a be the longest side and r the vertex opposite to 
it. We drop a perpendicular from r to a and thus divide the triangle into two 
right-angle triangles. 


20 


EUCLIDEAN GEOMETRY 


We know from part (a) of this proof that in right-angle triangles a; + y + 
mw/2=n andag+6+27/2 = 7. Addition of those two equations gives a + 6 + 
y=u. 


Exercise 1.17 Prove the half-angle theorem of Euclidean geometry: 


ao a)  (a—b+c)a+b—c) 
on (5)= (a+b+o(-at+b+o 


Hint Check and use the formula tan”(f) = (1 — cos(2t))/(1 + cos(2d)). 


For comparison, we conclude this section by looking at another important clas- 
sical geometry, i.e. spherical geometry. The points of this geometry are not in 
the plane, but on the surface of a sphere. We set 


PxS:={xy,2) eR l|et+yt+2=h. 


We call S* the two-dimensional sphere. 

This raises the question of what the “straight lines” are in this geometry. 
The straight lines in the plane can be characterised by the fact that each of 
them is the shortest curve connecting any two of its points. On the sphere the 
great circles have this property. A great circle is the subset of S? in which 
a two-dimensional vector subspace of R?, i.e. a plane that passes through 0, 
intersects the surface of the sphere. 

We therefore set 


G:={SNE | E is a two-dimensional vector subspace of R3}. 


The incidence relation € must here be interpreted in the set-theoretic sense 
again. 


agreatcircle nota great circle 
Exercise 1.18 Which of the axioms I,—-Iy are valid? 


Given three points on a great circle, it is not possible to say in a meaningful 
way which of them lies between the two others. Let us try with the following 
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definition: if p,q,r € S*, then q lies between p and r if and only if p, g and r are 
three pairwise distinct points on a great circle. 


Exercise 1.19 What is a line segment? Which of the axioms A;—As are 
valid? 


The congruence relations on the other hand can easily be defined in a geomet- 
rically meaningful way. We simply exchange the Euclidean motion group E(2) 
for the orthogonal group O(3). One needs to pay attention to the fact that for 
an orthogonal matrix A € O(3) and p € S? the point Ap should lie on S? again, 
i.e. A indeed maps S” to itself only. 


Exercise 1.20 Show that axioms K,—Kg are valid. 


There are no parallels since any two great circles intersect. Theorem 1.1.9 
therefore does not hold. This is one of the ways to see that not all incidence 
and ordering axioms can hold. 

Because of its importance in navigation, amony other things, spherical 
geometry has been studied for a very long time. We will investigate it in more 
detail in sections 4.9 and 4.10. 
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2 Curve theory 


We analyse curves in n-dimensional space with a special focus on plane curves 
and space curves. Length, curvature and torsion are introduced. We prove 
Hopf’s Umlaufsatz for simple closed curves, characterise convex curves and 
derive the four-vertex theorem. The isoperimetric inequality, which compares 
the length of a simple closed plane curve with the enclosed area, is proved using 
the Fourier series. We show that for a given curvature and torsion the resulting 
space curve is unique up to a Euclidean motion. We investigate how much a 
space curve needs to curve if it is closed and make the result even stronger in the 
case that the space curve is knotted. 


Curves in R” 


We now want to use the tools of differentiation and integration to describe 
curves in n-dimensional space. We usually graphically imagine a curve as a 
bent line in space. Mathematically we express this as follows: 


Definition 2.1.1 Let J Cc R be an interval. A parametrised curve is a map 
c: I — R" that can be differentiated infinitely often. A parametrised curve is 
said to be regular if its velocity vector does not vanish anywhere; c(t) 4 0 for 
allt e I. 


The interval J from the definition may be open, closed or half-open; further- 
more, J can be bounded or unbounded. The condition ¢(f) 4 0 ensures that 
the point c(t) on the curve moves at ¢ € J. In particular, this excludes the con- 
stant map c(t) = cg. This certainly makes sense, as the image of this map only 
consists of the point cg; not exactly what we have in mind when thinking of a 
curve. Let us look at some examples. 


Example 2.1.2 A straight line can be described as a regular parametrised 
curve: 


c:R—- R’, 
c(t) =cot+t-v, 
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where cg € R” and v € R” — {0}. This obviously satisfies the condition c(t) = 


v0. 


Vv 
Co 
Example 2.1.3 A circular curve in the plane around the origin (0,0) with 
radius r > 0 looks as follows: 
c:R-> R?, 


_ [{ r-cos(t) 
oS ( r-sin(t) ) : 


The arrow in the sketch shows the direction in which the curve traverses the 
image. This example shows that a regular parametrised curve is not necessarily 
injective. Because of the periodicity c(t + 2) = c(t) the curve runs infinitely 
often through every point that is in the image. We could, of course, restrict 
the domain of c to an interval with a length of exactly one period, but we shall 
discuss this later. 


Example 2.1.4 A helix in three-dimensional space can be parametrised as 
follows: 
c:R>R’, 
r- sin(t) 
c(t) =] r-cos(t) |, 
h-t 


where r > Oandh > 0. 
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Example 2.1.5 The following regular parametrised curve is called a tractrix: 


c:(0,1/2) > R?, 


7 sin(t) 
c(t) = as +In oo) 


With the given rule for the computation of c(t) from ¢ one could define c on 
all of (0,7). But for t = 2/2 one obtains é (2/2) = (0,0)'. Then c would no 
longer be regular on the whole of (0, ). It can be seen in the illustration that c 
has a cusp for c (7/2) = (1,0) '. This is excluded by our definition of a regular 
parametrised curve. 


Exercise 2.1 Show that the tractrix has the following property: for each 
point on the curve the line segment of the tangent line from the curve point to 
the y-axis has length 1. 


This allows the following interpretation: if you walk along the y-axis while 
dragging a stone (or tired dog) on a rope of length 1, then the stone (or 
unhappy dog) will follow the tractrix. 
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Example 2.1.6 The logarithmic spiral is given by 
c:R-> R’, 


/10 
p= 6 _ 


e'/10 . sin(t) 


A parametrised curve is more than just the set of points on the curve in R”, 
i.e. more than just the image c(/) of c. It is also specified in which direction 
the curve traverses the image. One often wants to change this parametrisation 
while leaving the image as it is. For this we use the following: 


Definition 2.1.7 Let c: [ > R” bea parametrised curve. A parameter trans- 

formation of c is a bijective map g : J > I, where J C R is another interval 
such that both g and yg! : J + J can be differentiated infinitely often. The 
parametrised curve € = cog:J — R” is called a reparametrisation of c. 


C \ 
— og —™ 
J T 


Since c = Gog! one can get c back from @. One should note here that 


the derivative of a parameter transformation g cannot vanish anywhere, since 
according to the chain rule 


(o-') @O)-6@ =(y109) O=1 


This also ensures that a reparametrisation of a regular parametrised curve 
is again regular: 


C(t) = CVD) - GD £0. 


A parameter transformation can either reverse or preserve the direction in 
which the curve traverses the image. The trivial parameter transformation 
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g(t)=t, for example, does not change the parametrised curve, while the 
parameter transformation w(t) = —t reverses the orientation. 


—b —a a b 
al 
y@=-t 
Definition 2.1.8 A parameter transformation g is called orientation- 


preserving if g(t) > 0 for all t. The parameter transformation ¢ is said to be 
orientation-reversing if g(t) < 0 for allt. 


Every parameter transformation is either orientation-preserving or orientation- 
reversing. This can easily be seen as follows: suppose that there exists at, € I 
with @(t;) < O anda € I with g(f) > O, then by the intermediate value 
theorem there would also exist a fz between ft, and fp with (t3) = 0. But this 
is impossible, as we have seen before. 

We imagine a curve as a parametrised curve, while the actual choice of 
parametrisation is regarded as irrelevant. This is made more precise through 
the following: 


Definition 2.1.9 A curve is an equivalence class of regular parametrised 
curves, where those curves that are reparametrisations of each other are 
regarded as equivalent. 


The regular parametrised curves from examples 2.1.2-2.1.6 are different 
curves since they have distinct images in R” and hence cannot be obtained 
from each other by reparametrisations. 

The regular parametrised curves 


qa: RoR, ad=(tp 


and 
C1 (0,00) > R*, o(t) = UntInd, 


however, are equivalent, since c; = cz 0 y with g(t) = e’, and hence represent 
the same curve. 

If a curve is represented by a regular parametrised curve c : J] > R", then 
the image c(J) is said to be the trace of the curve. 
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Curves do not have an intrinsic orientation, since it can be reversed by a 
parameter transformation. To be able to define an orientation we make use of 
the following definition: 


Definition 2.1.10 An oriented curve is an equivalence class of parametrised 
curves, where those that originate from each other through orientation- 
preserving reparametrisations are regarded as equivalent. 


Every oriented curve determines exactly one curve. Every curve has exactly 
two orientations, i.c. there are exactly two oriented curves that determine a 
given curve. 


Definition 2.1.11 A unit speed curve or curve parametrised by arc-length is 
a regular parametrised curve c: J > R” with ||c(4)|| = 1 for allt € J. 


Curves parametrised by arc-length are exactly those that traverse their image 
in R” with constant velocity 1. Slightly more generally we also say: 


Definition 2.1.12 A curve parametrised proportional to arc-length is a 
regular parametrised curve c:!—R", for which ||¢|| is constant (but not 
necessarily equal to 1). 


Curves parametrised by arc-length are for many purposes particularly conve- 
nient. But do they exist? 


Proposition 2.1.13 For every regular parametrised curve c there exists an 
orientation-preserving parameter transformation gy such that the reparametri- 
sation Cc 0 g is parametrised by arc-length. 


Proof Let c: J > R" be a regular parametrised curve. We choose fg € I 
and set 


b(s) = ‘i \e@|lat. 
to 


Since w’(s) = ||€(s)|| > 0 the map y is strictly monotonically increasing and 
hence injective. Thus 


wiloJ:=wvZ) 


is an orientation-preserving parameter transformation. We denote the inverse 
map by g := w-!:J > I. Then g and y can be differentiated infinitely often, 
and for the first derivative of y we have the formula 


cy he 
~wW@O) le@oll’ 


p(t) 
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It follows by the chain rule that 


ey) | . 
(ODI 


(cog) (|| = le@O)- ¢Oll = ae iz 


Hence c o g is a curve parametrised by arc-length. 


So curves can be reparametrised by arc-length. To what extent are these 
reparametrisations unique? 


Lemma 2.1.14 Let cy : ly > R" and c2 : Ih => R" be different parametri- 
sations by arc-length of the same curve, then the corresponding parameter 
transformation @ : I, > Ih with cy = c2 0 ¢ is of the form 


gp) =t+t 


for ato € Rif cy and cz have the same orientation. If c, and cz have opposite 
orientations, then it is of the form 


g(t) = —t+ to. 
Proof We have 


1= lei Oll = lle2@@) - GOI = lle2@OD)I- OL = gO. 


Hence g(t) = +t+ fo. 


Exercise 2.2 Let c : J — R"” be a parametrised curve and let F € E(n) 
be a Euclidean motion. Show that if c is a curve parametrised by arc-length, 
then F oc is also a curve parametrised by arc-length. Also show that if c is 
parametrised proportional to arc-length, then so is Foc. 


To see what parametrisations by arc-length have to do with lengths, we first 
have to define the length of curves. 


Definition 2.1.15 Let c: [a,b] — R” be a parametrised curve. Then 


b 
Liel= fo wed at 
a 
is called the length of c. 


Lemma 2.1.16 The length of a parametrised curve is not changed by 
reparametrisation. 
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Proof This can be deduced using the substitution rule. If Cc = cogisa 
reparametrisation of c, g : [a’,b’] > [a,b], then we have 


Lial=f? ||cogy | at 
=f? le(@)I| - eI dt 


=? |le(s)ll ds 
fs=L{c]. 


Lemma 2.1.16 says that we can talk about the length of curves, not only of the 
length of parametrised curves. The length does not depend on the particular 
parametrisation. Indeed, the length of a road does not depend on the speed at 
which you have driven along it. 

Now we also understand why parametrisations by arc-length are so useful, 
since if c : [a,b] > R” is a curve parametrised by arc-length, then 


AY 
Lielpa,s\] = / ldt=s-a 


a 


for every s € [a,b]. A curve parametrised by arc-length is exactly as long as 
the parameter interval. 

The definition of length in terms of an integral may at first seem a bit 
arbitrary. A different approach looks as follows: 


Definition 2.1.17 A polygon in R” is a tuple P = (ao,...,ax) of vectors aj € 
R” such that aj,, 4 a; for alli=0,...,k—1. 


We first imagine the vectors a; as the vertices of the polygon and two successive 
vertices a; and aj;,1 to be connected by the corresponding segment of a straight 
line. 

as 


ag a3 


a4 


The condition aj; 4 a; that two successive vertices must be distinct could 
have been omitted in this section, in which we only considered the lengths 
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of curves and polygons. We only make it in order not to encounter problems 
when defining the angle at vertex a; later, cf. definition 2.3.10. 

Since they have vertices, polygons are not (regular parametrised) curves 
according to our definition. But it is clear what the length of such a polygon is, 
namely the sum of the lengths of the line segments: 


k-1 
L[P = > lain = aj| Fi 
i=0 


To define the length of a parametrised curve one could also approximate the 
curve by polygons and describe its length as the limit of the lengths of the 
polygons, if it exists. The following proposition says that this approach leads 
to the same concept of length. 


C(tk) 
c(to) 
c(t) 
Proposition 2.1.18 (Approximation of length with polygons) Let c: [a,b] > R” be 
a parametrised curve. Then for every (however small) ¢ > 0 there exists a 5 > 0 
such that for every partition a = tg < ty < +--+ < tg, = b of the interval making 


up the domain with mesh smaller than 6 (i.e. tj41 — t; < 6 for alli) the following 
holds: 


|L[c] — L[P]l < «, 
where! P = (c(to), c(t,),.-.,C(tk)). 
Proof Let « > 0 be given. We choose an ¢’ € (0,e/( + ./n(b — a))). 


According to the theorem about Riemann sums [18, p. 106, theorem 2.7] 
applied to the integral 


b 
LIc] = / eco), 


! Should, inconsistent with our definition of polygons, two or more successive vertices of P 
be the same, c(t;,1) = c(t;), then we simply omit the repeated vertices in P. Identical successive 
vertices would not contribute to the length of a polygon anyway. 
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there exists for e’ a 5g > 0 such that for every partition a = fg < 4) <--: < 
t; = b with mesh smaller than 5p 


<e. (2.1) 


k-1 
Licl — > We (641) Il Gat - 4) 
i=0 


The components ¢/ : [a,b] — R of the derivative ¢ of c are continuous func- 
tions on the compact interval [a, b], hence even uniformly continuous on [a, 5]. 
Thus there exists 5; > 0 such that 


eo = lis) <e', 
whenever |f — s| < 4, t,s € [a,b]. 
We set 5 := min {60,61,...,5n}. Now let there be a partition a = t) < 


ty < +++ < t, = b with mesh smaller than 6. According to the mean value 
theorem there exist tj; € (4, 441) such that 


cH (tiy1) — l(t) = (tig) « Gin — fi). 


Further 

[Ne(tiga) — e@Il — leG4DIlG41 — 1)| 
él(ti1) 

= (1 — 4) — eG) Gai — 0) 
C" (Tin) 
él(t1) e (ti+1) 

= = * (ti-1 — fi) 
e" (Tin) C" (ti41) 
é'(ti1) — tis) 

< : (G41 — 4) 
C" (Tin) — C" (ti41) 


= | 0ei(uj) — ei Gia)? - (G1 - 8) 


j=1 
< Jn-e': (tiy1 — fi). 


The first inequality above holds because of the inverse “triangle inequality” 
lx|| — llyll| < lx — yl]. Summation over 7 gives 
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k-1 
LIP] — 95 lez) Ga — 8) 
i=0 
k-1 k-1 
=|) leis) — cll — D5 Need ll Gar — 4) 
i=0 i=0 
< J/n-e'-(b—a). (2.2) 


The claim follows, since 


k-1 
|LLP] — Lfe]| < |LUP] — >> lé@aa nt — 4) 
i=0 
k-1 
+) > léGis)llGa1 — 4) — Lic] 
i=0 
(2.1)(2.2) ; , 
< Jn-e'-(b-a)t+e 
<€é 
Exercise 2.3 Let c : [a,b] — R” bea parametrised curve. Let P be a polygon 


inscribed in ¢ as in proposition 2.1.18. Show that 


L[P] < L{c]. 
Further show that 
L{c] = sup L[P], 
P 


where the supremum is taken over all inscribed polygons P. 


Hint When an inscribed polygon P’ results from P by refining the partition, 
then the triangle inequality gives 


L{P] < LIP’). 


Definition 2.1.19 A parametrised curve c : R > R” is called periodic with 
period L if for allt € R we have c(t+ L) = c(t), L > O, and there is no 
0 < L’ < Lsuch that c(t+ L’) = c(t) for all t € R as well. A curve is called 
closed if it has a periodic regular parametrisation. 


The circular line from example 2.1.3 is a periodic parametrised curve with 
period L = 27. Hence the curve represented by this parametrisation is closed. 

Not every parametrisation of a closed curve is periodic. One can, for exam- 
ple, reparametrise a periodic parametrised curve in such a way that it becomes 
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slower during each traverse of the curve. Then the time interval needed for 
the traverse will increase. This reparametrisation is then no longer periodic. 
However, the statement in the following exercise holds. 


Exercise 2.4 Show that if c : R — R” is a parametrisation by arc-length of 
a closed curve, then c is periodic. 


Definition 2.1.20 A closed curve is a simple closed curve if it has a periodic 
regular parametrisation c with period L such that cljo,z) is injective. 


a closed curve, but 


a simple closed curve nots pleclosed 


This condition says that the curve does not have any self-intersections, apart 
from the point where it “closes itself”. As parameter transformations are bijec- 
tive, the injectivity condition holds not only for one periodic parametrisation 
of the closed curve, but automatically for all of its periodic parametrisations. 
The choice of the periodic parametrisation of the closed curve does not play a 
role in determining whether it is a simple closed curve or not. 


Exercise 2.5 We let a disc of radius 1 roll on the x-axis in the x-y plane. Con- 
sider a second disc of radius r > 0 with the same centre and rigidly connected 
with the first. 


@ 
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(a) 


(b) 
(c) 
(d) 


(a) 
(b) 
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Describe the path on which a point on the rim of the second disc moves by a 
parametrised curve. 

This curve is called cycloid. 

Sketch the curve forr <1,r=1landr>1. 

In which cases is the parametrised curve regular? 

Calculate the length of the curve for one turn of the disc for the case r = 1. 


Exercise 2.6 Let x, y € R”. Show that the unique shortest curve that con- 
nects x with y is the corresponding segment of a straight line: 


using proposition 2.1.18; 
without using polygons. 


Exercise 2.7 Show that the two regular parametrised curves c, and c7 have 
the same trace, but are nevertheless not equivalent, where 


cy : [0,27] > R?, ci (t) = ( cos) i? 


sin(f) 
: 2 _ [{ cos(2t) 
c2: [0,27] > R*, odi= ( sin(2t) ) : 
Remark This example shows that in general curves are not fully deter- 


mined by their trace. The following exercise shows that this is different for 
curves without self-intersections. 


Exercise 2.8 Let cy and cz be regular parametrised curves with the same 
trace and with compact parameter intervals. Show that c; and cz are equivalent 
if cy and cz are injective. 


Plane curves 
In this section we will focus on those curves that lie in the plane, i.e. take values 


in R?. 


Definition 2.2.1 A parametrised curve c : I > R? is called a parametrised 
plane curve. Analogously we define plane regular parametrised curves, plane 
curves and oriented plane curves. 


A specific feature of a plane curve is the possibility of defining its normal field. 
For this purpose let c : J > R? be a unit speed curve. We define the normal 


field by 
n(t) = ({ a. - (ft). 
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This definition is made in such a way that (C(4),n(0)) always form a positively 
oriented orthonormal basis of R7. In other words, we rotate the velocity vector 
by 90 degrees anti-clockwise. 

Since c is a unit speed curve we have 


(¢,¢) =1. 
Differentiating this equation gives 
0 = (¢,¢) + (¢,¢) =2 (6,0). 


Thus ¢(¢) and ¢() are perpendicular to each other. Hence ¢(f) is a multiple of 
the normal vector n(t): 


C(t) = k(t) - n(f). 
Definition 2.2.2 The function « : J > R is called the curvature of c. 


The curvature is a measure of how much a curve deviates from a straight line. 
If cis a unit speed curve, then c is exactly a straight line when ¢ = 0, i.e. when 
« = 0. Curvature is positive if the curve bends in the direction of its normal 
vector, i.e. in the direction in which the image is traversed to the left, and 
negative when it bends to the right. 


n(ty) 


C(t2) C(B) 


K(t1) < O K(t2) =0 K(t3) > O 


Example 2.2.3 Let us consider the circular line c : R —> R? of radius 
r > 0, parametrised by arc-length c(t) = (r- cos(t/r),r- sin(t/r))'. Then é(t) = 
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(—sin(t/r), cos(t/r))' and é(t) = (1/r)(—cos(t/r), —sin(t/r))' = (1/r)n(t). Hence 
kK =1/r. 


Exercise 2.9 Let c be a unit speed curve. Let F € E(2) be an orientation- 
preserving Euclidean motion, F(x) = Ax +b with A € SO(2) and b € R?. 
Show that Foc has the same curvature as c. 


How does a Euclidean motion F that is not orientation-preserving affect the 
curvature of c? 


Exercise 2.10 Let c be a plane regular parametrised curve (not necessarily a 
unit speed curve). Show that the curvature of the curve is given by the formula 


__ det (2,6) 


k(t) : 
leorr 

More precisely this means the following: if ¢ = cog is an orientation-preserving 

reparametrisation by arc-length with curvature «, then k =k og. 


Exercise 2.11 Let c : ] > R? be a unit speed curve. The curve lies on a disc 
of radius R, i.e. ||c()|| < R for all t € J. Suppose that the curve touches the 
boundary of the disc at fp € J, i.e. ||c(¢9) || = R. Show that 


x (to)| 2 : 

k(o)| 2 p- 

Hint Consider (d/dt) hese I|c() ||? and (d? /dt?) = \|c(t)||?. 

Proposition 2.2.4 (Frenet formulae) Let c: I > R* be a plane unit speed curve. 


We set v := ¢. Let x be the curvature of c and let n be the normal vector. Then 


Proof The equation ») = «x - n is exactly the definition of the curvature. 
By differentiating the equation (n,n) = 1 we conclude as above that (ft) is 
perpendicular to n(f) and hence must be a multiple of v(4), n(t) = a(d) - v(t). 
We differentiate (n, v) = 0 and obtain 


0 = (n,v) + (n,v) 
= (a-v,v) + (n,k -n) 


=at+k. 


Thus aw = —« and hence’ = —k - v. 
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Lemma 2.2.5 Let c : [a,b] — R? be a unit speed curve. Then there exists a 
C®-function 3 : [a,b] > R such that 


-, _ [cos(v(t)) 
= i) ; 


If 01 and 32 are two such functions, then they differ only by an integer multiple 
of 27, 0 = 02 +2kx with k € Z constant. In particular 3 (b) — 3 (a) is uniquely 
determined by c. 


The number ?(¢) measures the angle between the velocity vector ¢(f) and the 
x-axis. However, this angle is unique only up to integer multiples of 27. Every 
unit vector can be written in the form (cos(i), sin()) '. The important state- 
ment of this lemma is that the angle 3 can be chosen as a continuous and even 
smooth function of t. Of course, one could uniquely determine the angle by 
requiring that it is in the interval [0,27). But then the function 0 would have 
jump discontinuities at those points where the velocity vector has completed 
one turn. 


Proof (a) We first consider the case that the image C([a,b]) is fully 
contained in one of the following four semicircles: 


Sr:={(,y)' €S' CR*|x>0}, Sp:={(x,y)' €S' CR*| x < 0}, 
So:={ay'eS'CRly>0}, Sy :={a,y)' eS! CR |y <0}. 


Here Sp stands for the right semicircle, $7 for the left one, So for the top 
semicircle and Sy for the lower one. For instance, suppose the image is in Sp. 
This means the condition ¢! > 0 holds for the first coordinate of ¢. Hence our 
function ? satisfies 
c2(t) — sin((t)) 
clit) cos(#(t)) 


= tan(?(f)). 
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Thus 


with k € Z. Here k is constant, since 0 would otherwise not be continuous. 
From the formula it is obvious that 3 is even smooth. If the initial value 3 (a) is 
given, then k and thus also # are uniquely determined. The other three cases 
are handled similarly. 


(b) We now drop the condition that the image c([a, b]) needs to be fully con- 
tained in a semicircle. We divide the compact interval [a,b], a = t) < ty < 

- < tm = b such that every C([t;, tj41]) is contained in one of the four semi- 
circles. We can choose #(a) and, according to (a), obtain a unique smooth 
v : [a,t,] — R with the desired properties. Hence 0 (t,) is determined and we 
obtain, again according to (a), a unique smooth continuation 0 : [a,t] > R. 
We continue inductively and finally obtain a smooth # : [a,b] > R. 

The only choice that we made was the initial value (a). It is unique only 
up to integer multiples of 27. Hence # is also unique up to integer multiples 
of 27. 


Definition 2.2.6 Let c: R ~ R* bea plane unit speed curve, periodic with 
period L. Let } : R > R be as in Lemma 2.2.5. Then 


1 
(O(L) — 8(0)) 
JU 


S 


Ne i= 


is called the winding number of c. 


Ne = 2 Ne = —3 
ne = 0 Nne=1 


That the trigonometric function from lemma 2.2.5 is unique only up to a con- 
stant summand 2kz does not matter for the definition of the winding number 
since this summand cancels in the difference #(L) — (0). 
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Example 2.2.7 The circle of radius r>0 has the parametrisation by arc- 
length c(t) = (r- cos(t/r),r- sin(t/r))' with period L = 2zrr. For the velocity 
vector we obtain 


et) = a) 


cos(t/r) 


_ (cos(t/r + 1/2) 
~ \ sin(t/r + 2/2) ) 


Hence we obtain the trigonometric function ?(t)=t/r + 2/2 and thus the 
winding number 


1 
Ne = —(0(2rr) — 0(0)) = 1. 
20 
Lemma 2.2.8 Let c1,c2:R— R? be two plane curves parametrised by arc- 


length, both periodic with period L. If cz results from cy, in an orientation- 
preserving reparametrisation, then 


Ne, = Ncp. 
If cz results from c, in a reparametrisation that is not orientation-preserving, 


then 


Ney = —Nc. 


Proof According to lemma 2.1.14 the following holds for the parameter 
transformation @ with c} = c2 0 ¢: 


g(t) =+t+ bo, 


where the sign depends on whether the parameter transformation preserves 
or reverses the orientation. If #2 is a trigonometric function for cz as in lemma 
2.2.5, then, in the orientation-preserving case, 1 := U2 o g is a such function 
for ci, since 


C1(t) = Co(t + to) 
= (cos(Ba(t + fo), sin(%2(t + f)))'. 


But if }; is a trigonometric function for c;, then the same holds for 31, where 
01(0) := ¥y(t+ L) and Lis the period of cy. It follows that 
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27 (Ne, — Ney) = (82(L) — 32(0)) — (A (L) — 11 (0)) 
= 01 (L — to) — 11(—t) — 11 (L) + 91 (0) 
= (b1(-m) — 11.) - 1-49) — 21.) 
— 0, 


thus Ne, = Ney. 

In the orientation-reversing case one observes that for a trigonometric func- 
tion 02 for cz the function 3 (f) := 02(—t+ to) + 7 Is a trigonometric function 
for c,, since then g(t) = —t + fo and hence 


c(t) = —C2(—t + ft) 
= —(cos(92(—t + fo), sin(2(—t + to))) 
= (cos(#2(—t + fo) + 7), sin(02(—-t + f) + 2))!. 


We conclude that 


27 (Ney + Ne) = (82(L) — 32(0)) + (1 (L) — 01 (0)) 
= 01(—L + t0) — V1 (to) + 01 (L) — 110) 
= (O(-L +t) — 210) = (HHL +) - 51) 
=> 0, 


hence Ne, = —Ney. 


The lemma shows that the winding number of an oriented closed plane curve is 
well defined. When the orientation is reversed the sign of the winding number 
is changed. 

Further we can establish that the winding number is always a whole number. 
From cos(#(L)) = cos(#(0)) and sin(#(L)) = sin(?(0)), it follows that e’? 4 = 
e!? and hence 3(L) — 8(0) € 27Z. 

The reader may already expect there to be a connection between winding 
number and curvature. If a curve curves long enough to the left (« > 0), then 
it should at some point complete a winding and should make a positive contri- 
bution to the winding number. Correspondingly curvature to the right (« < 0) 
should make a negative contribution to the winding number. This is formalised 
in the following theorem. 


Theorem 2.2.9 Let c : R > R? bea plane unit speed curve with period L. 
Let x :R => R be the curvature of c. Then 


1 L 
Ne = = f K(t)dt. 


JU 


2.2 PLANE CURVES 41 


Proof We write as in lemma 2.2.5 ¢(t) = (cos(0(t)), sin(o(A)))'. Differ- 
entiation gives ¢(t) = (—sin(0(f)) - 3(f),cos(#(t)) - F(t)’. On the other hand 
C(t) = K(t) -n(t) = k(0) - (—sin(9 (1), cos(9()) '. Thus 


b(t) = k(t). (2.3) 
So the curvature gives exactly the change in the angle of the velocity vec- 


tor c with a fixed axis. The fundamental theorem of calculus gives as 
desired 


1 Ls i 

Nc = — (B(L) — v(0)) = — v(H\dt = — kK (d)dt. 
20 2m Jo 2 Jo 

We expect that a closed plane curve whose winding number has an absolute 

value of at least 2 must intersect itself. If a curve performs two or more turns 


before it closes, then it must intersect itself. This impression is correct, as the 
following theorem says. 


Theorem 2.2.10 (Hopf’s Umlaufsatz)” A simple closed plane curve has winding 
number 1 or —1. 


To prove Hopf’s Umlaufsatz we first need a generalisation of lemma 2.2.5. 


Definition 2.2.11 Let X Cc R” and xp € X. Then X is called star-shaped with 
respect to xo if for every point x € X the whole straight line segment between x 
and xo is fully contained in X, i.e. for every t € [0,1] we have tx+ (1—f)xq € X. 


star-shaped w.r.t.x9 | not star-shaped w.r.t. xo 


Lemma 2.2.12 (lifting lemma) Let X C R" be star-shaped with respect to xo. 
Lete: X —> S' C R? be acontinuous map. Then there exists a continuous map 


0? :X — R such that 
_ (cos(v(x)) 
cs Ge 


for allx € X. The map # is uniquely determined if 0 (xo) = Vo is given. 


2 “Hopf’s winding theorem”. 
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Proof of the lifting lemma (a) Let us first consider the case 
n=1, X=[0,1] and x=0. 


This is essentially lemma 2.2.5, except that ¢ is replaced by e. Since in this case 
e is only assumed to be continuous, # is, of course, also only continuous and 
generally not C™. Let us quickly remind ourselves of the proof: 


we divide the interval [0, 1] into smaller intervals which are each mapped by e into 
one of the four semicircles. There the function # can be written down explicitly 
using the inverse tangent or the inverse cotangent. It is uniquely determined by 
the initial value 3 (0) and the continuity condition. 


(b) Now let X Cc R" be a general star-shaped set, x9 € X. Let x € X. Because 
X is star-shaped, the straight line segment from xo to x is fully contained in X 
and we can define the map 


ey: [0,1] > S', ey (t) = e(tx + (1 — 1x0). 
According to (a) there is exactly one continuous #, : [0, 1] > R with 0(0) = vo 


and e,(f) = (cos(;(é)), sin(,(t)))'. If there exists a map # as in the claim of 
lemma 2.2.12, then the uniqueness of vy gives 


Dx (t) = V(tx + (1 — f)x0). 
In particular 0 (x) = 0,(1). This proves the uniqueness of 7. 


(c) To prove existence we set 0 (x) := 0,(1). Then 


cos(#(x))\ _ (cos(%(1))\ = 
fete ~ rig, me FaD) ee 


and #(x9) = Jo. It remains to check that 0 : X — R is continuous. 

For this purpose let x € X ande > 0. LetO0 = 9 < t) <---<ty=1bea 
partition of the interval [0, 1] such that e,, restricted to the subinterval [¢;, ti41], 
always lies in one of the four open semicircles. Because of the continuity of e 
we have that for all y ¢ X close enough to x 


lex) — ey@O|| < € 


for all te [0,1]. If ¢ is small enough, then ey, restricted to an subinterval 
[ti, ti41], is always fully contained in the same one of the four open semicir- 
cles as ey. This also means that we can take the same partition of [0, 1] for ey 
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as for e,. By induction over the number N of the necessary subintervals it can 
easily be shown that in the case of the left or the right semicircle 


‘toes ex (t) 
(ft) = arctan ( + 2kr 


el(t) 


and 


ev(t) 
dy(O) = arctan ; ap + 2k, 


where k € Zis the same for x and y. We write e = (e!,e*)'. For the upper and 
lower semicircles we have the corresponding formulae: 


Boia ex(t) 
'.(t) = arccot A) + 2kx 


and 


Dy (0) t ey) + 2k. 
'y(t) = arcco a0) I. 


In particular we have, depending on the semicircle, 


e 2 
d(x) — PCy) = wn ({ =) - arctan (2) 


1 
d(x) — d(y) = arccot (: =) - arccot (s2) 


respectively. The continuity of e, arctan and arccot gives continuity of 0. 


and 


Remark If the map e : X — S! is not surjective, then the map 3 : X > 
can be obtained much more easily. For example, suppose that (cos(¢), sin(y)) | 
is not in the image of e. For every k € Z the map 


i) 


Wy: (gp + 20(k-1), 9 + 20k) > S'— (cos(y), sin(g))', Y(t) = (cos(t), sin()', 


is ahomeomorphism. Then 3 := Ww! oe: X > (g¢+2n(k—-1),9+2rk) CR 
is continuous and satisfies 


_ (cose (x)) 
Se ee 


The k is then uniquely determined by the condition 3 (xo) = vo. In particular, 
all x1,x2 € X satisfy that |3 (x1) — 0 (x2)| < 27. 
After these technical preparations we can now prove Hopf’s Umlaufsatz. 
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Proof of Hopf ’s Umlaufsatz (a) Let c be a periodic parametrisation with period 
L. Let xq := max{c!(t) | t€ R}. Since the trace of c is compact, the maximum 
will actually be attained. The straight line {(x, y)' € IR? | x = xo} intersects the 
trace of c at a point p. With a parameter transformation of the form tt> t+ fg 
we can achieve that c(0) = p. 


Let G be the straight line that is parametrised by s +> p+s-(1,0)'. On the half- 
line for s > 0 there are now no points of c left. If necessary, we reparametrise 
with the map t+ —f in order to achieve that ¢(0) = (0,1)'. This transfor- 
mation reverses the orientation and hence changes the sign of the winding 
number, but this is not relevant for the claim. 


2(0) 


(b) We set X := {(t,)' € R?|0 <t; < bh < L}. Then X isa star-shaped set 
w.r.t. (0,0)". 


to 


We consider the continuous map 
O22 Ss 
c(t2) — c(t) 


lle(t2) — e(H)II 
e(t1, t2) = c(t), to = th = t, 


ty > ty and (t,t) 4 (0,L), 


Note that e is only well defined because c was assumed to be a simple closed 
curve. Otherwise c(t,) = c(t) could have appeared in the expression for the 
first case in the above definition. 

We now choose a function 3? : X — R for e as in the lifting lemma 2.2.12. 
tr v(t,d is a trigonometric function as in lemma 2.2.5 since e(t,t) = C(t). For 
the winding number one obtains 


2mn- = U(L,L) — 00,0) = o(L, L) — 0(0,L) + 80, L) — 30,0). = (2.4) 
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(c) Ifa te (0, L) satisfied e(0,f) = (1,0)', then c(t) would be on the right half- 
line of G, contradicting (a). In addition, (1,0)' is perpendicular to ¢(0) = 
e(0,0) =—e(0, L). Hence (1,0)' is not in the image of the map t +> e(0,f). 
Because of the remark after lemma 2.2.12, the image of t+ (0,2) will be in an 
interval of the form (27k,22(k + 1)), k € Z. From e(0, L) = —é(0) = (0,—1)' 
it follows that 0 (0, L) = 32/2 + 27k and since e(0,0) = c(0) = (0,1) we have 
shown that 0 (0,0) = 2/2 + 2k. Hence 


0(0,L) — 0(0,0) =z. 
Analogously (—1,0)' is not in the image of the map t+ e(t, L) and we obtain 
o(L,L)— 0(0,L) =z. 


From (2.4) follows that 


2mne =A +n = 27. 


Definition 2.2.13 A plane curve is called convex if each of its points is such 
that the curve lies entirely on one side of the tangent through this point. 


convex not convex 


If cis a plane curve parametrised by arc-length and n the normal field along c, 
then the convexity condition states for the point c(fg) that 


(c(t) — c(to), n(to)) = 0 (2.5) 


for all t or 
(c() — c(to), n(to)) < 0 (2.6) 


for all t. 


C(t) 


rw C(to) 
c(t) 


(c(t) — c(to), n(to)) = 9 (c(t) — c(to), n(to)) < 9 
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A priori one could for a given curve need condition (2.5) for some fg and 
(2.6) for other fo. In reality this does not occur. This is because if a convex 
curve satisfies (c(t) — c(t}),n(t,)) > O for all t and (c(t) — c(t), n(f2)) < 0 for 
all t, then continuity implies that there exists a fz between f, and f such that 
(c() — c(t3),n(3)) = 0 for all ¢. This implies that c is a straight line and thus 
both (2.5) and (2.6) are satisfied for all fg. We have proved: 


Lemma 2.2.14 Let c: I > R? be a plane curve parametrised by arc-length 
with normal field n. Then c is convex if and only if for all t, ty € I 


(c(t) — c(to),n(to)) = 0 


or for allt, to € I 
(c(t) — c(to), n(to)) < 0. 


Intuitively it seems clear that a convex curve always curves in the same sense, 


Le. always to the left or always to the right. This is formalised in the following 
theorem. 


Theorem 2.2.15 Let c: R > R? be a simple closed plane curve parametrised 
by arc-length. Let x : R > R be its curvature. The curve is convex if and only if 
k(t) => Oforallte Rork«(t) <0 forallt ER. 


Proof Let 0 : R > R be a trigonometric function as in lemma 2.2.5. We 
already know by (2.3) that } = k. 


(a) Now let c be convex. We have to show that « does not change sign. 
According to lemma 2.2.14 we can assume that 


(c(t) — c(to),n(to)) = 0 
for all t,f9 € R. The case (c(t) — c(to),n(to)) < 0 is handled analogously and 
leads to the opposite sign of «. In our case we show that x (to) > 0 for all f. 
The Taylor series of c is 
c(t) = c(t) + (to) (t = to) + 5&(t0)(t — to)” + O(\t — tol). 
But (€(to), 2(éo)) = 0, so scalar multiplication by n(to) gives 
0 < (c(t) — cto), mo) = 5 (E(t), n(t0)) (t — t9)? + Olt = t0)). 


We divide by the positive (¢ — to)2 and obtain 


0 < 4 (E(t), n(to)) + O(It — tol) = 5K (fo) + O(\t — t0)). 
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Letting t > fo we see that 
K(to) = 0. 


(b) Now let « >0. We show that the curve is convex. If the curve were not 
convex then there would be a fg such that the function 


g:R>R, eM = (c — cto), n)), 


has both negative and positive values. The periodicity of c implies that g 
attains its minimum at a point f, and its maximum at f. It follows that 


g(t) < 0 = gto) < v(t). (2.7) 


94) [PQ 


From @(t,) = 0 it follows that (c(t,),n(to)) = 0. Further c(t;) = +c(to). Anal- 
ogously we obtain c(t) = +C(to). At least two of the three unit vectors C(‘g), 
c(t) and c(f2) must coincide. We choose $1, s2 € {to, t1, 2} with s; <.s2 such that 


C(s1) = €(s2). 


We therefore have #(s7) — 0(s1) = 27k with k € Z. From 3 = x > Oit follows 
that 3 is monotonically increasing and thus (52) — 0(s,) => 0. Hence k € No. 
Analogously 7 (s; + L) — 0(s2) = 2/1 with / € Ng. For the winding number 
it follows that np = k +1 (0). By Hopf’s Umlaufsatz n, = 1. Thus k = 0 or 
1 = 0. Suppose that k = 0. Then « = 3 = 0 on [s1,52]. Hence c parametrises a 
straight line on [51,52]. We thus have that 


c(s) = c(s1) + (8 — 51) - C(81) = (51) = (5 — 51) - COO) 
for all s € [s,,52]. We can now compute the function g for s € [51,52]: 
p(s) = (c(s) — c(to), n(to)) 


= (c(s1) + (s — 81) - C(to) — cto), N(to)) 
= (c(s1) — c(to),n(to)) , 


Le. g is constant on [s},s52]. But this contradicts (2.7) since at least two of the 
three values fo, t; and f lie in the interval [51,52]. 
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Remark The following example shows that it is indeed important for the 
validity of this theorem that the curve is assumed to be simple closed. 


k >0O, but not convex 


However, the condition that the curve is simple closed was only used for one 
direction of the proof. We used Hopf’s Umlaufsatz and n, = 1 when we showed 
that convexity follows from x > 0. We do not need to make this assumption 
for the other direction. We summarise: 


For a parametrisation by arc-length of a convex (but not necessarily closed) curve 


we have k(t) => 0 forall t or k(t) < 0 for all t. 


Definition 2.2.16 Let c : J > R? be a plane curve parametrised by arc- 
length. We say that c has a vertex at to € Jif K(to) = 0. 


Example 2.2.17 Let us consider the ellipse, parametrised by 
; 2 _ facos(t) 
c:R-R’, eO= (Fata) 


with 0 <a <b. 


This is unfortunately not a parametrisation by arc-length. Instead of trying to 
reparametrise the ellipse by arc-length, we use the formula for curvature from 
exercise 2.10: 


_ det(é(t), €()) 
eco 


—asin(t) —acos(t) 
_ ce(( bcos(t) ) , (Ss —) 
7 —asin(t) ‘ 
bcos(t) 
ab 
(a? sin(t)? + b? cos(t)2)*/* 


K(t) 
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Differentiating gives 
K(t) =— ae (@ sin(t)? + b? cos(’)”) io (20 sin(t) cos(t) — 2b” cos(t) sin(o)) : 
Le. c(t) = Oif and only if 
a’ sin(t) cos(t) = b* cos(t) sin(t). 
But a? # b’, so this is exactly the case when 
sin(t) cos(t) = 0, 


i.e. when t € Z- 7/2. In one traverse of [0, 277) the ellipse therefore has exactly 
four vertices, at points t = 0,7 /2, and 37/2. 
Indeed, a closed curve always has at least four vertices. More precisely, 


Theorem 2.2.18 (Four-vertex theorem) If c: R > R? is a convex periodic plane 
curve parametrised by arc-length and with period L, then c has at least four 
vertices in [0, L). 


To prove the above theorem we need the following lemmas. 


Lemma 2.2.19 If a simple closed convex plane curve intersects a straight line 
in more than two points, then a whole segment of this straight line is part of the 
curve and there are thus infinitely many points of intersection. 


two points more than two three points of intersection, 
of intersection points of intersection but not convex 
Proof of the lemma Let c : R — R* be a parametrisation of the curve 


by arc-length with period L. With a parameter transformation of the form 
t +» t+ t we can achieve that c(0) is one of the three points of inter- 
section with the straight line. According to theorem 2.2.15 we can, possibly 
after applying the parameter transformation ft» —t, assume that the curva- 
ture satisfies x > 0. The trigonometric function from lemma 2.2.5 also satisfies 
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§>0, ie. it is monotonically increasing. According to Hopf’s Umlaufsatz 
0(L) — 0(0) = 20n, = 27. Hence 


do :[0,L] > [99,09 + 277] 


is a smooth surjective monotonically increasing function, 09 = (0). 


Let the curve c intersect the straight line G at the points f9 = 0 < t) < t) < L. 


0 -1 
1 0 ) -v be the normal 


Let G be parametrised by fh po +t-v. Letn = ( 
vector of G. 

Now let J be one of the three intervals [0, ¢;], [t1,t] and [t, L]. The curve 
c lies on the straight line G at the end-points of J. If c() lies on G for all 
t € I, then a whole segment of G is part of c and the lemma is proved. Let us 
therefore suppose that there exist points t € J such that c(t) does not lie on 
G. We now consider the straight lines G, parallel to G that are parametrised 
bythe p+s-n+t-v. Set sy := sup{s>0 | G, intersects c|z}. Should there 
not be any points of c|7 on the side of G to which n points, then we consider 
51 := inf{s < 0 | G; intersects c|7} instead. 


C(t) 


In any case Gs, tangentially intersects the segment c|,; at a point t from the 
interior of J, 1.e. ¢(t) =+v. Applying this to all three intervals J=[0,t], 7 = 
[t1,t2] and J = [t,t] we obtain the three points 11, t2 and 13,0 < | <t < 
7 <t < 13 < L, with c(t) = +v. 


C(t3) 


C(t) 


c(t) 


Let %, denote the unique point from [09,3 + 27) for which v= (cos(v), 
sin(?,))' and % = 0 +7 the point satisfying —v = (cos(#2), sin(92))'. We 
can assume without loss of generality that ¥2 = 0, + 7, otherwise interchange 
the roles of 3; and vp. 
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First case Let 0 (and therefore also #2) be strictly greater than 9. Then 0 
must take one of the two values 1% or 2 at each of the three points 11, t2 and 
73. In particular, % must be the same at no less than two of the three points. 
Since # is monotonically increasing, ? must be constant on one of the two 
intervals [t,, 72] or [t2, 73]. But then ¢ = +v is in this interval, i.e. this part 
of the curve is a segment of a straight line parallel to G. As both of the two 
intervals in question contain a point in which c intersects the straight line G, 
namely ¢; and fy respectively, c must contain a segment of G. 


Second case Now there is still the possibility that 3 (71) = 01 = Vo, 0 (tT) = V2 
and ? (13) = ¥9+2z7. But then, because of monotonicity, must be constant on 
the interval [0, 1], and it follows as above that c|;0,,] coincides with a segment 
of the straight line G. 


Lemma 2.2.20 If a simple closed convex plane curve intersects a straight line 
at more than one point tangentially, then the curve contains a segment of some 
straight line. 


Proof of the lemma If the curve has more than two points of intersection 
with the straight line G, then the claim follows from lemma 2.2.19. Hence we 
can assume that the curve intersects the straight line G at exactly two points. 
Because of the convexity of the curve it must lie entirely on one side of the 
straight line. We shift the straight line by a sufficiently small distance towards 
the curve and obtain a parallel straight line G’. Continuity implies that G’ must 
intersect the curve in at least two points in the vicinity of each of the two points 
of intersection with G. 


Hence G’ has at least four points of intersection with the curve and because of 
lemma 2.2.19 the curve contains a segment of the straight line G’. 


In lemma 2.2.20 it is not claimed that the curve contains a segment of the tan- 
gentially intersecting straight line (although this is also true), but the segment 
contained in the curve may by all means be part of another straight line. How- 
ever, for our application of the lemma in the proof of the four-vertex theorem 
this does not play a role. 


Proof of the four-vertex theorem The curvature « of c attains maxima and min- 
ima because of the periodicity of c, which already yields two vertices. Without 
loss of generality we can assume that the minimum is attained at t = 0 and 
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the maximum at t = fo € (0,L). Let G be the straight line through the two 
points c(0) and c(tg). If G has another point of intersection with the curve 
parametrised by c, then c contains by lemma 2.2.19 an entire straight line 
segment. But then the curvature is constantly 0 on an interval and we obtain 
infinitely many vertices. 


Let us therefore consider the case that G does not have another point in 
common with the curve. After applying a Euclidean motion we can assume 
that G is the x-axis. Suppose that the curve does not have further vertices. 
Then « does not vanish anywhere on the two intervals (0, fo) and (fo, L). Since 
i K(H)dt = «(L) — x(0) = 0, we have that « is positive on one of the two 
intervals and negative on the other. For instance, let «(f) > 0 for t € (0, tg) and 
K(t) < Ofort € (tp, L). 

If c lay on one side of G, then c would intersect the straight line G tangen- 
tially in t = 0 and t = f&. Then c would by lemma 2.2.20 contain a straight line 
segment and, in particular, would have infinitely many vertices. We can there- 
fore suppose that, for instance, c|(o;,) lies above of G while c|(,,7) lies below. 
This means that we have for the y-component of c that c?(t) > 0 for t € (0,f9) 
and c?(t) < 0 fort € (to, L). 


c(O) c(to) 


K <0 
It follows that «(f)c2(f) > 0 for all t € (0, to) U (to, L) and, in particular, 
L 
/ k(t)c? (t)dt > 0. (2.8) 
0 


Integration by parts and the Frenet formulae from proposition 2.2.4 give that 


L L E 0 
| k(t)c(t)dt = -| coendr= | A(t)dt = n(L) —n(0) = (3): 
0 0 0) 


We form the scalar product with the unit vector e2 and obtain 


L 
i k(t)c? (dt = 0, 
0 


contradicting (2.8). 
Hence there must be a third vertex, e.g. in t, € (fo, L). Suppose that there 
were no fourth vertex. Then we have divided our curve in four arcs on which 
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the derivative of the curvature does not vanish, corresponding to the intervals 
(0, to), (to, 1) and (t,, L). We see as above that the sign of « cannot be the same 
for all three arcs. We now consider the two arcs on which « has the same sign 
as one arc. In this way we obtain a division of the closed curve into two arcs on 
which « has opposite signs, apart from a single zero of « in one of the two arcs. 
Despite this zero, the corresponding integral remains positive and the same 
argument as above provides a contradiction. 


To conclude this section about plane curves we consider the following opti- 
mization problem, whose agricultural formulation could read as follows: 
suppose a farmer has a given length of fence, e.g. 10km. What would the 
largest paddock that the farmer could fence look like? 

The following theorem gives us the answer: the paddock would be 
circular. 


Theorem 2.2.21 (isoperimetric inequality) Let G C R? be a bounded region with 
the simple closed plain curve c as boundary. Let A[G] be the area of the surface. 
Then 


4 A[G] < L{c}’. 
We have equality if and only if c is a circle. 


To prove the isoperimetric inequality we first need a lemma which tells us how 
to find the surface area of G using the boundary curve c. 


Lemma 2.2.22 Let GCR? be a bounded region, bounded by the simple 
closed plane curve c. Let c(t) =(x(t),y())' be a periodic parametrisation of 
c with period L, which winds in a mathematically positive sense around the 
surface, i.e. with winding number +1. Then 


L L L 
Ati 1 i()y(dt = 3 x() (pdt = } / (W(OH() — H(Dy(O) at. 


Proof of the lemma We can assume without loss of generality that c is 
parametrised by arc-length, since the substitution rule shows that the values 
of the integrals do not change under an orientation-preserving reparametrisa- 
tion. 


To prove this lemma we will make an exception and refer to a theorem which 
is only proved later in this book, namely the divergence theorem, see theorem 
5.1.7. It states in our case that for every smooth map V = (v!,v?):G— R?2 


1 2 L 
/ & = =| Rijs i (V(c(t)),n(t)) dt. (2.9) 
G\ ox dy 0 
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The negative sign comes from the fact that the curve is traversed in a mathe- 
matically positive sense and hence (ft) points into the surface. Applying this 
to the map V = Id we obtain on the one hand 


1 2. 
i La aa dvdy = [ (H+ 2) dcay=2 f dx dy =2A[G] (2.10) 
G\ ax dy G\0x dy G 


and on the other hand 


iL & y 
. ee at (2) d 
[ (V(c()),n(@) dt [ (ee "\ x ‘ (2.11) 


L 
: [ (—x(0 7) + Ey() dt. 


From (2.9), (2.10) and (2.11) it follows that 


L 
2A[G] = : (xi) — ky) dt. 


The other two equations of the lemma follow by integration by parts. 


Proof of the isoperimetric inequality (a) Let c(t) = (x(), y())' be a parametrisa- 
tion of c by arc-length. Then c has period L = L[c]. After possibly reversing the 
orientation of c we can assume that c traverses the surface in a mathematically 
positive sense. We consider the complex-valued function 


L L 
z:R-C, zaé=x{—t)+/7-y{—t}. 
20 20 


Apart from the parameter transformation tr (L/27)t the map z simply 
parametrises the curve c, if one identifies R* with the complex plane C. In 
any case z is a periodic function with period 27. We expand z as a Fourier 
series, see [18, Ch. XII]: 


[o,@) 
2S do ae™, 
k=—0o 


with Fourier coefficients c, ¢ C. We can express the length of c in terms of the 
Fourier coefficients, since on the one hand 


Qn 2n L 2 L 2 L2 
/ ora = f SS) ele ae 
0 0 20 20 20 
— ——— 


=1 
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On the other hand 


[oe] 
Z(H) = > cyike!™ 
k=—00 
and hence 
20 Qn : os) 
/ zorar= f eid = [ 2 cpeekeelk—' at 
: a 0 k,l=—0o 
lo) 
= >> leg? +k? -2z. 
k=—00 
It follows that 
[o@) 
Llc? = 2)? SO Wick. (2.12) 
k=—0o 


(b) We now express the area of G in terms of the Fourier coefficients. We 
denote the real part of a complex number w as 3t(w). By lemma 2.2.22 we have 
that 


L 
2A[G] = ; (OH — ey) dt 


L 
= / m1 (<ony/t). $F -i-2@n/1)) dt 
j ia 


Qn 
i MH (z(s) -i- Z(s)) ds 
0 


Qn oo ' 0° : 
= i n( 2 cee ar > au(—iee*) as 
0 


k=—00 f=—00 
2n 
= if bce! ds 
0 kt=—0o 
CO 
= D> Acxl?2x. (2.13) 


k=—0o 


(c) From (2.12) and (2.13) we conclude that 


AIG] << i ee oo oe Lee 
—— = Do Men? = Dy Re lce? = ony 
k=—00 k=—00 


and thus 
4x A[G] < Lich’. 
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We have equality exactly when 


foe) foe) 
» hap Sok er. 


k=—0o k=—co 


i.e. exactly when all c, = 0 for k 4 0,1. This means precisely that 


z(t) =co +1 -e", 


i.e. c describes a circle. 


There are numerous other proofs of the isoperimetric inequality. The inter- 
ested reader can find a collection in [4, §29]. 


Exercise 2.12 The set P = {(x,y)' € R* | y? = x3, y > 0} describes the upper 
branch of Neil’s parabola. Find a regular parametrisation and show that the 
length of the segment of the curve from the origin to the point (x, y)' € P is 
given by 

es (ox + 43/2 _ 8) 
Further show that the curvature takes (for the right choice of orientation) all 
values from (0, 00). 


Hint Use exercise 2.10. 


Exercise 2.13 The clothoid is given by the regular parametrisation 
t 2 
Wha / COs () dt 
0 
t 2 
Wha / sin (=) dt 
0 


Show that the curvature at each point on the curve coincides, up to the sign 
of the curvature, with the length of the segment of curve from the point under 
consideration to the origin. Sketch the curve. 


c(t) = 


Exercise 2.14 Let c : J > R? bea plane curve parametrised by arc-length. 
Let to € I with x (to) 4 0. The osculating circle to c at to is the circle with centre 
c(to) + (1/k (to))n(to) and radius 1/|K (éo)|. 


Show that if the circle is parametrised by arc-length and the orientation is cho- 
sen correctly, then the osculating circle touches the curve c at the point c(f9) to 
second order, i.e. the first and second derivatives coincide. 


2.3 
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Exercise 2.15 The set of all centres of osculating circles of a curve c is called 
the evolute of c. Show that the evolute of the parabola {(x,y)' € R? | y = x’} 


is given by 
x 2 i 
R Y-=) =—X‘}. 
I(r) <® |(¥-2) =F 


Space curves 


We will now consider those curves that run through three-dimensional space, 
i.e. take values in R>. 


Definition 2.3.1 A parametrised curve c : I > R? is called a parametrised 
space curve. Regular parametrised space curves, space curves and oriented 
space curves are defined analogously. 


Unlike for plane curves it is now not straightforward to define a normal field. 
If c : J — R®* is a space curve parametrised by arc-length, then the vec- 
tors perpendicular to the velocity vector c(t) form a plane, the unit vectors 
perpendicular to the velocity vector form a circle. 


In the case of plane curves there were two perpendicular unit vectors. We 
used this fact to define the normal vector. Which normal vector should we 
choose in the case of space curves? The definition of curvature is a priori also 
a problem, since it required the normal vector. Let us recall that the sign of 
the curvature described whether a particular curve curves to the left or to the 
right. What should it mean in the context of space curves? 

However, there is a way to avoid this problem. Let us recall that for plane 
curves 


c(t) = k(t) - n(t). (2.14) 
It follows that 
Ik@| = lel. 


If we give up the sign of the curvature, then we can define it without reference 
to the normal field. We will therefore define the curvature of a space curve as 
follows. 
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Definition 2.3.2 Let c: J > R* be aspace curve parametrised by arc-length. 
The function « : J > R, «(f) := ||€(O||, is called the curvature of c. 


Again curvature is a measure of how much a curve deviates from a straight 
line. Concretely, if c is a space curve parametrised by arc-length, then c is a 
straight line if and only if ¢ = 0, ie. if « = 0. But now the curvature is always 
> 0. It no longer makes sense to talk about a curve curving to the left or to the 
right. 


Attention Wecan also regard plane curves as space curves, since the plane is 
contained in three-dimensional space, e.g. as the xy plane. We therefore now 
have two different definitions for the curvature of plane curves. If ¢ : J > R? 
is a plane curve parametrised by arc-length and with curvature « : J > R and 
c = (¢,0) : 1 > R? is the same parametrised curve, considered as a space curve 
with curvature « :/ — R, then 


K(f) = [le] = 1, 0) = EO = KOI. 


Knowing what the curvature of a space curve is, we can now define the normal 
field using (2.14). However, this will only work if the curvature does not vanish. 


Definition 2.3.3 Let c: J — R* be aspace curve parametrised by arc-length. 
Let to € J and x (to) 4 0. Then 


_ (fo) _ ello) 
“ «K(to) — (lE(to) I 


n(to) 
is called the normal vector of c at to. 


The same argument as for the planar case shows us that (fo) is indeed always 
perpendicular to C(fo): 


d.. Zs 
=a tod = 21a. 


As we now have the normal vector we can define the “binormal” vector to 
obtain a complete orthonormal basis of R>. 


Definition 2.3.4 Let c : J > R* be a space curve parametrised by arc-length. 
Let to € J and x (to) 4 0. Then 


D(to) = C(fo) x n(to) 
is called the binormal vector of c at to. 


Here x denotes the cross product in R*. The vector product x x y of two 
vectors x, y € R° has the property that x x y is perpendicular to x and y, and 
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that x,y,x x y form a positively oriented basis of R> if x and y are linearly 
independent. If x and y are orthogonal and of length 1, then x, y,x x y forma 
positively oriented orthonormal basis. 


Definition 2.3.5 The orthonormal basis (C(to),n(to),b(to)) is called the 
Frenet dreibein or Frenet trihedron of c at to. 


b(t) 
n(t) 


e(0) 


Attention The Frenet dreibein is only defined for those t for which x(t) 4 0. 
The curvature of a plane curve says how much the velocity vector turns in 
the direction of the normal vector. We can introduce a similar notion for a 
space curve. It will measure how much the normal vector turns out of the 
plane spanned by itself and the velocity vector, i.e. how much it moves in the 
direction of the binormal vector. 


Definition 2.3.6 Let c: I — R* be aspace curve parametrised by arc-length. 
Let tg € J with x (to) 4 0, let (C(to), n(to), b(tp)) be the Frenet dreibein of c at fp. 
Then 


T(t) = (A(t), b(to)) 
is called the torsion of c at fo. 
Proposition 2.3.7 (Frenet formulae) Let c:I>R> be a space curve 


parametrised by arc-length with positive curvature, «(f) > 0 for all t € J. Let 
(v,n, b) be the Frenet dreibein of c, and let t be the torsion. Then 


F 0 —xK(t) 0 
VO,n20,b0) =VO.n0,b0)}«QO 0 -eH 
0 T(t) 0 
Proof The equation v = x - nis exactly the definition of the normal vector. 


Thus the first column of the 3 x3-matrix is correct. 


The second column follows from (”1,v) = (d/dt) (n,v) — (n,v) =O—-—Kk = —k, 
from (/,n) = 5(d/dt) (n,n) = 0 and from the definition of rt. 

The third column follows because (b, v) = (d/dt) (b,v) — (b,v) = 0- 
Kx (b,n) = 0, because (b,n) = (d/dt) (b,n) — (b,n) = 0 —t = —1 and because 
(b,b) = 4(d/dt) (bb) = 0. 
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Example 2.3.8 Let us consider the helix as an example. We choose a 
parametrisation similar to the one from example 2.1.4: 


cos(t//2) 
c:R>R, c(t) = | sin(t/V2) |. 
t//2 


7 
We calculate c(t) = a (—sin/v2), cos(t//2), 1) . In particular, 


leo? = 404+) =1, 


Le. c is parametrised by arc-length. Further, we find 


e(t) = 4 (—cos(t/V2), —sin(t/V2),0) 


and thus 
x(t) = |é@|| = 5- 


As the curvature does not vanish anywhere, we can find the normal vector for 
all t. We obtain 


n(t) = “ = (—cos(t/-v2), —sin(t/V2),0) 


For the binormal vector we find 


bt) = 2 x nt) 
1 (s0/) (-sm3 
— cos(t//2) x —sin(t//2) 
v2 1 0 


‘ re) 
= —cos(t//2) : 
(= 


We can now calculate the torsion as 


T(t) = (n(t), b(t) 
77 sin(t//2) 


1 sin(t//2) 
a — Jp cos(t/V2) av} =o) 
0 


ay 
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Exercise 2.16 Show that the curvature and the torsion of a space curve are 
invariant under orientation-preserving Euclidean motions. More precisely, if 
c: I > R* isa space curve parametrised by arc-length with curvature x > 0 
and if F € E(3) is an orientation-preserving Euclidean motion, i.e. F(x) = 
Ax + p, A € SO(3), p € R’, then the curvature and the torsion of the curve 
c:= Foc satisfy 


K=K,T=T. 


What happens if the Euclidean motion is orientation-reversing? 


We will now see that one can find a space curve if curvature and torsion are 
given. According to exercise 2.16 this space curve can at most be unique up to 
Euclidean motions. Indeed, this is the only ambiguity. 


Theorem 2.3.9 (fundamental theorem of space curve theory) Let I Cc R be an inter- 
val, letk,t : I > R be smooth functions, x > 0. Then there exists a space curve 
c : I > R® parametrised by arc-length and with curvature « and torsion t. 
This space curve is unique up to post-composition with orientation-preserving 
Euclidean motions. 


Proof (a) We consider the system of first-order linear ordinary differential 
equations 
00 0 O 
d 1 0 -k 0 
FACMALA YD) = (c,v,n,b) - OF ie 0 —rI° (2.15) 
00 jc O 


where c,v,n,b : 1 > R° are functions to be found. 


Let fo € J. The existence and uniqueness theorem for such systems of differ- 
ential equations [18, Ch. XIX] states that we can find exactly one solution that 
satisfies the initial conditions 


c(to) = 0, 
v(t) = e1, 
n(to) = e2, 
b(to) = 63. 


The linearity of the system ensures that the solution is defined on the whole 
interval J. 

We have chosen the initial values in such a way that v, n and b at t = f9 form 
an orthonormal basis of R. Let us first show that this remains true for all t € J. 
From the system of equations it follows that 
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and F 
dt (1, V) = (11, V) a (n, V) =k (Vv, Vv) +T (b, v) +k (n,n) . 
Using (2.15), one analogously calculates the derivatives of (n,n), (b,b), (b, v) 


and (b,n) and obtains the following system of differential equations 


(v, Vv) 0 0 0 0 0 2K (v, v) 
(n,n) 0 0 0 O 2t —2k (n,n) 
d | (b,b) | _ 0 0 0 OO --2r 0 (b, b) 
dt|(b,v) | | 0 0 oO O i ae (b,v) (2.16) 
(b,n) 0 —T T -K 0 0 (b,n) 
(n, Vv) —K K 0 Tt 0 0 (n, Vv) 
with the initial conditions 
(v, v) 1 
(n,n) 1 
(b, b) _ fl 
(b, v) ~ 10 
(b,n) 0 
(n, v) 0 


t=to 


But it is obvious that the constant function 


oOo OrFR RR 


also satisfies the system of differential equations (2.16) with the same initial 
conditions. From the uniqueness theorem for ordinary differential equations 
we obtain that 


Ill 
SCOORRE, 


( 

(n 
(b 
(b,v 
(b 
(n 


This means that v(f), n(t), b(t) form an orthonormal basis of R? for all t € J, 
not only for t = f. 
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The orientation of this orthonormal basis remains positive for all t € /, since 
for reasons of continuity the determinant of the matrix (v(0), n(t), b(t) cannot 
jump from +1 to —1. 

Furthermore, it follows from the system of equations (2.15), that ¢ = v,1.e.c 
is a Space curve parametrised by arc-length. The Frenet formulae state exactly 
that (v,n, b) is the Frenet dreibein with curvature « and torsion t. This proves 
the existence of a space curve as specified in the claim. 


(b) For the uniqueness let ¢ be another space curve with curvature « and tor- 
sion t. We set A := (E(to), (to), b(to)) and p := —A - G(to), where (cA, b) 
is the Frenet dreibein of c. But the moving dreibein always forms a positively 
oriented orthonormal basis of R*, so. A € SO(3). We consider the orientation- 
preserving Euclidean motion F, defined by F(x) := Ax + p. By exercise 2.16, 
the space curve ¢ := F o G also has curvature « and torsion t. Further, by the 
definition of F we have 


(10) = 0, (C(t), Alto), BUto)) = (e1,€2,€8). 


Thus (c,v,n,b) and (c, CA, b) both satisfy the system of differential equa- 
tions (2.15) with the same initial conditions and are therefore the equal. In 
particular,c =¢ = F oC. 


Exercise 2.17 Prove the analogous fundamental theorem of plane curve the- 
ory: Let I Cc R be an interval, let « : I > R be a smooth function. Then there 
exists a plane curve c : I > R? parametrised by arc-length and with curvature k. 
This plane curve is unique up to post-composition with orientation-preserving 
Euclidean motions. 


Let us recall definition 2.1.17, in which we called a tuple P = (a,...,am) 
of points in R” a polygon, where the a; are interpreted as the vertices of the 
polygon and imagine two successive vertices a; and aj; to be connected by a 
line segment. 

In the following we will say that a polygon P = (a1,...,am) is a closed 
polygon if in addition to the condition a; # aj; for all i = 2,...,m it also 
satisfies that aj 4 ay. 

In this case we can also connect a, with a; and use the convention 
ai+m = qj. 

a4 
a2 


ay = as 13 


We use a; to denote the unoriented angle at the vertex a;, i.e. the number 
€ [0, 7], given by 


(a; — aj-1,4;41 — aj) 


lla; — a; | - llai41 — all 


cos(aj) = (2.17) 


64 


CURVE THEORY 


We see that the condition a; 4 aj_1 is now necessary to ensure that we do not 
divide by 0 in (2.17). 

Obviously the angle at the vertex a; vanishes exactly when a;_1, qj, a;+1 
lie on a straight line in this order. This angle is therefore, like curvature for 
smooth curves, a measure for the deviation of the polygon from a straight line. 
We will now investigate the exact connection between curvature and angles. 


Definition 2.3.10 Let P = (aq,...,@m) be a closed polygon with angles a;. 
Then 


cP) o; 
i=1 


is called the total curvature of P. 


Example 2.3.11 Let us consider a triangle P = (a1, a2, a3). The exterior angle 
a; and the interior angle 6; at a vertex a; always add up to z, i.e. aj + Bj = 7. 
According to theorem 1.2.7 the sum of the interior angles is 6, + 62 + 63 = 7. 
It follows that 


K(P) =a, +a2 +43 
= a1 + By +a2 + Bo +03 + B3 — (61 + Bo + Bs) 


=3n —-n =2n. 


Lemma 2.3.12 Let P, and P» be closed polygons in R>. Suppose that the 
polygon P3 is the result of adding a vertex to P;. Then 


K(P\) < K(P9). 


Suppose that the additional vertex a was added to P, between a; and aj,. If we 
have equality x (P1) = «(P2), then one of the following is the case: 
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(1) _ the points aj, a,a;+, lie on a straight line, or 
(2) the points aj_1, aj, 4, 441, 442 lie in a plane. 


Gi+1 
or 
a 
Gj 
Proof (a) We denote the angles of P; as usual by ax. For the angles of P2 at 


the vertex ax we write 6x, for the one at the vertex a we write 8. Then ax, = Bx, 
unless k= iork=i+1. 


Let us now consider the triangle (a;,a,aj;,,) and denote its interior angles at 
the vertices ay by yz, k =i,i+1. 


Then 


B=yit Vint. 


The angle between two unit vectors X and Y is precisely the spherical distance 
between X and Y, regarded as points on the two-dimensional sphere, i.e. the 
length of the shortest connecting great circle. Let us therefore consider the 
spherical triangle with vertices 


aj — aj-1 a — aj Git. — Gj 


and es 
la; —aj1||’ lla — ill lai41 — ail 


The spherical side lengths are a;, 6; and 7j. 
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aj — 4-1 


la; — aj-1\l 


a— aj 
dit. — Gj 
lla — aj es 
Ilai41 — aill 
The triangle inequality gives that 
aj < Bi + Vi- (2.18) 
Using the spherical triangle with the vertices 
Git ~ Gi di41 — a G42 — Gi41 
lldiz1 —aill’ lai, — all llai42 — ai+1l 
we obtain analogously: 
ist S Bisa + Vint. (2.19) 


We summarise: 


(Po) — «(P1) = Bi + B + Bit — (a4 + 41) 
= (Bi — aj) + B + (Bi41 — wi41) 
2b Bo yaa 
=) 


and hence 
K(P2) > K(P1). 


(b) Let us now assume that we are dealing with the equality case: 
k(P2) = k(P1). 
Then we must have equality in the triangle inequality (2.18), 


aj = Bi + Vi. 
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Thus the vertices of the spherical triangle lie on a great circle, i.e. aj — aj_-1, 
a — a; and aj41 — q; lie in a two-dimensional subspace V; Cc R3. For suitable 
A1,A2 € R we have that 


aj — aj) = hy - (@— aj) + A2- (i414 — 43) 


and thus 
Qji-. = —Ay, -a—AzQ- ain, + 1 +A +A2)- Gi. (2.20) 


We now suppose that a;, a and a;,, are not collinear, else we would be dealing 
with case (1). Hence those three points span an affine plane E C R*. Because 
of (2.20) we also have aj_; € E. It can be shown analogously that aj, € E. 
This proves (2). 


Definition 2.3.13 For a periodic space curve c parametrised by arc-length 
and with period L we can, analogously to the total curvature of a polygon, 
define the total curvature of a closed space curve by 


L 
K(C) =| K(t)dt. 
0 


Remark The parametrisation by arc-length of a closed space curve is peri- 
odic and unique up to parameter transformations of the formt bh +f+ fp. Such 
parameter transformations do not change the value of the total curvature. We 
can therefore not only talk about the total curvature of a parametrised closed 
space curve, but also about the total curvature of a closed space curve. 

If c is a periodic space curve parametrised by arc-length and with period L, 
then we say that the polygon P = (ag,...,@m_—1) is inscribed in c, if there exists 
a partition 0 < t) < fp <--- <tm < L witha; = c(t). 

We have already met inscribed polygons in the context of lengths of curves 
in proposition 2.1.18. Like there we see that the total curvature of inscribed 
polygons approximates the total curvature of a closed space curve. 


Proposition 2.3.14 (approximation of curvature by means of polygons) Let c bea 
closed space curve. Then 
K(c) = supk(P), 
P 


where the supremum is taken over all polygons P inscribed in c. 
Before proving the proposition we derive the following lemma. 


Lemma 2.3.15 Let c : [to,t;] > R° be a segment of a curve parametrised by 
arc-length with ||C(u) — ¢c(v)|| < ¢ for allu,v € [to,t)]. Let t = s(t + to). Then 


c(t1) — c(to) 
ti — to 


5 E 
—c(t)}) < qf — to). 
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Proof We compute 


is ([ coo _ e(e))du) dv 


t 
= i: (C(v) — C(t) — (v — Tt)e(t)) dv 


= (ty — t)(—e(t) + ré(z)) + c(t) — c(t) — (4 = -) é(r) 


= c(t) — c(t) — (4 — )e(t) — F(t — 1)°E(7). (2.21) 


We obtain analogously that 


/ ‘ ( / Cas awa) dv = ¢(c) — tty) — ( — )&(z) 
to Vv 
+ A(t — t9)@(r). (2.22) 


As tj — T = T — fg, addition of (2.21) and (2.22) gives that 


t Vv T T 
/ (/ (c(u) — e(e))du) dv + i: (/ (c(t) — aw)du) dv = 
T T to v 


c(t) — e(to) — (41 — to)e(t). (2.23) 


Moreover, 


t v 
i (/ (c(u) — e(e))du) dv 


and analogously 


ty Vv & 
< i, / edudv = 5h ey (2.24) 


< =(r — 19)”. (2.25) 


i: ([ ee _ éw)du) dv 
to v 


Substituting (2.24) and (2.25) into (2.23) yields 


lle(t1) — (to) — (4 — to) e(t) || < e(4 — 1)? = sth — tp)’. 


Division by t; — f9 completes the proof. 


We now prove the proposition. 


Proof of proposition 2.3.14 We parametrise c by arc-length and show that for 
every ¢ > 0 there exists a 6 > O such that for every partition 0 < t% < 
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to < +++ <t, < L with mesh < 5 we have 


Ik(c) — K(P)| <e, 


where P = (c(t,),...,C(tm)). The claim follows by lemma 2.3.12. 
Let e > 0. We compute the Taylor expansions 


2 sin (5) = B+r(B) 
and 
sin(y) =y+nr(y), 


where the remainder terms satisfy |rj(x)| < K .x? for a suitable constant K. We 
choose ¢; > 0 so small that 


e) + K-et-K(c)+e1-L/2 
<= é 
1—K- et 


and 


1 
2 
ef < >: 


K 


We observe that the total curvature of a space curve can be interpreted as a 
length, namely as the length of the spherical curve ¢: 


L L 
Ko) = fendi = f yecoldr = Lien 
0 0 


We can already approximate lengths by means of inscribed polygons. Accord- 
ing to proposition 2.1.18 there exists a 6; >0 such that for every partition 
0<t) <t <--: <tm_1 < L with mesh < 6; we have 


le(o) = Yew) - DI < er. 
j=l 


We again used the convention C(f9) = C(tm). We now set 7 := 5 (i441 — tj) and 
consider the angles 


aj = Z(ch41 — CG), c(t) — CG-1), 
Bj = Z(c(y), C(ej_-1)), 
Vj = Z(C(q%), C41 — C(G)). 
Then B 
eG) — e(G_1) |] = 2 sin (2) 
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et) 
Bj 
i Ba lett) — &(t_1)| 
C(tj-1) 
and 
sin(yj) < |}¢(qj) — “et | 
&(1)) 


: 1\ 
sin(yj) | , 4 
1\oo4 


c(ti41) — c(h) 


ae 


(2.26) 


As Cis uniformly continuous on the compact interval [0, L], there exists a 52 > 


0 such that 
£(e(8),c®)) < 41, 


whenever |t—s| < 62. Analogously the uniform continuity of ¢ on [0, L] implies 


that there exists a 63 > 0 such that 


IIe(s) — eI < €1, 


whenever |t — s| < 53. This allows us to apply lemma 2.3.15. Finally we find a 


64 > O such that y; < ¢, if the mesh of the partition is < 44. 


We set 6 := min{61, 52, 53, 64}. For partitions with mesh < 6 we then have 


ie(c) ~ e(P)I = |e) ~ Yay 


j 


< [eo — Ye) = ea) 
J 


+ | dole) — 2G — 18] + 1 - 
J J J 


(2.27) 
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We already know that the first term is smaller than ¢,. For the second we 
obtain 


| leq - eI - Bi 
j J 
< = Ir1(B;)| 
I 


< K-e- {Ko + (0) — lee) - eC) 
j 
+| So le@) — Gall - Dail} 
J J 
< Kee} eO+K-e +K-e2-|S leg) — aI - D4). 
J J 
It follows that 


(1 — K -¢}) , ps eG) —eG_vIl >| <K-e-K(+K-8 
j j 


and thus 


. : Kee c+ Kee? 
[Liew —eG-01- VA] = Te 1 (2.28) 


To estimate the third term of (2.27) we observe that the triangle inequality for 
the spherical distances gives the inequality 


la; — Bl < y-1 + yj- (2.29) 
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By (2.26) and lemma 2.3.15 we have 


c(tjs1) — e(f) 


i 


yj < We) 


| r2(¥j) 
El 3 
€] 


and thus 


] a 
4(1— Ke2) /*! 


From (2.29) and (2.30) it follows that 


E} 
L. 2.31 
dle 6l< GK (2.31) 


We substitute (2.28) and (2.31) into (2.27) and obtain 


K-e*-K() +K-e} €] L 
1—K-et 2 (1 — Ke?) 
e, + K-et-K(c)+e1-L/2 
~ 1-K-& 


|k(c) —K(P)| S 1+ 


Let c : R > R* be a periodic parametrised space curve with period L. 
Let e € R* be a unit vector, ie. e € S?. We count the local maxima of c in 
direction e, 


i(c, e) := |{local maxima of the function R > R, tt (c(t), e) in [0, L)}| 


E NU {oo}. 


[(C,e) = CO u(c,e) =1 
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Exercise 2.18 Show that ju(c, e) = wc, —e). 
Definition 2.3.16 We call 
(Cc) = min w(c, e) 
ec S2 
the bridge number? of the curve c. 


A reparametrisation of c does not change pu(c,e) and j(c). Thus the bridge 
number of a closed space curve is also defined. 

For the definition of j(c,e) and j(c) the parametrised curve c does not 
even need to be regular. In particular, we can talk about the bridge number of 
closed polygons. For this purpose we can, for example, consider a piecewise 


linear parametrisation c of the polygon P = (ao, ...,@m_—1), Which is given by 
t—t t44—t 
c(t) = J, Qj STE ay 
t+. — bj tit1 — fj 


for t € [¢;,t;41]. This parametrisation satisfies c(t;) = a; and connects the suc- 
cessive vertices a; and a;,1 by the corresponding line segment. The --- < t;_1 < 
tj < tj41 <--- may be given arbitrarily. 

We now show that the mean of pz(c, e) over all directions e essentially gives 
the total curvature of c. 


Proposition 2.3.17 Let c be a closed space curve. Then 
1 K(Cc) 
—— dA(e) = ——. 
aw [moons == 


Here A[S*] = 4x denotes the surface area of the two-dimensional sphere. 
We will at this point naively integrate the function e > j(c,e) over the two- 
dimensional sphere and use the usual properties of the Lebesgue integral, as 
we know them for integration over subsets of R”. The formal justification will 
follow in section 3.7, where an introduction to integration of functions over 
surfaces, such as S$, can be found. 


Proof (a) We prove the claim first for polygons. Let P = (a1,...,dam) be a 
closed polygon. We set bj := (aj — aj—-1)/|laj — aj—1l| € S?. For e € S” we define 
a circular line si = {xe S*|x Le}. 


3 Called crookedness in [21]. 
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The great circle from b; to bj+1 intersects S! if and only if (b;,e) and (bj+1,e) 
have different signs, ie. when (aj — aj_1,e) and (aj+1 — aj,e) have different 
signs. This is the case exactly when for the piecewise linear parametrisation c 
of P with c(t) = a; the function f+ (c(t), e) has a local maximum or minimum 


infj. 
Je 


Consider the set of all e € S* whose circular line S} intersects a part of 
length a of a given great circle. This set consists of two spherical segments 
of width a and therefore makes up the (20/22 = a/z)th fraction of the total 
surface area of the sphere. 


Yj 


qj-1, GQj+t 


It follows that 
A [te € S* | tt (c(t),e) has a local maximum or minimum at 4) | 
=A [te ae | SS intersects the great circle from b;+1 to bj) | 


= 7. ars). 
IU 


Summation over j gives 


A[S? A[S? 
1 y= “ 1 ep) 


/ (u(P, e) + w(P, —e)) dA(e) = —— 
S2 a 
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and thus as desired 


A[S?] 


IT 


/ u(P,e)dA(e) = K(P). 
S2 


(b) Now let c be a periodic space curve parametrised by arc-length and with 
period L. We choose a sequence of partitions % of the interval [0,) such 
that their mesh converges to 0. Further, we suppose that the partition %4+, is 
always obtained by a refinement of %. Let P, be the corresponding polygons 
inscribed in c. By proposition 2.3.14 we have 


lim «(Px) = k(Cc). 
k->oo 
It remains to be shown that 
lim i u(Pr, e)dA(e) = i iL(c, e)dA(e). (2.32) 
k>00 J §2 82 


For this purpose we show that the sequence of functions w(Px,-) is 
monotonically increasing and converges to (c,-) as k > oo everywhere but 
on a zero set. Equation (2.32) follows by the theorem about monotone 
convergence. 

Let cx be a piecewise linear parametrisation of Pz. The function t 
(cx(t),e) has an infinite number of local maxima if it is constant along one 
of the line segments ajaj+1, i.e. if aj41 — a; 1 e. The aj; are the vertices of 
Px. Apart from that, local maxima can only be found at vertices and are thus 
automatically isolated. The set .% := {e € Slel aj+1 — aj for some j} is a 
union of finitely many circular lines and thus a zero set in S?. Countable unions 
of zero sets are zero sets themselves, thus 


M=| | Me 
k 


is again a zero set. 

We have shown that for e € S? —.¥ all functions t + (c(t), e) only have 
finitely many local maxima, i.e. (Px, e) < oo for all k. Further, every subse- 
quent partition %4+, is a partition of % and the addition of vertices can at 
most increase the number of local maxima. Thus 


(Prt, e) = (Px, e). 


We have established that the sequence of functions j1(Px, -) is monotonically 
increasing on S? — .W. If the function tH (cx(f),e) int = i; has a local max- 
imum, then the function ¢ +> (c(f),e) in (1,441) must thus also have a local 
maximum. 
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It follows that for all e e S? — YW 
(Px, e) < wc, e). 


Finally, let v € N, v < p(c,e). Then the function t + (c(‘),e) has at least v 
local maxima s1,...,5,. We choose 5 > 0 so small that every one of those local 
maxima is a global maximum in the 5-neighbourhood (s; — 6,8; + 5). 


First case The function t+ (c(t), e) is constant on one of the intervals (s; — 6, 
CAR Ace oe) ep eee 


For a sufficiently large k the partition % has mesh <é/2. Then there are at 
least two of the points partitioning the interval in each of those subintervals. 
It follows that e € .%. Thus this cannot be the case for e € S? —.V. 


Second case The function t +> (c(é),e) is not constant on any of the intervals 
(s; — 6, 54], [5j,5; +6), 7 =1,...,v. 


Then there exist u; € (sj — 5,5;) and uy € (s;,8; + 6) with (c(u;-).e) < (c(sj),e). 


We choose 7 > 0 so small that (uj — nu + n) C (sj; — 4,5; +8) and (c(u),e) < 


(c(s),e) for allu € (uj — uy + n) and s € (s; — 7,5; +7). 

If k is sufficiently large, then the mesh of % is smaller than 7. Hence 
there is one of the points partitioning the interval in each of the intervals 
(uj - 1, Uj + n) and (s; — n,s; +). Then the function ¢ +> (cx(t),e) has a 
local maximum in (s; — 6,5; + 5) as well. Thus (Px, e) = v. 

We have shown that for e € S? —./: 


w(Px,e) 7 wc,e). 


k>0oo 


Corollary 2.3.18 Let c be a closed space curve. Then 


k(c) = 2nu(c). 


Proof k(c)/2m is the mean of the function j(c,-) by proposition 2.3.17, 
while j.(c) is the minimum. 


As a very pleasing application of the concept of the bridge number of space 
curves we obtain Fenchel’s theorem, which states how much a space curve 
needs to curve in order to become a closed curve. 
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Theorem 2.3.19 (Fenchel’s theorem) Let c be a simple closed space curve. Then 
K(c) > 27. 


We have the equality x (c) = 21 exactly if c is a convex plane curve. 


Proof (a) For every e € S* the function t + (c(t),e) has at least one 
maximum and one minimum. Thus p(c) > 1. By corollary 2.3.18 it follows 
that 


K(c) > 2a p(c) > 27. 


(b) Now let c be a convex plane curve. We denote by « the curvature of c 
considered as a plane curve. « does not change sign according to theorem 
2.2.15. It therefore follows that «() = «(f) for all t or «() = —K (A) for all t. By 
Hopf’s Umlaufsatz the winding number is np = +1. Using theorem 2.2.9 we 
find that 


L L 
+20 = 270n. = / K(f)dt = +f K(t)dt = £k(c). 
0 0 


As x(t) > 0, it follows that «(c) = 27. 


(c) Now let «(c) = 27. We want to show that c lies in a plane and is convex. Let 
P, be a polygon that is inscribed in c and consists of three different points of c. 
We denote the plane spanned by the triangle P; by E. We have to show that 
c is fully contained in F. For this purpose let p be another point on c. We add 
the vertex p to P; and obtain the polygon P2. Triangles have total curvature 
2x. Lemma 2.3.12 and proposition 2.3.14 imply that 


2m = Kk(P\) < K(P2) < K(c) = 27. 
In particular, it follows that «(P,) = «(P2) and, again by lemma 2.3.12, p must 
also lie on E. 


It remains to prove the convexity of c. Again let « be the curvature (with 
sign) of c as a plane curve. By Hopf’s Umlaufsatz n, = +1 and hence 


L 
2n = |2nn-| = f edt| 


L 18 
</ eola= f K(t)dt = 27. 
0 0 


Thus « has a constant sign and by theorem 2.2.15 curve c is convex. 
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We will conclude this chapter with a treatment of the concept of knotted 
curves and an investigation into how much a space curve needs to curve so 
that it can be knotted. 


Definition 2.3.20 An isotopy of R? is a continuous map © : [0,1] x R? > R? 
such that for every fixed t € [0,1] the map ®(¢,-) : R? > R? is a homeo- 
morphism. Two simple closed space curves co and cy are called ambient 
isotopic, if there exists an isotopy ® of R* with ®(0,x) = x for all x € R* 
and ®(1, Trace(co)) = Trace(c;). 


We graphically interpret t € [0,1] as a deformation parameter. ® bends the 
curve cog into the curve c;. The word “ambient” in the definition suggests that 
not only the curves are deformed: the homeomorphism ®(¢, -) always deforms 
the entire surrounding R>. 


Exercise 2.19 Show that ambient isotopy defines an equivalence relation on 
the set of simple closed space curves. 


Definition 2.3.21 An ambient isotopy class of simple closed space curves is 
a knot. A simple closed space curve is said to be unknotted if it is ambient 
isotopic to a simple closed plane curve. Otherwise it is called knotted. 


So a simple closed space curve is unknotted if it can be bent into a sim- 
ple closed plane curve without the curve intersecting itself in the process of 
deformation. The following curve for instance is unknotted: 


The so-called trefoil is knotted. Readers can convince themselves of this using 
a piece of rope (at this point the mathematical proof for this would be too 


involved). 


For a curve to be knotted it probably needs to curve even more than in 
Fenchel’s theorem. Indeed the following holds: 


Theorem 2.3.22 (Fary—Milnor theorem) Let c be a knotted, simple closed space 
curve. Then 
K(c) > Az. 
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Proof Let c be a simple closed space curve with x(c) < 47. We need to 
unknot c, i.e. find an isotopy of R? which maps the trace of c to a simple closed 
plane curve. By the assumption and by corollary 2.3.18 it follows that 


2m u(c) < K(c) < 47, 


hence j(c) < 2 and therefore 
w(c) = 1. 


There therefore exists a unit vector e € R? with p(c,e) = 1. If tH (c(0),e) is 
parametrised by arc-length, then it will have exactly one local maximum (and 
therefore global maximum) h* and exactly one local minimum h7 in the one- 
period interval [0, L), since one would otherwise find another local maximum 
between two distinct local minima. The corresponding points pmax and Pmin 
from the trace of c divide the closed space curve into two parts cy and cr. As 
there are no additional local maxima or minima, the functions f + (cz(f), e) 
and tt+> (c(t), e) are strictly monotonic. 

Let Eo be the orthogonal complement of e in R*. For h € R let Ey, be 
the affine plane parallel to Eo, translated in direction e by an amount h: i.e. 
Ey, = {x € R? | (x — he, e) = 0}. Thus the trace of c intersects the plane Ep, 


notatallifh<h orh>h', 

at exactly one point, the maximal point pmax, if h = ht, 

at exactly one point, the minimal point pmin, if h = h-, 

at exactly two points py (A) on cy and pr(h) oncr, ifh7 <h <hr. 


Pmax 


—_* 
} : Ej, ho <h«<ht 


/ Prin 7 
f/f h<h- 


Using a first isotopy we centre the line segments p; ()pr(h) on the e-axis. For 
this purpose, let IT : R? — Eg be the orthogonal projection. We set 
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x—t- II (Pmin), (x,e) <h, 
O1(t,x) = 4 x-t- Nl (Pee Spee) , ho < (x,e) <hr, 


x —t- II (pmax), (x, é) Sh, 


=e 


Generally, c may also be twisted around the e-axis. We avoid this by means of 
a second isotopy. We define the continuous map ¢ : R > Eo by 


n (pene. jo aei: 
c(h) := llpa(h) — pL) | 

Tl (C(tmax)) , h>h', 

TI (—€(tmin)) , heh; 


We have that c(tmax) = Pmax and C(tmin) = Pmin- We choose an orthonormal 
basis €1, e2 of Eo. By the lifting lemma 2.2.12 we can find a continuous map 
0? :R-— R that satisfies 


c(h) = cos(0(h)) - ey + sin(v (h)) - eo. 


We now undrill c using the isotopy 
_ cos(ti((x,e)))  sin(tt((x, e))) 
PHA) ee er eee e))) cos(td((x, ) nO? 


The matrix represents a rotation in the plane Ep by an angle of —fv((x, e)), 
with respect to the basis e1, e2. 

We have ©3(0,x) = (x,e)e+ T(x) = x, and ©3(1,-) rotates in the plane Ey, 
by the angle —#(h). The result is a simple closed curve in the (e-e,)-plane. We 
have therefore unknotted c. 


John Milnor and Istvan Fary discovered this theorem at roughly the same 
time independently of each other, see [11] and [21]. As a young student 
John Milnor attended a course on differential geometry taught by Al Tucker 
in 1948 in Princeton. Milnor managed to solve a conjecture of Karol Borsuk 
from a collection of open problems presented in class. This problem was noth- 
ing other than our theorem 2.3.22. According to an anecdote Milnor came 
late to a lecture and mistook the problems for (unusually difficult) homework 
exercises. 


(i) 
(it) 


3 Classical surface theory 


We introduce regular surfaces and their tangent planes. We investigate what 
normal fields have to do with orientability of surfaces. We discover that the 
geometry of regular surfaces is largely determined by the first and second funda- 
mental forms, which also give rise to different types of curvature. We learn how 
to integrate over regular surfaces and, in particular, how their surface area is 
defined. Finally we examine some special classes of surfaces more closely: ruled 
surfaces, minimal surfaces, surfaces of revolution and tubular surfaces. 


Regular surfaces 


Surfaces in three-dimensional space are two-dimensional objects, i.e. the 
points on a surface can be described by two independent parameters. The 
definition which follows is /ocal. Unlike with curves, which we always 
parametrised as a whole, we only require that small parts of the surface can 
be described by a parametrisation. 


Definition 3.1.1 Let § CR be a subset. We call S a regular surface if there 
exists for every point p€ S an open neighbourhood V of p in R°, and if, in 
addition, there exists an open subset UC R? and a smooth map F: U > R? 
such that 


F(U) = SOV and F: U > SN Visa homeomorphism and 
the Jacobian D,,F has rank 2 for every point u € U. 


R2 


S, 


Se 
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Condition (i) says that the points on the surface S that are close to p, namely 
those that are also in V, are through the map F given by two parameters, 
namely the coordinates of the points of U c R*. Condition (ii) ensures that 
the two parameters are really independent of each other. 


D,F(e,) and D,,F(e2) are linearly independent 


Definition 3.1.2 The map F:U— S/N V from definition 3.1.1 and also the 
triple (U, F, V) is called a local parametrisation of S at p. The set SNV is called 
the coordinate neighbourhood of p. The components u! and uv? of u= (u!, u?)" 
are also called coordinates of the point F(u) € S (w.r.t. the parametrisation F). 


Example 3.1.3 (affine planes) The simplest examples of regular surfaces are 
affine planes. The affine plane through a point p € R3, spanned by the linearly 
independent vectors X, Y € R°, is the set 


S={ptul xX+w-¥|ulw eR}, 


We can use a single parametrisation. We set V: = R?, U:=R* and F:U > R®, 
F(u',u?) = pt Te ce 


Example 3.1.4 (graph of a function) Let U C R* be open, f : U > Ra smooth 
function. We consider the graph of f, 


s= {@y2)" ER l(,y)7 €U,z = fey}. 


In this case we can also use a single coordinate neighbourhood. Again we set 
V := R? and 
F:U>R, F(x,y):= (wy, f(x,y)". 


Then obviously F(U) = S = SV. Further, F is smooth and the inverse map 
G:S — U, G(x, y,z) = (x, y)', is continuous as well. In particular, F: U > $ 
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is ahomeomorphism. Condition (i) from the definition of a surface is therefore 
satisfied. 
We check condition (ii): the matrix 


1 0 
0 1 
Pay = Foy Loy 
—(x —(x, 
ax oy ay y. 
has full rank for every (x, oy eu, 
Example 3.1.5 (the sphere) We consider 


S=8 = {ayo eR |r tye ail. 


Let us first set V:= V} := {(x,y,z)’ € R3 | z > 0}. Then S$? Vj is the graph 


of the function f(x, y) = /1 — (x2 + y2) for x* +y* < 1. Then, according to the 
discussion in example 3.1.4 


U:= {(,»)7 eR’ |? 4+? < i 


and 


FP :U>R*, 


+ 
i @y)= (x».y1- +) p} 


is a local parametrisation. The points from Sn V3,V3 = {(, y.z)' eR? | 
z < 0} are obtained analogously through the parametrisation 


Fy :U>R*, 


+ 
Fr ny = (xy 2 +99) . 


The points p € S* with z-coordinate 0 remain to be considered. These points 
can be obtained by interchanging the role of the z-coordinate with that of 
the x-coordinate or the y-coordinate, depending on the position of p. For this 
purpose we set 
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Vy — {(x.y, z)' eR lx>0 
VY = [@y, Z\ R3/x <0 


Vs {(x.y, z)’ eR?|y>0 


Vy, := [(x.y, 2) € R3 y <0 


<2 
FF:U > R’, Fhowa = ( 1-(2+2,y.2) , 

- 
FF:U > R’, Fhtn2)= (x4 1=02+2),2) 


Then F>(U)= Sn V;,i=1,2,3, and all F* are local parametrisations. Every 
point p € S? appears in at least one of the sets V;~, hence S* is a regular surface. 


Exercise 3.1 We have covered the sphere S* with six coordinate neigh- 
bourhoods. In fact, two coordinate neighbourhoods would have sufficed using 
different local parametrisations. Find such local parametrisations. 


Finding local parametrisations for a given surface can at times be tedious. It is 
thus often useful to also have other criteria to decide whether a subset S Cc R? 
is a regular surface or not. 

The set S is in many cases given by an equation of the form, S:= 
{(x,y,z)' € R? | f(x,y,z) =0}. The following criterion says that when the 
gradient of f does not vanish anywhere along S, then the set S is a regular 
surface. 


Proposition 3.1.6 Let Vo C R°? be open, let f : Vo > R be a smooth function. 
We set S:= {(x,y,z)' € V | f(x, y,z) =O}. If 


grad f(p) # (0,0,0)" 


for all p € S, then S is a regular surface. 


Proof Let p := (x0, yo, Zo)! € S. Since 


Pane OF 


_ {2 f 
grad f(p) = (Fim. ay 


F) aE 
(P), 5 (”)) # (0,0,0)" 
z 
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we can assume without loss of generality that 


a 
orp) # 0. 
zg 


By the implicit mapping theorem [18, p. 529, theorem 5.4] there exist an open 
neighbourhood V c Vo of p, an open neighbourhood U c R? of (xo, yo) anda 
smooth function g : U > R, such that 


SAV ={ey,gey)" |" € UY, 


If we set F:U>V, F(x,y) := (x,y,g(x,y))', then it follows by the same 
argument as in example 3.1.4 that F is a local parametrisation. 


Example 3.1.7 (Ellipsoid) Let us consider 


S:= {os z)' eR 


2; 2, 2 

x v4 
nye | 

a 


for non-vanishing constants a,b,c € R. 


ellipsoid 


If we set 


2 2 2 
Vo := R’, fie +R, f(y, Z) =StGt 


b2 a 


then 
S={(y,z)" eR] fny,2 =}. 


In order to apply proposition 3.1.6, we need to check that the gradient of f 
does not vanish for any p € S. The expression 
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2x 2y 2z : 
grad f(x,y, Z) = (3-2-3) 


vanishes only for po = (0,0, 0)'. But po ¢ S, hence Sis a regular surface. 


Attention If Sis given in the form 


S={G@y,z)" €R?| fo,y,z) =O}, 
then the fact that grad f does not vanish along S is sufficient for S to be a regular 


surface, but not necessary. We can, for example, describe the sphere S = S? as 
follows: 


S? = {yz eR le?+y4+2-1% = o| ; 
i.e. the set of zeros of the function 
(ose ay ae = 
For the gradient of f we obtain 
grad f (x,y,z) = 2(x? + y? + z* — 1)- (2x, 2y,2z)". 


We observe that grad f(x, y, z) even vanishes for all p € S?. Nevertheless § = S? 
is a regular surface, the describing function f was simply chosen very clumsily. 


Exercise 3.2 Let Sc R® be a regular surface, W Cc R* open. Show that WNS 
is also a regular surface. 


Exercise 3.3 Show that the property of being a regular surface is a local 
property. More precisely, let S C R* be a subset. For every point p € S there 
exists an open neighbourhood V of p in R*, such that VS is a regular surface. 
Then S itself is a regular surface as well. 


Example 3.1.8 We now want to think about whether the double cone 
S= {@y,2)7 eR |xe+y= z* 


is a regular surface or not. S is defined as the set of zeros of the function 
f:R3 > R, f(x, y,z) = x* + y? — 2”. The gradient 


grad f(x,y, z) = (2x, 2y, —2z)" 


vanishes only in (x, y,z)' = (0,0,0)'. If we restrict f to the open subset Vo := 
R3 — {(0,0, 0)T }, then we can apply proposition 3.1.6 and observe that 


3.1 REGULAR SURFACES 87 
SAv=S= {0,0,0)"| 


is a regular surface. The question of whether S is also a regular surface 
at (0,0,0)' remains. Proposition 3.1.6 does not make any statement about 
this; function f may have been chosen in a clumsy way for the point 
(0,0,0). 

Suppose that S were a regular surface. Then a local parametrisation around 
p = (0,0,0)' would exist, i.e. there would exist open subsets V C R?,U CR? 
and a smooth map F: U > V, such that F(U) = SN Vand F:U> SOV 
would be a homeomorphism. 

Set ug: =F! ((0,0,0)') €U. Since U is an open neighbourhood of uo, we 
can find an open disc U’ Cc U with centre up. As F: U->S1 V is a homeo- 
morphism it follows that F(U’) is open in SM V. This means that there exists 
a V’ open in V (and hence also open in R*), such that F(U/)=S NV’. As 
V’ CR? is an open neighbourhood of (0,0,0)', all vectors (x,y,z)! eR? of 
sufficiently small length are contained in V’. In particular, there are points 
Pi = (*1, 91,21)! with z, > 0 and po = (x2, y2,z2)' with z2 < OinSNV’. 

Let u; := F—!(p;),i = 1,2. In the disc U’ we join wu, with uz by a continuous 
path c that does not run through the centre uo. The path given by the image 
F oc, which joins p; and p2, must run through (0,0,0)' = F(uo) because of the 
intermediate value theorem. This is a contradiction. 

S is therefore not a regular surface, but has a so-called singularity at 
(0,0,0)'. 


Cerna 4 
ee ee 
fon 
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In the following we investigate the differentiability of maps whose domain 
or target is a regular surface. In this discussion “smooth” always means 
“infinitely often differentiable”. 


Proposition 3.1.9 Let S c R?® bea regular surface. Let (U,F,V) be a local 
parametrisation of S. Let W c R" be an open set, and y : W > R?* a map with 
y(W) c SMV. Then 9, considered as a map from W to R°, is smooth if and 
only if F-!0g: W > UC R? is smooth. 


If we investigate differentiability of a map that takes values in a regular surface 
S, then it is therefore irrelevant if we consider this map as a map with values 
in R? or, using coordinates, as a map with values R?. 


Proof One direction is trivial, since if y := F~! o g is a smooth map, then 
gy = Fo wis also smooth, being the composition of two smooth maps. 


Now suppose that g : W — R? is smooth. Let p € W. We set g := g(p) € SAV 
and ug := F-!(q) € U. 


ScR 
sa F 
WcR" i UcR 
°p ieee, 
ug 


We write F(u!,u?):= (x! u2), y(u!,u?), 2(ul,u2)) | Since the differential 
Dy F has full rank we can assume without loss of generality that the 2 x 2 
matrix ((4(x,y)/a(w!, u7)) (uo)) is invertible. If it is not, then we can simply 
exchange the x-coordinate or y-coordinate by the z-coordinate. 

We define the map 


G:UxR=>R’, 


“ 
Gu! wt) = (xu! ,w?), yw), zu ,w?) +1) 
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and find its differential at the point (u',u?,t) = (uj, ug, 0): 


aa ) ay ) 0 

— (u —, (ui 

a ome 
dy dy 

D G=| oy 

Ci) ee 
0z 


OZ 
Aa 0? aye (0) 1 


An expansion of the determinant about the last column gives: 


dD, 4.NGS det (SO (wo) 20, 
(u}.13,0) 


d(u!, u2) 


Hence Pas 2.0)2 is invertible and we can, according to the inverse mapping 
oro” 
theorem [18, p. 515, theorem 3.1], find an open neighbourhood U; c U x Rof 
(uj, i. 0) and an open neighbourhood V, c V of q, such that 
Glu, i Ui > V1 


is a diffeomorphism. We set W; := gy 1(Vj). Then W, is an open neighbour- 
hood of p. For p’ € W, we have 


G'og(p') =(F lo g(p’),0), 


because F(u!,u*) = G(u!,u?,0). As G7! o @ is smooth, being the composi- 
tion of two smooth maps, we have smoothness for F 169 on Wj. Now W 
is an open neighbourhood of an arbitrary given point p, and the claim is 
proved. 


We easily obtain that parameter transformations are diffeomorphisms. More 
precisely, we obtain: 


Corollary 3.1.10 Let S be a regular surface with local parametrisations 
(U;, Fi, Vi) and (U2, Fy, V2). Then 


Fy! o Fy: F711 NV2) > Fy (Vi NV) 
is smooth. 


Proof This follows from the application of proposition 3.1.9 to 


W=F'ViNV2), y= Frand (U,F,V) = (U2, Fo, V2). 
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U; U2 


To illustrate the situation from the above proposition we calculate a parameter 
transformation for the sphere § = S*. For this purpose let F; = Ey and Fy = 
F, be as in example 3.1.5. Then 

ViNV2=Vi nV; = {(y,2)7 €R*| x >Oandy <0} 
and hence 

FWA V2) = {o.27 eR? | y+22 <landy < o| 
as well as 

Fy1(V1 9 V2) = {@,2)" €R?] x? +2? < Landx >of. 


For Fy |. F; this gives 


Fy! (FiQy,2)) = Fy! ( a a Z,y,z) 


=( 1=~=2 
ee a 


Indeed, i o F, is asmooth map. 


We now investigate the differentiability of maps whose domain is on a 
surface, and obtain several equivalent statements: 


(1) 
(2) 
(3) 


(a) 


(b) 
(c) 
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Proposition 3.1.11 Let S C R> be a regular surface, p € S, and f :S > R" a 
continuous map. Then the following are equivalent: 


There is an open neighbourhood V of p in R? and an extension f of f|sny to V, 
which is smooth around p. 

There exists a local parametrisation (U, F, V) with p € V, such that fo F : U > 
R” is smooth around F~'(p). 

For all local parametrisations (U,F,V) with p € V the map f oF: U > R" is 
smooth around F~'(p). 


Proof 


(1) implies (3): F is smooth and f is smooth around p, hence 
foF=foF 


is also a smooth map on a neighbourhood of F~!(p). 
(3) implies (2) trivially. 
(2) implies (1): we consider the local diffeomorphism 


Gul, wu, Hh= (xl, uw), y(u', u’, ), z(ul, u’) + t) 
from the proof of proposition 3.1.9 once again. We set 
g(u!,u,t) = fo F(u',u’) =foG (u',w?,0) : 
Now g is smooth near (F~!(p),0) and we can take 


f:r=goG! 


as an extension. 


Definition 3.1.12 If the equivalent conditions (1) to (3) from proposition 
3.1.11 hold, then we call f smooth near p. 


To conclude this section we consider maps where both the domain and the 
target are surfaces. 


Definition 3.1.13 Let S;,S2CR® be regular surfaces. Let pe S,; and f: 
S;— Sz be a continuous map. We call f smooth near p, if there exists a 
local parametrisation (U1, F,, V1) of S; around p and a local parametrisation 
(U2, Fo, V2) of Sz around f(p) in such a way that | of oF: Fr‘ (f-' 2) nN 
V,) — U, is smooth near p. 
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Sy Vins, So 
as 
a Fy 
Fy! of oF 
—oo SS 
U; U2 


A map f between two surfaces is therefore called smooth if it is smooth when 
expressed in suitable coordinates. Could it now happen that a such map, 
expressed in other coordinates, is not smooth? This cannot happen since, as 
we have seen as an implication of proposition 3.1.9, parameter transforma- 
tions are always C™: if, in addition to (Uj, Fj, Vi), (U;, F;, V;,) is also a local 
parametrisation of S;, then smoothness of Fy Lg fo F; implies that 


Fy'ofof,=Fy!oFjoF, ofohjoF,'oFy 
—Sa Ss Wee A 
Cx ce c= 


is a smooth map as well. This is a very useful remark, since it means that one 
can check the differentiability of a map f in cleverly chosen coordinates. 


Exercise 3.4 Let V C R? be open, let $1,52 C R° be regular surfaces with 
5S, CV. Let f : V > R® be asmooth map with f(S,) Cc $2. Show that 


fis, : S1 > So 
is smooth in the sense defined above. 
Example 3.1.14 Let A be an orthogonal 3 x 3 matrix. Being a linear map 
A: R? => R’ is certainly C®. Because of the orthogonality, A maps the unit 
sphere to itself. By exercise 3.4, 
fod SSS 


is a smooth map. 
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Suggestion Check this in the coordinates for S* from the beginning of this 
section. 


Definition 3.1.15 Let S},57 CR? be regular surfaces. A map f:S, — Sp is 
called a diffeomorphism, if f is bijective and both f and f~! are smooth. 
If such a diffeomorphism f: 5; — S» exists, then the surfaces S; and Sz are 
diffeomorphic. 


Example 3.1.16 Let 


2 2 2 
t 
a 4% + 1} adeno 


si=[o.0 P|) otata 


an ellipsoid. Let S. = S? be the sphere. Then S; and 5 are diffeomorphic. We 
may take 


f S12 So, 
Bi Ea 
feey.2) = (55,5) be 


as the diffeomorphism, for example. 


Example 3.1.17 Let Si = {(x,y,e@,y))' | @&y)' € U} be the graph of a 
C®-function g:U—>R. Let S,.=U x {0}CR® be U interpreted as a sur- 
face in R3. Then S, and S> are diffeomorphic by virtue of the following 
diffeomorphism: 


f:Si> So, fay, 2 =(,y,0)', 
f':8.> S81, fe,y,0) = @y, e@,y))". 


The tangent plane 


The simplest regular surfaces are certainly planes, just as straight lines are the 
simplest curves. We would therefore now like to approximate possibly very 
complicated surfaces by planes. This concept is very similar to the differential 
of a smooth map. For a smooth map F : U > R”, U C R” open and p € U, 
the map R” > R”, x + F(p)+ DpF(x — p) is the first (the affine linear) 
approximation at the point p. What is now the geometric equivalent to D)F 
for a regular surface? 


Definition 3.2.1 Let S Cc R? be a regular surface, let p € S. Then 


T,S ={X € R> | there exists an ¢ > 0 and a smooth parametrised 
curve c: (—€,¢) > S with c(0) = p and c(0) = X} 


is called the tangent plane of S in p. The elements of the tangent plane are 
called tangent vectors. 
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To illustrate the tangent plane one often draws the affine plane 7,5 + p 
obtained by a translation of 7,5 to the root point p. 


T,S + p 


It is not immediately clear from the definition itself that 7,S is indeed a 
plane. However, we can also describe the tangent plane using local parametri- 
sations as follows. 


Proposition 3.2.2 Let SCR> be a regular surface, let p€S. Further, let 
(U,F,V) be a local parametrisation of S around p. We set uo := F~'(p) € U. 


Then 
TS = Image (Duy F) = Duy F(R’). 


Proof (a) We show the inclusion “>”. Let X € Image (D,,,F), i.e. there 
exists a Y € R* with 


X =D,,F(Y). 


We set c(t) := F(up + tY). For a sufficiently small ¢ > 0 we have up + tY € U 
if |t| < e. Hence c is well defined on (—e, €). It follows that 


c(0) = Fw) =p 


and d 
c(0) = at +ty) = Duy F(Y) = X. 
t= 


Thus X ¢€ T,S. 


(b) Now we show the inclusion “Cc”. Let X € T,S, i.e. there exists a smooth 
curve c : (—é,e)—> S$ with c(0)=p and c(0)=X. After possibly reducing 
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the size of e« we can assume that c is fully contained in V. According to 
proposition 3.1.9 
ui= F-!oc:(-e,6) > U 


is a smooth (plane) parametrised curve. We set Y := (0) € R*. Then 


d 
Dw FY) =—(Fow| =e = 
NE aN ae eli 
Hence X € Image (D,,F). 
Corollary 3.2.3 TS Cc R? is a two-dimensional vector subspace since Duy F 


has full rank 2. 


We are often given a regular surface as the set of zeros of a function as 
in proposition 3.1.6. Then we can find the tangent plane using this function 
as well. 


Proposition 3.2.4 Let V C R° be open, let f : V > R be a smooth function 
and let S = f~-'(0) C R°*. Suppose that gradf(p) 4 0 for all p€S. Then for 
Dp € S the gradient of f is perpendicular to the tangent plane: 


T,)S = grad f(p)+. 


Proof Let X € T,S. We choose a smooth parametrised curve c:(—e,¢) > S$ 
with c(0)=p and c(0)=X. As c is completely contained in S we have 
(foc) = 0 for all t € (—e, ¢). Differentiating gives 


d 


0= an Cl _. = (grad f(c()), (0) = (grad f(p), X). 

Hence X is perpendicular to gradf(p). We have thus shown that 7,Sc 
grad f(p)+. As both subspaces T,S and grad f( p)+ of R? have dimension 2 
it follows that T,S = grad f(p)*. 


Example 3.2.5 The sphere is described by 
S=f'O), 
where f(x, y,z) =x? + y* + z* — 1. We calculate 
grad f(x, y,z) = 2(x, y, Z). 


The tangent plane 7,S7 is hence exactly the orthogonal complement of the 
root point vector p. 
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We know the concept of linear approximations from smooth maps (differ- 
ential) which are defined on open subsets of R”, and the concept of linear 
approximations of regular surfaces (tangent plane). Combined these lead 
to the concept of linear approximations of smooth maps defined on regular 
surfaces, again called differentials. 


Definition 3.2.6 Let S;,52C R® be regular surfaces, let f:S;— Sz be a 
smooth map and let p € S,. The differential of f at p is the map 


dyf : TS, > Typ) S2; 


which is given by the rule: for X € 7,5; choose a smooth parametrised curve 
c: (—e,e) > S, with c(0) = p and ¢(0) = X and set 


d 
Apf(X) = (Foc) _. € Th pyS2- 


0 


Proposition 3.2.7 This definition makes dpf well-defined, i.e. dpf (X) depends 
only on X, not on the particular choice of the curve c. Further dpf is linear. 


Proof We express d,f using local parametrisations. Let (U;,F,V;) be a 
local parametrisation of S; around p and let (U2, F2, V2) be a local parametri- 
sation of S2 around f(p). After possibly reducing the size of U; and V; we can 
assume that f(SM V;) C V2. We set 


fre BF ofoh:U, >, 


and up:=F,'(p)e Uy. For the curve c:(—e,¢)—> $; with c(0)=p and 
c(O) = X we set 


ui= F* oc: (-é,e) > Uj. 
Again we may need to choose a smaller ¢ to ensure that c is fully contained in 


V,. Then we have, as in the proof of proposition 3.2.2, that Dy, Fi (u(0)) = X 
and we find 
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d 
dpf(X) = nist°® 


t=0 


d 
=> ae Fi fo) w| , 


d “ 

=< frofo w)| 

= Dy) (Fr 0 f)(u(0)) 

= Duy (F2 0 f) 0 (DupFi) | (X). 


The last expression is no longer a function of c, but only of X. Hence the 
definition is independent of the particular choice of c. 
Further the map d,f can be written as the composition of the linear maps 


Dug (F2 0 f) and (DuyFi) and is thus linear itself. 


Remark The proof showed that by virtue of the local parametrisation 
(U1, F, V1) and (Up, Fo, V2) the differential d,f is given by the Jacobian matrix 
Dug f. More precisely, the following diagram commutes: 


dpf 
T,)S1 —— Ty pyS2 


Pugh} = = [Pia 


Dugf 
—— 


R2 R2 


Example 3.2.8 Let A : R* > R* be an orthogonal map, i.e. A € O(3). We 
setf:S* > S*,f:= Alg. Letp € S*. We find the differential of f at p. For 
this purpose let c : (-é,¢) > S? be asmooth parametrised curve with c(0) = p 
and c(0) = X € TS" Because of the linearity of A we have 


d d 
Pri ©) t=0 = ae . Ol, 
d 


Thus dpf = Alr,s2 : TpS* > TapS?. 
Analogously one can define the differential 


dpf : TpS > R” 
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for smooth maps f : S > R” that are defined on a regular surface. Suppose that 
c: (-é,e) > Sis a smooth parametrised curve with c(0) = p and c(0) = X. 
Then we set dy) f(X) := (d/dt)(f o ©)|1=0. 

If the domain is an open subset U C R” and f : U > S takes the values of 
a regular surface S, then we simply set 


dyf :R" > TypyS Cc RY, 
dpf(X) = Dpf(X), 


for p ¢ U. It is easy to see that D,f(X) indeed lies in the subspace T(p)S. In 
any case one obtains a well-defined linear map dpf. 


The first fundamental form 


In order to do geometry on a regular surface S C R*, we need to be able 
to measure, for example, lengths of curves that lie in S or the angle between 
two tangent vectors to the surface. Since the tangent plane at each point pe S 
is a two-dimensional subspace of R?, we can restrict the conventional scalar 
product (-,-) of R? to T,S, and obtain a Euclidean scalar product on T,S. The 
map, which assigns each point p € S this restriction g, := (-,-)| T,SXTSS: is called 
Jirst fundamental form of S. We often write the first fundamental form as 


p(X, Y) = 8p (X,Y) = (X,Y), 


where X,Y € T,S. 

As learnt in linear algebra, every Euclidean scalar product on a vector 
space, here g, on 7,5, can be represented as a positive definite symmetric 
matrix after a choice of basis. A basis of T,S is usually obtained by a local 
parametrisation (U,F,V) of S at p. If e1,e2 are the standard basis vectors of 
R?, then D, F(e1) = (OF /du!)(u) and D,,F(e2) = (@F /du”)(u), u= F—!(p), form 
a basis of 7,5. With respect to this basis, the matrix representation of g, is then 
given by 


oF oF 
Bij(U) = 8p(DuF (ei), DuF (Qj) = (Se, at). 


The 2 x 2 matrix (g;(u));j=1,2 is therefore symmetric and positive definite. Fur- 
ther, the above formula shows immediately that the matrix entries g;; depend 
smoothly on u, i.e. gj : U > Ris a smooth function for every i and j. 


Example 3.3.1 Let S C R* bea plane. Then S can be described by an affine- 
linear parametrisation as in example 3.1.3, 


F:R? > R’, 
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Fi wy po $a +X Hi? Y, Po, X,; YeR’. 


Hence S is here the plane spanned by the vectors X and Y through the point 
Do. We find the first fundamental form w.r.t. the parametrisation 


OF 
gu(ul,u?) = ( 


aie oe ou! 1) = (X,X), 


oF 
gine! a?) = goutul n= (2, 2), * ou 1?)) = (XY) = YX), 


aul 


gata! ar) = (25 (u! 1), < ou 1) = (yey. 


For example, if S is the x—-y plane and if (u!,u?) are Cartesian coordinates, i.e. 
Po = 0, X = e; and Y = ey, then the first fundamental form is given by the 


matrix 
1 0 
(gij W)), = iG a 


The functions gj; : R? —> R from our example are therefore constant. If one uses 
another local parametrisation for the same surface, then this will in general no 
longer be the case. 

Let us consider polar coordinates as an example. We still assume that 
S is the x-y plane in R3. Polar coordinates (a!, i) = (r,9) give the local 
parametrisation 


F: (0,00) x (0,277) > R3, 
For, vy) =(r-cosg,r-sing,0)!. 


The first fundamental form is now 
inco= (2 (r, 0,5 nr roo) 


sin(y) | , | sin(g) 
0 0 


( cos(¢) cos(y) 


= cos*(y) + sin? (~) 
ok 
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e aF aF 
fatior= ante = (Fine. no) 
Qg or 


—rsin(¢) cos(¢) 


=(] rcos(g) | ,] sin(y) 
0 0 
=r- (—sin(¢) - cos(~) + cos(¢) - sin(P)) 
=0, 
—rsin(¢) —rsin(¢) 
822(r, 9) = rcos(y) | ,]| rcos(g) 
0 0 
=r sin?(g) + r? cos?(g) 
2 


=r. 


The first fundamental form of the x-y plane with respect to polar coordinates 
is therefore given by the matrix 


(Sj, 9)), = ( 2) : (3.1) 


At least the go9-component is not constant this time. 

This example already shows that the formulae for the first fundamental 
form depend strongly on the choice of the local parametrisation. The more 
clumsily the parametrisation is chosen, the more complicated the formulae 
will be. 


Example 3.3.2 Let us consider the cylindrical surface 
S={,y,27 eR |x? +y = 1}. 
We use the local parametrisation 


F: (0,27) x R—> R’, 


cos(¢) 
F(g,h) = | sin(g) 
h 


For the first fundamental form we obtain, with respect to the coordinates 
(ul uw) = (yh), 
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gug,h)= (= (y,h), 7 (o.t0) 


aa —sin(¢) 
-( cos(g) | ,] cos(g) 
0 0 
= sin’(g) + cos?(g) 


=i 


—sin(g) os 


-( cos(y) |, ‘vie 
0 1 


’ 


OF 
g22(9,h) = (g,h), a) 


0 
(Fi 
0 0 
() (9) 
1 1 
1 


We (astonishingly?) discover that the first fundamental form of the cylindrical 
surface with respect to the chosen coordinates has the same form as that of 


the plane with respect to Cartesian coordinates, i.e. (gi) = ( 1): This sug- 


gests that the two surfaces have certain things in common. We will investigate 
these later. 


Example 3.3.3 We find the first fundamental form of the sphere 
S= {@y2)7 eR? | x2 +y? +7 = 1 
in polar coordinates (u!,u?) = (6,9): 
ef te AE 3 
real =) x (0,27) > R3, 
cos(@) - cos(¢) 


F(0,@) = | cos(@) - sin(g) 
sin(0) 


CLASSICAL SURFACE THEORY 


From 
oF —sin(@) - cos(g) oF —cos(9) - sin(g) 
79 8 ® = | —sin(@)- sin(g) | , 70°” = | cos(@) - cos(g) 
cos(0) ” 0 
we obtain 


1 0 
(810.9) =| 9 cos2(6) } 


We finally investigate what happens if we change the local parametrisation. 
Suppose that (U, F, V) and (U, F, V) are two local parametrisations. Let (gj); 
be the corresponding matrix that describes the first fundamental form. Let us 
now denote the parameter transformation by y := F7! o F, then using the 
chain rule we obtain 


OF oF 
gil) =1(5 5), 4) 


(Fog). (Fog) 
( au! (4), dul w) 


aF agk aF ag! 
I =z (y(u)) - (u), > =z(elU))- —W) 
(x auk a dX aut aul ) 


I 


ul 


ag ag! oF oF 
= L 5 ts 7) ({w), aa ))) 


k a L 
= (WK (p(w). 
ke . 


In matrix notation this equation is 
= Ms fe 
(gi) = (Dug) . (Ske(P())) pp . Dug. (3.2) 
Exercise 3.5 Calculate the first fundamental form of the sphere w.r.t. the 
local parametrisation (U, a : Ve ) from example 3.1.5. 


Exercise 3.6 Find the first fundamental form of a graph of a function w.r.t. 
the parametrisation from example 3.1.4. 


Exercise 3.7 Calculate the first fundamental form of the cone 


S={(x,y,z)' eR |x*+y =27,z>0} 
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w.r.t. the parametrisation 


F : (0,27) x (0,00) > R’, 
F(g,r) = r(cos(g), sin(g), 1)". 


Normal fields and orientability 


Definition 3.4.1 Let § Cc R? be a regular surface. A normal field on S is a 
map 
N:S—> R’, 


such that N(p)17,S for all p¢S. A normal field on S is said to be a unit 
normal field, if in addition ||N(p)|| = 1 for all p € S. 


Remark Note that if N is a (unit) normal field on S, then the same is true 
for —N. Continuous unit normal fields may, but do not necessarily, exist on 
regular surfaces. 


Example 3.4.2 Let S = {(x,y,0)' | x,y € R} be the x-y plane in R3. Then 
N(x, y,0) = (0,0,1)' is a constant unit normal field on S. 


N 


Example 3.4.3 Let S = S*. Then we obtain a unit normal field by setting 
N = Id. 


we 
oN 


Example 3.4.4 Let S = S' x R be the cylindrical surface. Then N(x, y, z) = 
(x, y,0)! defines a unit normal field. 
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Example 3.4.5 Let S be the Mébius strip. It is obtained by gluing together 
a strip of paper at its left and its right end, but, in order not to obtain the 
cylindrical surface, twisting it once. 


The MoObius strip does not have a continuous unit normal field. 


This also means that the M6bius strip only has one side, there is no “inside” or 
“outside”. If one starts colouring the Mobius strip at one point, then one will 
find after a while that the strip is coloured everywhere on both sides. 


Definition 3.4.6 A regular surface SCR? is orientable if there exists a 
smooth unit normal field on S. 


Remark Hence the plane, the sphere and the cylinder are orientable, while 
the Mobius strip is not. The main condition in the definition is that the 
unit normal field is smooth. It is always possible to find some unit normal 
field by choosing for each point p€S one of the two unit normal vectors to 
T)S Cc R? and calling it N(p). But this N will usually not be continuous, let 
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alone smooth. Indeed, one could change smooth to continuous in the definition 
without changing the concept of orientability at all, as the following exercise 
shows. 


Exercise 3.8 Let SCR? be a regular surface, N: S—> S? CR? a unit normal 
field. Show that N is continuous if and only if N is smooth. 


We now want to observe that regular surfaces S are always locally orientable. 
For this purpose let (U, F, V) be a local parametrisation of S. Using the vector 
product we obtain a normal field N on SN V via 


N(p) = Dp-(p)F(e1) x Dg F(@2)- 


AS Dr-i(p)F has full rank, the vectors Dr-1(p)F (e1) and Dr-1(p)F (e2) are 
linearly independent and hence N( p)  (0,0,0)'. 


A smooth unit normal field on SN V is then obtained via 


N(p) 
N(p) = — : 
IN (p) Il 


Of course there is a certain arbitrariness in this choice. We could have taken 
—-N:SNV—> Sc R3 instead of N: SAV > S? C R®. If this construction 
is carried out for two local parametrisations (Uj, F,, V1) and (U2, Fr, V2), then 
the two corresponding unit normal vectors at points from $M V1 MN V2 can 
either agree or be negatives of each other. We express this by a condition on 
the parameter transformation ¢ := F, 1 OF. 

For this purpose let p€ SAV, V2, uj:= F-'(p). Let N;(p) the unit normal 
vector of (U;, F;, Vi) at p, i= 1,2. By construction (Dy,Fi(e1), Du, Fi(e2), Ni(p)) 
form a positively oriented basis of R3. Hence Nj ( p) and No(p) agree if and 
only if (Dy, Fi (e1), Du, Fi(e2)) and (Dy, F2(e1), Du, 2(e2)) have the same ori- 
entation in T,S, otherwise Nj(p) = —N2(p). Hence Ni(p) = N2(p) if and 
only if g is orientation-preserving at wy, i.e. if det(D,,~) > 0. 
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Conclusion 


Ni(p)=N2(p) &  det(Du,g) > 0 
Ni(p)=—No(p) @  det(Dy,¢) < 0. 
The following theorem follows immediately. 


Theorem 3.4.7 A regular surface S C R? is orientable if and only if S can be 
covered by local parametrisations such that for all parameter transformations p 


det(Dg) > 0. 


The second fundamental form 


Let S c R® be an orientable regular surface with smooth unit normal field N. 
Regarded as a map between surfaces, i.e. N : S > S?, the map N is also called 
the Gauss map. 

Let p € S. We consider the differential of N at p: 


dpN #T)S'— Try. 
Now Tn (pyS? = N(p)t = T,S. Hence d,N is an endomorphism on 7,5. 


Definition 3.5.1 Let S Cc R? be a regular surface with orientation given by 
the unit normal field N. The endomorphism 


W, : TpS > T,S, 
W)(X) = —dyN(X), 
is called the Weingarten map. 


The negative sign appears for historic reasons. If orientation is reversed, 1.e. 
if —N is substituted for N, then W also changes its sign. 


Example 3.5.2 Let S=S*, and let N be the outer unit normal field, 
N(p) =p. Then 


W, = —Id: T,S* > T,S?. 


Example 3.5.3 Let S = {(x,y,0)' | x,y € R} be the x-y plane, N(x,y,z) = 
(0,0, 1)'. Then N is constant and thus W, =Oforallp €S. 


Example 3.5.4 Let S = S' x R be the cylinder, N(x, y,z) = (x, y,0)'. 


At a point p = (x,y,z)' © S the tangent plane 7,5 is spanned by the basis 
vectors (—y,x,0)' and (0,0,1)'. We calculate 
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0 0 x 
W, | 0] =-dpN | O|] =-—N y 
1 1 Z+t} |. 
a {* 0 
aa y = 0) 
0 = 0 


To find the image of (—y,x,0) under W,, we choose f7¢€R, such that 
(cos(tg), sin(f9)) = (x,y). Then for c(t) := (cos(t + fg), sin(t + f),z)' we have 
that c(0) = (x,y,z)! = p and é(0) = (—sin(to), cos(to),0)' = (—y,x,0)". It 
follows that 


~y ay cos(t + f9) 
Wp xJ= —dyN x|/= = N sin(t + f0) 
0 0 Zz t=0 
cos(t + fo) sin(f9) —y 
=o sin(t + fo) =| —cos(fgy) |] =—] x 
t=0 0 0 


With respect to the basis vectors (—y,x,0)' and (0,0,1)', the map W, 
therefore has the matrix representation 


(% 0): 


Proposition 3.5.5 Let S Cc R? be an orientable regular surface with Wein- 
garten map Wy : TpS — TS, p € S. Then Wy is self-adjoint with respect to the 
first fundamental form. 


Proof Let N be the unit normal field of S that induces the Weingarten 
map, W, = —d)N. We choose a local parametrisation (U, F, V) at p and set 
u:= F—!( Pp). 


Let 
oF 
X1 := D,F(e1) = a) 
ou 
and 


oF 
X2 = D,F(e2) = 7D (u) 
Ou 
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be the corresponding basis vectors of 7,5. As N is perpendicular to $ 
everywhere, we have 


(tu + te;), NFU + tp) = 0. 
Ou 


Differentiating this equation with respect to ¢ gives 


d 


= (= -(u + te;), NUF(u+ tp) 


t=0 


da OF 
-(45 - ay Ut te) - iw) + (TE Wad o D.Fee)) 


a2F 
(a “(u), io) + (Xi, —Wp(X). 


Thus 
2F 


OF 
Ip Xi, Wp) = [Xi W(X) = (a ae 


(u),N ). (3.3) 
By the theorem of Schwarz [18, p. 372, theorem 1.1] the two partial derivatives 
of F can be exchanged and we obtain 


a°F 
In (Xi, Wp(Xj)) = (om jaui 


(u), no) 


92°F 
(ae “(u no) 
= Ty (Xj, W(X). 


We now know for our basis vectors X; and X2 of T,S that 
Ty (Xi, Wp (Xj)) = In (Xj, Wp (Xj)) = I, (Wp (Xj), Xj). 
Since any two vectors X, Y € T,S can be written as a linear combination of X1 


and X2, it immediately follows from the bilinearity of J and the linearity of W, 
that 


I(x, W,(Y)) = I, (Wp(X), Y), 


i.e. Wy is self-adjoint with respect to J. 


Let us recall from linear algebra that if V is a finite-dimensional real vector 
space with Euclidean scalar product (-, -), then the self-adjoint endomorphisms 
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W on V are uniquely associated with the symmetric bilinear forms 6 on V. The 
relation between W and £ is 


B(X, Y) = (W(X),Y), X,Yev. 


Definition 3.5.6 The bilinear form that corresponds to the Weingarten map 
W, is called the second fundamental form (of the surface S at the point p): 


Ip(X, Y) = Ip(Wp(X),Y), X,Y € TyS. 


For simplicity the root point vector p is often omitted in the notation, and we 
write [J instead of I,, and W instead of Wp. 


Expression in local coordinates Let S cC R* bea regular surface, p € S. Let 
(U,F,V) be a local parametrisation of S at p. We set u := F-\(p). We have 
already learnt how to express the first fundamental form locally. For the basis 
Dy F (e,) = (@F /au!)(u) and D,,F (ez) = (8F /du’)(u) the first fundamental form 
is given by the symmetric matrix (g;(u));j=1,2, where 


ij ( = (Tc ) La ) 
Sij u) = aut u > al u 

= Ih (Du F (ei), DuF (e)) ‘ 
We now define 


hy(u) := Ip(DuF ei), DuF (e;)) 
= Ip (W,(DuF (ei), DuF(e)) 


es) 
ies) 


dusou! 


2 
mee (sai NC) ij=4,5. (3.4) 


Then (hj(u));j=1,2 is the symmetric matrix which gives the second fundamental 
form w.r.t. the basis given above. The entries of the matrix representing the 
Weingarten map are denoted as w} , Le. we define 


2 
Wp (DuF(e))) =: ¥- w] W)DuF). 
j=l 


As the Weingarten map is closely related to the second fundamental form, 


we expect that the matrices (hj(u));; and (w! (W)); can be determined from 
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each other. This works as follows: 


hjj(u) = I(DyF(), DyF(e;)) 
= 1(W(D.F (ei), DuF (ej) 


2 
=1( )\whwDuF ex), DuF )) 


k=1 
2 


= So wi wl (DuF (ex), DuF (e))) 
k=1 


Z 
=) > wi (u)gajW)- 


k=1 


The matrix (hjj(u));; therefore results from the matrix multiplication of the 
matrices (wk (u)) i and (gxj(u))xj. As the matrix (g;;(u))x; is positive definite, 
and thus in particular is invertible, the equation can be solved for (wk W)) ie 
For this purpose let (g/(u));; be the inverse matrix of (g;;(u));j, 1.€. 


7 1 = 
ij cal 822 (u) ) 
(s w), 811 (U)g22(u) — g12(u)? Gas gir)” 
It then follows that 


2 
hig (uw) = wi (w). (3.5) 


k=1 


Curvature 


We now come to a central notion of surface theory and of differential geome- 
try: curvature. We will meet several concepts of curvature, and we begin with 
normal curvature. 

For this purpose let Sc R> be an orientable regular surface with smooth 
unit normal field NV, p€S. Let c : (—é,¢) > S be a curve parametrised by arc- 
length with c(0) = p. Regarded as a space curve in R’, the curve c has at point 
0 curvature « (0), which in the case « (0) 4 0 is given by 


c(0) = «(0) - nO), 


where n is the normal vector of c. We now want to split this curvature into a 
part which results from the fact that c curves within S, and a part which reflects 
the curvature of S in R*. For this purpose we decompose n(0) into a part that 
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is tangential to S and one that is perpendicular to S: 
n(0) = n(0)@"E + n(0)PAP, 
where n(0)P“P = (n(0), N(p)) N(p). We therefore have 
E(0) = «(0) -n(O) = « (0) - n(0)*"® + « (0) - (nO), N(p)) N(p). 


The tangential part, which gives the extent to which c curves within S, leads to 
the geodesic curvature of c in S, to which we will come back in section 4.5. For 
now we are interested in the curvature of S$ in R?, and for this reason make the 
definition 


7 K(0)-(n),N(p)), if «(0) £0, 

— 0 N — 

Knor (c(0), N(p)) 0, if (0) = 0. 

We call kor the normal curvature of S at the point p in direction c(0). If, in 

the case of «(0) 4 0, 6 denotes the angle between N(p) and n(0), then we 
therefore have 


Knor = K(0) - cos(@). 
N(p) 


In particular, we always have 


[Knor| < « (0). 


The following theorem tells us how to find the normal curvature from the 
second fundamental form. 


Theorem 3.6.1 (Meusnier’s theorem) Let SCR? be an orientable regular 
surface with unit normal field N and second fundamental form I. Let pé 5S. 
Let c : (—&,e) > S be a curve parametrised by arc-length with c(0) = p. Then 
we have for the normal curvature Knor Of C: 


Knor = IT(c(0), c(0)). 


In particular, all curves parametrised by arc-length in S through p with the same 
tangent vector have the same normal curvature. 
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This also justifies that we refer to kyo; aS the normal curvature of S at the point 
Pp in direction C(O), since kyo, depends, apart from on S and p, only on ¢(0), but 
not on the particular choice of the curve c. 


Proof As c lies on S, we have 


(N(c(),€()) = 0 


for allt € (—e,e). Differentiating this equation gives 


d : 
0= = (N(e(),&(0) | 


t=0 


d 
=( Me) 


2) + (N(p), €(0)) 
t=0 


= (dyN(c(0)), c(0)) + Knor 


= (—W,(€(0)), €(O)) + knor 


= —I7(c(0), C(0)) + Knor- 


Remark A change of orientation of the curve c does not change the value 
of the normal curvature Kpor, since 


IT(—c(0), —c(0)) = I(c(0), c(0)). 


However, if the orientation of the surface S$ is reversed with N(p) being 
replaced by —N(p), curvature kyo; changes sign: 


(€(0), —N(p)) = —(€), N(p)). 


Let S Cc R® be an orientable regular surface with unit normal field N, let p € S. 
Let X € T,S be a tangent vector of length 1. 


Exercise 3.9 Let E be the plane spanned by N(p) and X. Use the implicit 
mapping theorem to show that for a neighbourhood V of p in R°? the set 
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SO (E +p) V can be parametrised by a regular curve. Here E + p denotes 
the plane EF translated to the point p. 


According to theorem 3.6.1 the normal curvature //(X,X) can be found 
from the unit speed curve c which describes SN (E + p) N V. If we consider c 
as a plane curve in the plane E + p = R’, then the normal vector of the curve 
n(0) = +N(p) and hence the normal curvature is 


I(X,X) = +k (0), 


where « is the curvature of c considered as a plane curve. This explains the 
term normal curvature. The normal curvature is the curvature of the plane 
curve $M (E+ p)/ V in the plane E spanned by X and the normal vector. 


Example 3.6.2 Let S = S! x R be the cylinder. Let p € S. The intersection 
of S with the normal plane at the point p is a circle, an ellipse or a straight 
line. The normal curvature therefore varies between 1 and 0, depending on 


the direction. 


0 < knor < 1 


By proposition 3.5.5 the Weingarten map W, : T,S — T)S is always self- 
adjoint. We can therefore find an orthonormal basis X;, Xz of T,S, which 
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consists of eigenvectors of W, only, 


Wp(Xi) = kj: Xj i= Ls2: 


Definition 3.6.3 The eigenvalues x, and kz are called the principal curva- 
tures of S at the point p. The corresponding eigenvectors +X, and +X) are 
called principal curvature directions. 


Unless stated otherwise, we use the convention x; <x. An arbitrary unit 
vector X € T,S can be expressed in terms of the basis X1, X2 by 


X =cos(p) -X1 + sin(g) - Xo 


for a suitable g € R. Substitution into the second fundamental form gives the 
Euler formula for the normal curvature in direction X: 


W(X, X) = cos” (y) “KY + sin?(~) -K2. 


In particular, we observe that «; and x2 are the minimum and maximum of all 
normal curvatures of S at p, if X runs through all directions, i.e. for all unit 
vectors X € T,S. 


Example 3.6.4 Let S = R? x {0} be the x-y plane in R*. As W = 0, we have 
that «, = k2 = 0 and thus every direction is a principal curvature direction. 


Example 3.6.5 Let § = S? be the sphere. Then for the inner unit normal 
field the Weingarten map is W = Id. Hence x; = x2 = 1 and every direction is 
a principal curvature direction. 


Example 3.6.6 Let S = S! x R be the cylinder, p = (x,y,z)'. As we have 
seen, the Weingarten map W, with respect to the inner unit normal field and 
the basis X; = (—y,x,0)' and X> = (0,0, 1)! has the matrix representation 


1 0 

0 O/}° 
This means precisely that X; and _X2 are principal curvature directions for the 
principal curvatures x; = 1 and x2 = 0. 


Definition 3.6.7 Let § Cc R? be a regular surface, let c : J > S be a curve 
parametrised by arc-length. If ¢(¢) is a principal curvature direction for allt € J, 
then c is called the curvature line. 


Example 3.6.8 On the cylinder S = S! x R the curvature lines are horizontal 
circular lines or vertical straight lines (or parts of them). 
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On the plane or the sphere all curves parametrised by arc-length are curvature 
lines. 


Remark If one reverses orientation on an orientable regular surface, 
i.e. substitutes —N(p) for N(p), then W, becomes —W,. Hence x; and xz 
become —x; and —«2. The unit vectors of W, and hence the principal curva- 
ture directions on the other hand remain unchanged. For this reason principal 
curvature directions and curvature lines are defined on non-orientable sur- 
faces as well. However, the principal curvatures are only defined up to the 
sign on non-orientable surfaces. 


Exercise 3.10 Prove Rodriguez’s theorem: 


Let S C R? be an orientable regular surface, let N : S > S% be the Gauss map. Let 
c:I — S beacurve parametrised by arc-length. Then c is a curvature line on S if 
and only if there exists a function .: I > Rwith 


£NcO) =A(t)- et), ste. 


In this case —X(t) is the corresponding principal curvature. 


Definition 3.6.9 Let S Cc R? be an oriented regular surface, let p € S bea 
point. Let «1 and x2 be the principal curvatures of S at p. Then 


K(p) := kt: = det(W,) 
is the Gauss curvature of S at p. Further, 


Ki + k2 
2 


A(p):= = strace(Wp) 


is called the mean curvature of S at p. 


Both concepts of curvature represent an average of the two principal curva- 
tures: the mean curvature is the arithmetic mean, the Gauss curvature is the 
square of the geometric mean. We will investigate the geometric meaning of 
these notions of curvature later. 
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Reversing the orientation of an oriented regular surface changes the signs of 
the principal curvatures. Hence H(p) changes to —H(p), while K(p) remains 
unchanged. Hence the Gauss curvature is also defined for non-orientable sur- 
faces, while the mean curvature is only defined up to the sign. In order to 
obtain a version of the mean curvature that does not vary with orientation 
and that is defined even on non-orientable surfaces, we often consider not the 
real-valued function H but the mean curvature field 7, which is defined by 


SH = HN. (3.6) 


Unlike the mean curvature H, # is not a function, but a normal field on the 
surface. 
Now some more terminology. 


Definition 3.6.10 Let S C R® be an orientable regular surface, let p € S. We 
call the point p 


elliptic, if K(p) > 0, 

hyperbolic, if K(p) < 0, 

parabolic, if K(p) = 0, but W, 0, i.e. if one of the two principal curvatures 
vanishes while the other does not, 

planar, if W, = 0, i.e. ky = kz = 0. 


Remark The notions of elliptic, hyperbolic, parabolic and planar points 
also make sense on non-orientable surfaces, although in this case Wy is only 
defined up to a change of sign. 


Let us look at some examples. 


Example 3.6.11 For the plane § = R? x {0} we have W, = Ofor all p € S. 
Hence all points are planar. We have K = 0 and H = 0. 


Example 3.6.12 For the sphere S = S* with the orientation given by the 
inner unit normal field we have W, = Id for all p € S, thus K = 1. It follows 
that all points are elliptic. For the mean curvature we have H = 1 and for the 
mean curvature field #(p) = —p. 


Example 3.6.13 For the cylinder S : S' x R with the orientation given by the 
inner unit normal field we have calculated: «; = 0 and x2 = 1. It follows that 
K = 0 (as for the plane!) and H = }. All points are parabolic. 

Example 3.6.14 The hyperbolic paraboloid 


S= {oy eR'|z=y?-'} 
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is the graph of the function ¢g : R* > R, g(x,y) = y* — x’, and hence a regular 
surface. 


To find a normal field, we write S as a set of zeros S = f-'(), where f : rs 
R, f(x, y,z) =z—y? +. x7. The gradient is then 


2x 
grad f(x, y, Z) = —2y : 
1 


As the gradient of f is everywhere perpendicular to S, we obtain a unit normal 
field, and hence an orientation, via 


d Loony 
Weyo= == f(%,y,2) (2x, —2y, 1) 


lgradf(xy, 2 \/4x2 + 4y2 41 


At the point (x,y,z)! = (0,0,0)' =: p we get N(p) = (0,0,1)'. We now 
find the Weingarten map W, for this point p. The tangent plane 7,S has the 
orthonormal basis X; = (1,0,0)' and X> = (0,1,0)'. The curvec: R—- S, 
c(t) = (t,0, —t*)', satisfies c(0) = p and ¢(0) = X;. Hence 


d 
dpN(X1) qN®) 


t=0 
#8 GR0A)" 
2 tt fae 1 
= (2,0,0)" 
=F Mis 


t=0 


Thus W,(X1) = —2-X1 and x; = —2. Analogously the curve c(t) = (0,¢, ai 
is used to find that 
Wp (X2) = 2X2 and kQ= 2: 


It follows that p = (0,0,0)' is a hyperbolic point and K(p) = —4, H(p) = 0. 
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We now want to look at special local parametrisations of regular surfaces 
that show us that the second fundamental form approximately tells us how 
the surface moves in the proximity of a point away from the tangent plane. In 
particular, we will see that every surface can be given locally as a graph on the 
tangent plane. We will then investigate what curvatures tell us about the local 
geometric behaviour of the surface. 


Theorem 3.6.15 Let S C R? be a regular surface, let p € S and let X,,X> be 
an orthonormal basis of TS. Let N be a smooth unit normal field on S, defined 
on a neighbourhood of the point p, such that (X1,X2,N(p)) form a positively 
oriented orthonormal basis of R°. 


There then exists a local parametrisation (U, F,V) of S around p, such that: 


(0,0)' € Uand F(0,0) = p. 

gij(0,0) = by, i,j = 1,2. 

(8g;/du*)(0,0) = 0, i,j,k = 1,2. 

Fu) —p=u'-X,+w-X+5 viet hj (0, 0)u'us - N(p) + O(lull). 


Here (gj) and (hjj) denote the local representations of the first and the sec- 
ond fundamental form with respect to the local parametrisation (U, F,V). The 
symbol O(\|u\|*) denotes (as is conventional in analysis) a function ¢ with the 
property that y(u)/||u||* is bounded in a neighbourhood of (0,0)". 


Proof Let us for now begin with an arbitrary local parametrisation 
(U1, Fi, V1) of S around p. We will repeatedly transform this parametrisation, 
and step by step establish the desired properties. 


(a) Let x9 € U, be the point for which F; (x9) = p. Set V2 := V1, U2 := U, — x0 
and 

Fy: U2, > V20S, 

F(x) = Fi(x+ Xo). 


Then (U2, Fo, V2) is a local parametrisation of S around p with F2(0,0) = p. 
Satisfying condition (i) was easy. 


b) Now let Y1, Y2 € R* such that 
( 
Doo Fo(¥)) =X, = j= 1,2. 


Let A be the 2 x 2 matrix with the columns Y; and Y2, A = (Yj, Y2). Consid- 
ering A asa linear map A : R* — R?, we see that A is exactly the isomorphism 
that maps the standard basis to the basis Y;, Y2, A(ej) = Yj. 
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Set V3 := V2, U3 = A7!(U2) and F3 = Fy 0 A. Then (U3, F3, V3) is a local 
parametrisation of S around p with F3(0) = p and 


at 


= Dog f3(ei) = Doo) (F2 0 A) (Ei) 
= Door eo A) = Don) = Xi 


It follows that with condition (i) condition (ii) is also already satisfied, since 


oF3 3 


gy (0,0) = (= .0)) = (Xi, Xj) = 8}. 


(c) We consider the Taylor expansion of F3 around (0,0) with a third-order 
error term, denote the coordinates as (v!, v2) and obtain 


Rv) — p= 4 “20, 0)-v 14a, 0)-v 
2 
ae 2 0)- vi - vi + OCP) 
1 2 1 jj 0° Fs 
=v Xi + Mats Yl ae iao7 (020). N(D)) NCD) 
as voll FS (0,0), Xi) Xi + OUWvI? ) 
2 al aviavl 


We now want to reparametrise (one last time) in order to make the term 
Diikel viv ((a7F/av'av/)(0,0), X<) Xx vanish. For this purpose we consider 
the map 


vw : U3 > R’, 
2 0° F3 
a 
ee (3 aviavl 


+53 wi 2B 


ij=1 aviavs 


(0,0), xi) 
vv) = 


(0, 0), x) 


For this map we have that 


(0,0) = 0,0)", 


1 0 
Dooyv = G ') ; 
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By the inverse function theorem there exist neighbourhoods U4 and U of 
(0,0)', Us C U3, such that y : U, > U is a diffeomorphism. By reducing 
the size of V, C V3 and restricting PF; = Fslut, we obtain another local 
parametrisation (U3, F4,V) of S around p. We set F := Flow !, V := V3. 
We can now show that (U, F, V) has properties (i)-(iv). 

For (i), F(0,0) = Fit, 0)) = F4(0,0) = F3(0,0) = p 

For (iv), with the abbreviation 


we obtain 


Fu',w) —p= oo —p 


= F3(v',v’) - 
as pees we satay (0.0). Xs) Xk 
ij=1 
2 
1 0° F3 
+5 DY 20.0.) Nip) + OUP) 
ij=1 
2 Phu a He 
=o ukXe+ 7 >> v'ving (0,0) -N(p) + OUIIvIP). 
k=1 ij=1 


Here ee ((07F3/av! avINo F3) denotes the components of the second fun- 
damental form with respect to the local parametrisation (U3, F3, V3). Because 


of (0,0) = (0,0)! and Dot v= G ) we also have that w~!(0,0) = (0,0) 7 


0 
and that Deg (y— j= ( i and hence 


vi = ul + O(jull’) 


as well as 


O(ilvil?) = Ocll>). 
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It therefore follows that 


2 2 

1 , 

Ful) —p =Y uk Xe + 5) (ul! + Ou?) Ay; 0,0) -N(p) + Ole?) 
k=1 ij=1 


2 2 
1 oo 
= oukXe + 5 Oulu 0,0) -N(p) + Oui). 7) 
k=1 ij=1 


Differentiating (3.7) gives 


°F 
F _ _ |, _ 1(F3) 
nj; (0,0) = (saa 0-0).N(P)) = (hi; 0,0) - N(p),N(p)) = hy 0,0). 
(3.8) 
Substituting (3.8) into (3.7) gives (iv). 
For (ii) and (iii), because of (iv) we have that 
OF . 
at) = Xi + Din (0, Oue® - N(p) + Oieall?). 
. k=l 
Multiplying out gives 
2 
gil) = (x + > hix(0,0)u* - N(p) + O(u\), 
k=1 
2 
Xj + D> hy (0, Ou! - N(p) + aut) 
l=1 
2 
= (Xj, Xj) + ) > hie 0, 0)u“(N(p),X)) 
k=1 
2 
+ 55 hj, Oyu! (Xj, N(p)) + O(ull”) 
l=1 
= 6 + O(\\ull?), 
as (N(p), X;) = (Xi, N(p)) = 0. This proves (ii) and (iii). 
Corollary 3.6.16 Every regular surface S can locally be given as a graph on 


its affine tangent plane T,S + p. 
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Proof Let S Cc R* bea regular surface, p € S. For simplicity we rotate and 
translate the surface in R* in sucha way that p = (0,0,0)' and that the tangent 
plane T,,S is spanned precisely by the first two unit vectors e; and e2. By the 
preceding theorem there exists a local parametrisation (U, F, V) of S and p of 
the form 


+ 


2 
21 ae 3 
Fw aD Aj(0,O)u'ul | + O{ull*). 


Let 7 : R° > T)S = R* x {0} = R? be the orthogonal projection onto the 
tangent plane. 
As mo F(u!,u?) = (u!,u?)' + O(|\ul|>) we have that 


1 0 
Doo) (a o F) = (j ') . 


It follows that by the inverse function theorem the map z o F can be inverted 
on a possibly smaller neighbourhood of p, i.e. there exists a smooth map 


g:UCT,»S > R 


with 
mtoFog=Id. 


Then F(g(v!,v?)) = (v!,v?, (Fo gy (vi,vy)", i.e. near p S is precisely the 
graph of the third component of the function of F 0 g. 


We can now begin to interpret the Gauss curvature geometrically. Disre- 
garding terms of order 3, we can approximately present the regular surface S 
near a point p € S above the tangent plane 7,5 as the graph of the function 


(ut, uz)! 5 Ss hj (0, O)u'w/. 


First case Let K(p) > 0. Then (hj(0, 0))j is positive or negative definite and 
hence S is approximated by a paraboloid. 


(a) 
(b) 
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Second case Let K(p) <0. Then (hj(0,0))j indefinite, but not degenerate. 
Hence S is approximated by a hyperbolic paraboloid (or saddle surface) 
near p. 


Third case _p is parabolic. Then (hj(0,0))j is degenerate, but not 0. Near p 
the surface S looks like the cylindrical surface over a parabola. 


Fourth case _p is a planar point. Then (h;(0,0)) = 0 for all i,j = 1,2 and 
hence the surface S agrees with its tangent plane up to terms of order 3. 


Exercise 3.11 Let S Cc R® bea regular surface, p € S. Show the following: 


If K(p) > 0, then a neighbourhood of p in S lies entirely on one side of the 
affine tangent plane 7,,S + p. 

If K(p) < 0, then every neighbourhood of p in S meets both sides of the affine 
tangent plane. 


What can be said in the case K(p) = 0? 


We already know compact surfaces with positive Gauss curvature, e.g. S = 
S*. The following theorem says that a regular surface S C R? with K <0 cannot 
be compact. 
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Theorem 3.6.17 Let S Cc R? be a compact non-empty regular surface. Then 
there is a point p € S with K(p) > 0. 


Proof As S is compact, we have that S$ is bounded and hence there exists 
R > Osuch that 


Sc BO,R) = {rer | xi sR}. 
We choose the minimal radius Ro which satisfies this, i.e. 
Ro:= inf [R | Sc BO,R)} 
We have that S C B(0, Ro). We first see that SM S?(Ro) 4 4, where 
S2(Rp) = BO, Rp) = [x € R? | |x| = Ro| , 
If S and S?(Ro) had no point in common, then by compactness of S and S?(Ro) 
¢ := dist(S, S2(Ro)) = min | IIx — vil xeS,ye $*(Ro)| 


would be strictly positive. But then § c B(0, Ro — €) would contradict minimal- 


ity of Ro. 
S*(Ro) 
mn S?(Ro — €) 


Hence there exists p € SM S?(Ro); S?(Ro) also is a regular surface, being the 
surface of the sphere of radius Ro. We now argue that S and S?(Ro) have the 
same tangent plane at p: 


TpS = TpS?(Rp). 


The tangent plane of S*(Ro) at p is exactly the orthogonal complement of the 
vector p. If the tangent planes were not the same, then 7,5 would not be the 
orthogonal complement of p and there would be an X ¢€ T,S with (X,p) 4 
0. After possibly having exchanged X for —X, we can now assume that 
(X, p) > 0. 
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Let c : (—€,e) > S be a curve with c(0) = p and c(0) = X. The Taylor 


expansion of c gives 
cH=p+X-t+ 0). 


Hence 5 5 5 
Ile@|l- = IlpllF + 2(—p, X)t + O}) 


= Ri + 2(p,X)t+ OW). 


Because of (p,.X) > 0 we have that 


2_ p2 
lel" — Ro 


; = 2(p,X) + O}/ 


is positive for small tf > 0. But this contradicts ||c(Q)|| < Ro, which must be true 
because of S c B(0, Ro). We have therefore shown that T,S = TpS?(Ro). 


S?(Ro) 


We now look at normal sections of § and S?(Rg) at the point p. Let E bea 
plane spanned by N(p) and by a tangent vector from 7,5 = ToS" (Ro). We see 
that SM E always lies within the circular line S?(Ro) N E and that it touches 
the circular line at p. Hence the normal curvature in this direction satisfies 
IKnor| = 1/Ro, see exercise 2.11. 


S2(Ro) NE 


In particular, no normal curvature vanishes at the point p, hence the second 
fundamental form at p is definite and K(p) > 0. 


For the point p with positive Gauss curvature we took a point on S with max- 
imal distance to the origin. In particular, we have shown that the difference 
vector from the origin, i.e. the vector p itself, is perpendicular to TS. This 
part of the proof would also have worked for points with minimal distance. 
Let us put this down as a corollary of the proof for later use. 
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Corollary 3.6.18 Let S be a compact regular surface, let q € R°, let p € S bea 
point on S with minimal distance from q. Then q — p is perpendicular to T,S. 


We will later generalise the concept of the first fundamental form and move 
on to surfaces with Riemannian metrics. Those surfaces also have a Gauss 
curvature. It will then be possible to find compact surfaces with K < 0, even 

= —1 is possible. Theorem 3.6.17 should be understood as follows: com- 
pact surfaces with K <0 do exist in an abstract sense that remains to be made 
precise, but they cannot be embedded in R? without bending it somewhere to 
such an extent that Gauss curvature becomes positive. 


Exercise 3.12 Let S Cc R* be a compact non-empty regular surface. 


Show that the Gauss map S > S? is onto. 

Show that if the Gauss map is injective, then K > 0. 

Improve (a) and show that the Gauss map restricted to Sy := {x € S| K(x) = 0} 
is onto. 


Surface area and integration on surfaces 


Before having a closer look at some special classes of surfaces, we want to 
prepare ourselves by studying the integration of functions on surfaces and the 
area of a surface in particular. 

For this purpose let SCR? be a regular surface and (U,F,V) a local 
parametrisation of S. We first only consider functions f : S$ — R that van- 


ish everywhere outside V, i.e. f|s_y = 0. Denoting the coordinates in U as 


u',u* and the components of the first fundamental form as usual as gj;, we 


make the following definition. 


Definition 3.7.1 A function f : S > R with f|s_y = 0 is called (Lebesgue-) 
integrable if the function 


U—R, 


(ul,u?)" > f(Fu',u’)) - ,/det(gi(u!, u2)), 


is (Lebesgue-)integrable. The value of the integral is 


[yaa = f pera ae yyy fderigi(e 12) du! de. 
S U 


We call the formal expression 


dA = ,/det(gij) du! du? 


the surface element. 
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We do not simply integrate the function f or f o F, but multiply by the 
factor \/det(g;;), which accounts for the distortion of the surface that is caused 
by the parametrisation F’. This makes the definition independent of the choice 
of parametrisation. 


Lemma 3.7.2 Let S C R? be a regular surface, let (U, F, V) and (U,F,V) be 
local parametrisations of S. Let f : S > Rbea function satisfying f\s_ (yp H= 0. 


(foF)-,/det(g;):U>R 
is integrable if and only if 
(fo F)-,/det(g): U > R 


is integrable, and in this case 
i (fo F)- ,/det(gi) dubdu? = [i foF)-,/det(g) da‘ dit’. 


Proof Let g := F-| oF be the parameter transformation. By (3.2) we have 
(gi) = (De)! - (&j0 9) - Dg, 


hence 
det(gij) = det(gjj 0 g) - (det(Dg))’, 


and thus 


(det(gis) = y/det(gij 0 9) - |det(Dy)|. 


Let (f o F ),/det(g;;) be integrable. By the change of variable formula [18, 
p. 593, theorem 4.7] 


(fo F og) -,/det(gj oy) « |det(Dg)| = (f o F) - ,/det(gi) 


is integrable as well, and 


/ _ fF@,i)),/ det (g(a, a)) da! di 
U 
=}. f(Fiu',w’)),/ det (gij(u!, u2)) du‘ du’. 
U 
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Example 3.7.3 If § = R* x {0} C R? is the x-y plane, then we choose the 
Cartesian coordinates U = R?, V = R3, F(x, y) = (x, y,0)'. Then (gij(X,y)) = 


1 0 
iG i) and hence 


dA = dx dy. 


We obtain the original integral over R?: 


[rae fe [ fesnavay. 
S —oo J—00 


If one wants to integrate the function in polar coordinates r and ¢, given by 
the local parametrisation 


F: (0,00) x (0,277) > R?, 
F(r,g) = (r-cosg,r-sing,0)', 


then by (3.1) 
dA = rdrdg 


co pla 
i fdAz= i i; f(F(r, v))dordr. 
Ss 0 0 


It remains to think about what to do if the function to be integrated does not 
have its support on one coordinate chart. 


and therefore 


Definition 3.7.4 Let § Cc R* be a regular surface. A function f : S > R is 
called integrable if f can be written as a finite sum 


faHft-othe (3.9) 


where the f; : S > R are integrable functions that vanish outside a coordinate 
chart (which depends on /). In this case we set 


[faa => [aa 
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How do we know whether a function f can be written in the form (3.9)? Simply 
writing the function as a finite sum f = f; +--- + f,, where each f; vanishes 
outside a coordinate chart, and then checking whether the f; are integrable in 
the sense of definition 3.7.1, is not sufficient, since the sum of non-integrable 
functions may be integrable. 

If, for example, S' is the x-y plane, then we can take the parametrisation 
via Cartesian coordinates, which has the pleasing property that it parametrises 
the whole plane. So in this case V = R*, and the condition that f; must vanish 
on S — V is satisfied trivially. We could write the zero function f = 0, which is 
certainly integrable, in a clumsy way as asum f = f; + fo, where f; = 1 and 
f2 = —1. Then f; and fp are not integrable, but f is. 

To find a decomposition of the form (3.9) in which every fj is integrable 
and vanishes outside of a coordinate chart for an integrable function f, one 
can proceed as follows. Cover the entire surface with finitely many coor- 
dinate charts (U),F,,V1),...,(Ux, Fr, Vx), te. SC Ly Vx. This is always 
possible; indeed, we will sketch an argument in chapter 6 which shows that 
every regular surface can even be covered by only three coordinate charts, see 
corollary 6.2.18. 

For a subset A Cc R? let x4 : R® > R be the characteristic function, i.e. 


1, ifxeA, 


5 a 
XA) 0, otherwise. 


We now define 


fi=xy,-f;, 
fo = XVvo-Vv, fs 


fic = A -usitayt- 


Then f = fi + ---+f%, and every f; vanishes outside of V;. 


Exercise 3.13 Show that all f; are integrable in the sense of definition 3.7.1, 
if f is integrable in the sense of definition 3.7.4. 


Exercise 3.14 Show that the value of the integral /, f dA in definition 3.7.4 
is independent of the choice of the decomposition f = f, +---+ fx. 


The usual properties of the integral translate directly to the integral of 
functions over surfaces, for example 
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if f,g: S — Rare integrable anda, 6 € R, thenaf + Bg: S > Ris integrable 
as well, and 


fror+seda=af parse | gaa: 
S S KY 


if f,g: S — R are integrable and f < g, then 


[reas | gaa. 


Definition 3.7.5 A subset N Cc Sofa regular surface is called a zero set if for 
every local parametrisation (U, F, V) of S the set 


F-'(VAN) 
is a zero set in U c R2. 


Exercise 3.15 Let Sc R3 bea regular surface, let (Uj, Fj, Vi)j=1.....00 be local 


Sassy) 


parametrisations that cover S, i.e. S C U7, Vi. Show that a subset N Cc S is 
already a zero set if the Ee (N) c U; are zero sets. 


Hint To show that for every other local parametrisation (U,F,V) the set 
F—1(N) is a zero set in U C R?, use that countable unions of zero sets are 


again zero sets and that smooth maps map zero sets to zero sets. 


Remark Suppose that S C R? is a regular surface, N C S a zero set and 
f,g : S > R are functions that agree on S — N. If f is integrable, then the 


same is true for g and 
i. fdA= / dA. 
Ss Ss 


Definition 3.7.6 Let S C R? be a regular surface. If the constant function 
f = 11s integrable, then we call 


A[S] := [aa 
S 
the area of S. 


Example 3.7.7 On the x-y plane § = R* x {0} the integral 


lee) lee) 
i. ia = / i axils 
S —oo J—0o 


diverges, i.e. the function f = 1 is not integrable. Hence S does not have a 
(finite) area. 
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Example 3.7.8 Let J C R be an open interval, and c : J > R? a plane 
parametrised regular curve. Let h > 0. We consider the generalised cylinder 
over Cc: 

S = {c(t)+se3|tel,0<s <h}. 


We can cover S$ with a single parametrisation (U, F, V), where 


U=1x(0,hA)CR*, V=R’*,  F(t,s) = c(t) +5e3. 


For the differential of F we have 
Das F = (€(),e3) 


It follows that 
gi1(t,5) = (C(O), C(O), 
g12(t, 5) = g21(t,8) = (c(t), e3) = 0, 
822(t, 5) = (e3,€3) = 1 


and thus 


dA = \/g11 - 822 — 812 - 821 At ds = ||C(t)|| dt ds. 


It might be necessary to reduce the size of the interval J in order to make S 
a regular surface, since c could, for example, intersect itself. For the area we 
obtain 


h 
aisi= ff yewlasde = n- Let 
IJO 


Example 3.7.9 We calculate the area of the sphere § = S?. We use polar 
coordinates 
U=(0,2n)x (5,5), V=R—{@y,27 [x2 0,y =O}, 


F(g, 0) = (cos() cos(), sin(g) cos(7), sin())!. 


The part of S* which is not covered by this parametrisation, which is N = S* N 
{(x,0,z)'|x>0}, is a zero set in S* and can therefore be ignored for the 
calculation of the area. 


132 


3.8 


3.8.1 Ruled 
surfaces 


CLASSICAL SURFACE THEORY 


We have 
—sin(g) cos(v) —cos(g) sin(v) 
Dow F = cos(y) cos(#) —sin(g) sin() 
0 cos(#) 
and thus 


gu=cos*(9), gu=gu=0, gn=1. 


The surface element is then 


dA = \/811822 — 812821 dpdd = cos(3) dpdi. 


For the area we obtain 


A[S] = A[S — N] 
2n m/2 
= / / cos(t) dd dy 
0 —1/2 
m/2 
=2n / cos(v) dd 
—n/2 
=4nz. 
Exercise 3.16 Let S Cc R®* be a compact non-empty regular surface. Put 


Si := {x € S| K(x) = 0}. Prove that 


KdA>4nz. 
Sy 


Hint Use exercise 3.12(c). 


Some classes of surfaces 


We now want to study some special classes of surfaces. These are the ruled 
surfaces, which consist of straight lines, surfaces of revolution, which result 
from a rotation of a plane curve around an axis, tubular surfaces, which are 
defined by space curves, as well as minimal surfaces, which are important in 
the theory of soap films. 


Let J Cc R be an open interval and let c : J + R°* be a parametrised space 
curve. We now want to attach a straight line to each point of this curve, which 
will give us a surface. For this purpose let v : J > R° be a smooth map with 
v(t) 4 (0,0, 0)" for all t € J. Let J C R be another open interval. We set 
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F:IxJ>R*, F(t,s) =c(t)+svit). (3.10) 


To check whether this gives us a regular surface we find the differential of F: 
Das F = (CO) + sv, vO). 


If we require that v(4) and c(A) are linearly independent, then the matrix Dio) F 
has full rank for a fixed t. Hence there exists an open neighbourhood of 
(t,0) in J x J such that (U,F,S) is a parametrisation of the regular surface 
S= F(U). 


Definition 3.8.1 A regular surface $C R* which can be covered by para- 
metrisations of the form (3.10) is called a ruled surface. 


Example 3.8.2 If c : I > R? is a plane parametrised curve that does not 
intersect itself, c(t) = (c1 (4), co(4), 0) and v(t) = (0,0, 1), then the corresponding 
ruled surface 
c(t) 
F(t,s)= | co(t) 
s 

is the generalised cylinder over c. We can take U = I x R as the domain. 
Compare example 3.7.8. 


Example 3.8.3 Let us consider a plane parametrised curve c : J + R* that 
does not intersect itself, c(t) = (c! (1), c2(t), 0). For a fixed point p € R3 — (R? x 
{0}) we set v(t) = p — c(t). Then 

F:Ix(-o0,1) > R?, F(t,s) = (1—s)c(t) + sp 
is the generalised cone over c with apex p. 


Example 3.8.4 The M@bius strip is a ruled surface as well. We consider 


F:Rx (-1,1) > R’, 
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cos(t) + 5 - cos(f) cos(t/2) 
F(t,s) = sin(t) +s - sin(f) cos(t/2) 
s+ sin(t/2) 


The vector field v(t) = (cos(t) cos(t/2), sin(t) cos(t/2), sin(t/2))' rotates with 
half the speed from (1,0,0)' to (—1,0,0)' while ¢ runs through one period 
of c(t) = (cos(#), sin(t),0)', e.g. [0,27]. Of course, (1,0,0)' and (—1,0,0)' 
generate the same straight line, thus the surface closes up. 


Example 3.8.5 It may be surprising that the hyperboloid of revolution, also 
called the one-sheeted hyperboloid or hyperboloid of one sheet, 


S={@yo eR |14+2=27+4y'J, 
is a ruled surface. 


However, it is easy to check that the ruled surface given by 


c(t) = (cos(#), sin(t), 0) ', 


v(t) = c(t) + e3 = (—sin(A), cos(t), 1)", 


agrees with S. Alternatively, one could take v(t) = C(t) — e3 instead of v(t), see 
plate 1. 


Example 3.8.6 The hyperbolic paraboloid or saddle surface 
S= [@y.2)7 eR? | Zz =x 
is aruled surface as well. This is the case since 


e(f) = (¢,0,0)', 


v(t) = + _@ryt. 


v1+?e 


See plate 2. 


We have seen that the property of being a ruled surface is not always obvious 
for a given surface. How can we now show that a given surface is not a ruled 
surface? 

Here is a condition. 


Theorem 3.8.7 Let S C R® be a ruled surface. Then the Gauss curvature 
satisfies 
K <0. 
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Proof Let us remember that the Gauss curvature can be given in terms of 
the determinants of the first and second fundamental forms, 


_ det(hj) 
~ det(gij) 


As the first fundamental form is (g;;) positive definite, we have in particular 
that det(g;;) > 0. We now need to show that det(h;) < 0. 
For this purpose let us consider a parametrisation of the form (3.10) 


F(t,s) = c(t) + sv(t). 
In particular, it follows that 


a-F 
(asy2 


For the component h2 of the second fundamental form we therefore obtain 


0°F 
in| N=, 
- (a 


where JN is the normal to the surface. It follows that 


det(hi) = hijho. — high, = hy -0-hi, < 0, 


where we used the symmetry of the second fundamental form, hy2 = h21. 


Exercise 3.17 Let F(t,s) = c(t) + sv(@) be a parametrisation of a ruled 
surface. Show that 


K(F(t,s)) < 0 
if and only if c(), v() and v(f) are linearly independent. 


Exercise 3.18 Show that for the generalised cylinder and the generalised 
cone (examples 3.8.2 and 3.8.3) we have that 


K=0. 


Exercise 3.19 Show that for the Mobius strip, the hyperboloid of revolution 
and the hyperbolic paraboloid (examples 3.8.4, 3.8.5 and 3.8.6) we have that 


K <0. 
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Minimal surfaces are, as the name suggests, related to minimal areas. To 
understand this better, we first need to investigate how area changes under 
the deformation of a surface. 


Theorem 3.8.8 (variation of area) Let S be a regular surface with finite area. Let 
KH be the mean curvature field. Let ® : S > R? be a smooth normal field on S 
with compact support. 


Then for a sufficiently small |t| the set S; := {p + t®(p)| p € S} is a regular 
surface with finite area and 


d 
CATSilli=0 = -2 f (20) dA. 
d s 


Proof Let us first consider the case that the support of ® is fully contained 
in a coordinate neighbourhood, i.e. for a local parametrisation (U, F,V) we 
have that supp(®) c S/N V. The corresponding parametrisation for S; is then 
given by (U, F;, V), where 


F,(u',u’) = Fu',u?) + t- ®(F(u',w)). 


As before the differential of F; has maximal rank and is for reasons of 
continuity injective for |¢| sufficiently small. Hence F,:U— R® is a local 
parametrisation of the regular surface S;. 
Let N be the unit normal field on SM V given by the parametrisation. Then 
® may be written as 
o®=f-N 


with a smooth function f : S > R with support in SN V. We calculate 


OF; OF a(f o F) d(N o F) 
-=— +t: —-(NoF)+t- F). —_—. 
ff ae gu ee ag 
It follows for the first fundamental form of S; that 
[oF OF 
Sia) = Vaud Bal 
=0 =hj 
O(foF) /aF OF a(NoF) 
fe) [e) 
Tee gi (Far Ner] Hipon (55 oe | 
—0 =hj 
(fo F) OF O(NoF) OF 
fe) fe) 
t 24 NGF) Ate h) a Ou 
aT ( 7 aa) + fo | aul aa) + e 


= gy — 2t(f o Pyhy + OC”). 


3.8 SOME CLASSES OF SURFACES 137 


Multiplying this matrix equation by the inverse matrix (g") of (gij), we obtain 
after using the formula wk =i hijgi* for the coefficients of the Weingarten 
map that 


S1ij = DF — 2t(f o Fywk + OP) gy. 
k 


Equating the determinants of both sides of the equation and using the Taylor 
expansion of the determinant det(Id + X) = 1 + Trace(X) + O(||X||7), see 
lemma 5.1.6, we obtain 


det(g;,) = det(gi;) - det(Id — 2t(f 0 F) - (wk) + O(P)) 
= det(g;) - (1 + Trace(—2t(f o F)(w*) + O()) + O(?)) 
= det(gi;) - (1 — 4t(f 0 F)(H o F) + O(?’)). 


Taking the square root and using the Taylor expansion of the root-function 
Vl+x=1+4+ 5x + O(x”), we get 


Jaet(griy) = /det(gy) - 1 — 41(f 0 FH 0 F) +O) 
= ,/det(gi;) - (1 — 20(f o F)(H o F) + O”)). 


Integrating over S gives that 


A[S;] = i: (1 — 2tfH + O(?))dA 
Ss 


= A[S] — 2 f (0,7) dA + O(?’). 
Ss 


This proves the theorem for the case that the support of ® is fully contained in 
a coordinate neighbourhood. Let us now consider the general case. As the 
support is compact by assumption, it can be covered by finitely many sys- 
tems of local coordinates (Uj, F,,V1),...,(Ux, Fx, Vk), supp(®) Cc Uh Vj. 
We choose smooth functions p; : R? S RwithO < oj < 1, supp pC V; 
and aw p; = 1 ina neighbourhood of supp(®). We set ©; := p; - &. Then 
ye ®; = ® and supp(®,) C Vj. 
We now obtain a k-parameter family of surfaces 


j=l 
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By the statement proved above we know that 


a 
—A[S = —2 | (®,, 7 )\dA. 
at S4,..f4)] (th. =(0,...,0) [i pee) 
By the chain rule it follows that 
k 
d i) 
—A[S = —A[S 
dt [Sllr=0 jal dt; Str ath)] (t1,-+-stx)=(0,...,0) 
k 
=-2)> [ (),20)4a 
ate 
= -2 f (2, #)dA 
S 
Corollary 3.8.9 Let SCR? be a regular surface with compact closure S. We 


assume that S has minimal area among all regular surfaces S with the same 
boundary 0S = dS. Then the mean curvature field of S satisfies 


JC = (0,0,0)'. 
Proof Suppose that .#(p) 4 (0,0,0)' fora point p € S. Ina neighbourhood 
of p we consider the smooth unit normal field N, for which (#(p), N(p)) > 0. 
For reasons of continuity (.#, N) > 0 also in a neighbourhood V of p in S. We 


choose a smooth function f:S— R with compact support suppf c V, f > 0 
and f(p) > 0. Then 


egy FQN@, GES, 
Y=) ©,0,0)", qeS—V 


defines a smooth normal field on S with compact support. Hence 


[vee dA >0. 
S 


On the other hand, the deformed surfaces S; have the same boundary as S. As 
S has minimal area among all such surfaces, we have 


This contradicts the variation formula for area. 
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If we want to find a surface S that is enclosed by a closed space curve c, dS = c, 
and has minimal surface area, then this surface necessarily needs to satisfy 
H = (0,0,0)'. This leads to the following definition. 


Definition 3.8.10 A regular surface S C R? is called a minimal surface if 
H = (0,0,0)'. 


Note that minimal surfaces do not necessarily minimise area. .# = (0,0,0)! is 
only a necessary condition. 

The question of whether we can, for a given closed space curve c, find a sur- 
face of minimum area with boundary c is known as the Plateau’s problem. The 
answer is “yes” for a very general class of boundary curves, see, for example, 
[1] for a discussion of this problem. We can physically create minimal surfaces 
by dipping a closed wire (our closed space curve) into a soap solution. The 
soap film created is then a minimal surface. 


Remark If the surface S is orientable, then there exists a smooth unit nor- 
mal field N on S and we can write the mean normal curvature field in the form 
HK = H-N. The minimum area condition is then 

H=0. 


It is now time for some examples. 


Example 3.8.11 The simplest and most uninteresting example is certainly 
the affine plane S C R*. For this surface we obviously have 


K=H=0. 


Example 3.8.12 Enneper’s surface can be given by one single parametrisa- 
tion: 


Plate 3 shows that Enneper’s surface intersects itself. To obtain a regular 
surface, we need to restrict the domain of F in a suitable way. 


Exercise 3.20 Show that Enneper’s surface is a minimal surface. 
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Example 3.8.13 The catenoid is given by the parametrisation 


cosh(u!) cos(u2) 
Ful, u) = | cosh(w!) sin(u?) 


ut 


The catenoid is an example of a surface of revolution, a class of surfaces that 
we will consider after the minimal surfaces. Indeed, the catenoid is essentially 
a single surface of revolution, which is at the same time a minimal surface, see 
exercise 3.30. 


Exercise 3.21 Show that the catenoid is a minimal surface. 
Example 3.8.14 The helicoid is given by the parametrisation 
ul sin(u”) 
Ful, u’) = | -u! cos(u2) 
iZ 
Exercise 3.22 Show that the helicoid is a minimal surface and at the same 


time a ruled surface. 
Theorem 3.8.15 For every regular surface we have 
Kar 
In particular, the Gauss curvature of minimal surfaces satisfies 


K <0. 


Proof Expressing the mean curvature and the Gauss curvature in terms of 
the principal curvatures, H = (x, + k2)/2, K = kk, we observe that 


4. (H? — K) = (1 + 2)" — 4+ 1K = (1 — 2) = 0. 


The claim follows. 


Corollary 3.8.16 Compact minimal surfaces do not exist. 


Proof By theorem 3.6.17 every compact surface § C R* has a point with 
positive Gauss curvature. By theorem 3.8.15 it follows that S cannot be a 
minimal surface. 


(a) 


(b) 


(c) 
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Exercise 3.23 Show that the mean curvature H, the Gauss curvature K and 
the two principal curvatures « = x; and k = k2 of a regular surface satisfy 


«2 —2He+K=0 


and thus 
k=H+VH2-K. 


Exercise 3.24 Let S be the graph of the function g : U > R, U c R? 
open. Show that S is minimal if and only if 9 satisfies the following differential 
equation: 


ay\7\ a ay ag a ay\7\ a 
1+ (3) Oe 1+( —* =0. 
oy ax ox dy dxdy ox oy 


Exercise 3.25 Let S be the graph of the function g : U — R, U Cc R? open. 
Derive a formula for the Gauss curvature of S and show that the Gauss curva- 
ture is positive if and only if the Hessian of ¢ is definite while K is negative if 
and only if the Hessian is indefinite and non-degenerate. 


Exercise 3.26 Show that the graph of the function g : (—2/2,2/2) x 
(—2/2,7/2) > R, v(x, y) = In(cos(y)) — In(cos(x)), called Scherk’s minimal 
surface, is a minimal surface. See plate 4. 


Exercise 3.27 The rescaled catenoid is given by the parametrisation 


R-cosh(u! /R) cos(u2) 


Fu, u) =|R.- cosh(u!/R) sin(u) 


ut 


Show that the rescaled catenoid is a minimal surface for all R > 0. 


Hint Use the results of exercise 3.21 instead of computing the mean curva- 
ture from scratch. 


Calculate the height h for 0 < R < 1, at which the (x-y) plane translated up by 
h along the z-axis intersects the rescaled catenoid such that the resulting circle 
has radius 1. 

Show that this height is bounded above. 


Statement (c) can be illustrated experimentally. If we hold two wire circles of 
radius 1 parallel to the x-y plane, one at a height h above, the other one at a 
height —h below, such that the centre of one circle lies above that of the other, 
then we can, if / is not too large, fit a rescaled catenoid as a soap film to those 
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wires. If we now carefully pull the two circles away from each other, i.e. if we 
increase h, then the soap film will burst at the latest when the above postulated 
maximal height is reached. 
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Exercise 3.28 Let Sy be given by 


sin(a@) cosh(u!) cos(u?) + cos(@) sinh(u!) sin(u2) 
Fy (u, u) = | sin(a) cosh(u!) sin(u2) — cos(«) sinh(u!) cos(u2) 
sin(w)u! + cos(a)u2 


Show that S, is a minimal surface for all a € R, and that S,/2 is the catenoid 
while So is the helicoid. 


The surfaces S, are therefore deformations of the helicoid into the catenoid. 


This is illustrated in plate 5. 
We will conclude this subsection about minimal surfaces with a slightly 


more involved exercise. 


Exercise 3.29 Let c : | > R? be a space curve parametrised by arc-length, 
let v : J > R? be smooth with ||v|| = 1. We assume that v(t) is perpendicular to 
c(t) for all t € 7. Show that the ruled surface generated by c and v is a minimal 
surface if and only if 


it is contained in a plane, or 
there exist w > 0 and A € [—1,1], such that after an application of a Euclidean 


motion 


sin(wt) 0 
c(t) = — | —cos(wt) | + V1— A2] 0], 
o 
0 t 
sin(wt) 
v(t) = | —cos(at) 


0 


3.8.3 
Surfaces of 
revolution 
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If A=0, then c is a straight line and we are dealing with the helicoid. If 
|A|=1, then c is a circular line, and the surface is the x—-y plane. For other 
A, curve c is a helix. As A increases from 0 to 1, the helix is deformed into 
the plane, and it remains a minimal ruled surface in the whole process of the 
deformation. 


Surfaces of revolution are the result of rotating a plane curve that lies, in 
the x-z plane, say, around the z-axis. We can imagine the x-y plane as a 
“potter’s wheel”. If the afore-mentioned plane curve is given by the parametri- 
sation tf +> (r(),)', t € J, then we obtain a local parametrisation of the 
corresponding surface of revolution by 


r(t) cos(~) 
Fiaig)=] rOsing) |, tele € (,¢0+2z). 
t 


Choosing two values of gp, e.g. g9=0 and g=z, we obtain two local 
parametrisations that cover the entire surface of revolution. 
We calculate the first fundamental form: 


9F 7(t) cos(p) F —r(t) sin(¢) 
ap g)=]} rMsingg) |, ~Ge)=] rOcos@ |], 


hence 
gn =1+i(0%, 
g12 = g21 = 0, 


a2 = r(t)’. 


For the surface element we obtain 


dA =r(t)/14+7r(t)? dtdg. 


For the calculation of the second fundamental form we need a unit normal 
field. We choose the inner unit normal field 


1 cos(~) 
N(F(t, g)) = 5 || sin) 
1+7() _i(t) 
Further, 
92F r(t) cos(@) 
op & g)= | FMsingg) |, 


0 
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92 F —r(t) sin(g) 
aoe? = r()cos(y) |, 
4 0 
2 —r(t) cos(@) 
—(t,g)=| —r(d)si 
ap? | ) r() oe 


The second fundamental form is therefore 


a r(t) 
no EPO? 
hy2 = ha, = 0, 
—r(t) 
hy = SS. 
1+7(0 


From the first and second fundamental form we obtain the Weingarten map 


aC) 
= 1 14+7(02 
VIF? | 9 : 


rd) 


Conveniently the Weingarten map w.r.t. the coordinates ¢ and ¢ is in diagonal 
form already, so we can therefore read off the principal curvatures directly: 


r(0) 1 


~ dtr@pse > (DVT + HO? 


We also obtain Gauss curvature and mean curvature immediately: 


KY 


: 7(t) 
rd +72)?’ 


_ IrFO - 1-7? 
2 rN + #()2)3/2 * 


Example 3.8.17 The hyperboloid of revolution S = {(x,y,z)' € R*| z = 
x” 4 y"} is a surface of revolution with function r(f) = Vt, t > 0. Application 
of the formulae derived above gives: 


4 _  2+4¢ 
~ (14+ 4p?’ ~ (14 493/2" 


3.8.4 
Tubular 
surfaces 
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We will come back to surfaces of revolution in the next chapter in the context 
of geodesics, see theorem 4.5.13. 


Exercise 3.30 A surface of revolution with r(t) = cy, cosh((t+ c2)/c1), 
c, > 0,c2 € R, is a catenoid, see example 3.8.13 and exercise 3.27. Show that a 
surface of revolution is a minimal surface if and only if it is a catenoid. 


Exercise 3.31 Let S be the surface of revolution of the tractrix, see example 
2.1.5. A parametrisation is given by 


F : (0,2/2) x (go, 90 + 2) > R°, 


sin(f) sin(g) 
F(t,g) = sin(t) cos(g) 
cos(ft) + In(tan(t/2)) 
Show that the surface has constant Gauss curvature K = —1. Because of this 


property it is somewhat analogous to the sphere, which has constant Gauss 
curvature K = 1, and is therefore called a pseudo-sphere. See plate 6. 


We have so far always considered curves as one-dimensional objects. If we 
model a curve in three-dimensional space, e.g. using wire, then this wire has 
positive thickness 2r > 0. The surface of this wire forms a tubular surface. 
We will now analyse the geometry of this tubular surface. 

Let c: J — R* be acurve parametrised by arc-length that has non-vanishing 
curvature, «(t) # 0 for all t € J. Then the torsion t and the Frenet dreibein 
(c,n, b) are defined. Let r > 0. We consider 


F:IxR-R, 
F(t,g) = c(t) + r- (cos(@) - n(t) + sin(g) - b(d). 


To check whether this gives us a parametrisation of a regular surface, we cal- 
culate the partial derivatives of F: 


oF ; ; : : 

ap g) = c(t) +r- (cos(g) - n(t) + sin(g) - b(t) 
= c(t) + r(cos(v)(—K (Dc(H) + T(Hb()) + sin(g)(—tOn()) 
= (1 —rcos(g)«())c() — rsin(g)t(Hn@ + rcos(¢)tObO, 


oF : 
ag y) = r(—sin(g)n(d) + cos(g)b(0)). 
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We used the Frenet formulae (proposition 2.3.7). For the first fundamental 
form we obtain 


gu(t,g) = (1—reos(y)«())? +P r(”, 
gi2(t,9) = grilt,g) =rt(0, 
gn(t,y) =r. 


The determinant of the matrix gj is therefore r-(1 — rcos(y)«(t))*. If r is so 
small that we have r < 1/x(f) for allt € J, then this determinant is never equal 
to 0, and F is a parametrisation of a regular surface after a restriction of the 
domain. For the surface element we obtain 


dA =r(1 —rcos(g)x(t))dt dg 


and for the inverse matrix of the first fundamental form 


1 T(t) 
i (1 — rcos(g)k (1)? (1 — rcos(y)k« ()? 
t = 
(s : 9), T(t) 1 T(t)? 


(1 — rcos(y)x (t))2 r (1—rcos(g)x (t))? 
The unit normal field of F is then 


N = —cos(g) - n(t) — sin(g) - b(t). 


To find the second fundamental form, we find the second partial derivatives 
of F, again using the Frenet formulae: 


2 
art ~) = —rcos(g)x (Hc) + 1 — rcos(g)« (t))e(O — rsin(g)t (Hn) 
— rsin(g)t(H)n(t) + rcos(g)t (tb) + rcos(y)t (t)b(1) 
= r(—cos(¢)K (t) + sin(g)t (DK (1))c(O) 
+ [k@( — rcos(g)k() — rsin(g)t(t) — rcos(y)t (t)*|n(0) 
+ r(—sin(g)t(t)* + cos(y) z(t) b(t), 
2 
eG ~) =rsin(g)k(Hc(t) — rcos(g)t(Hn(t) — rsin(g)t Hb, 
a°F 


age? g) = —r(cos(g)n(t) + sin(g) b(t). 


3.8 SOME CLASSES OF SURFACES 147 


By (3.4) the second fundamental form is 


02°F 
ini(t.@) = (S59). NG) 
= («A = reos(y)e@) = rsin(g)#(0) — reos(y)e(0)”) (—costy)) 
+ (—sin(y)t()? + cos(v)t())(—sin(y)) 
— rt(t)” — cos(g)xK (t) + rcos(y)°K (t)”, 
hy2(t,g) = rcos(y)°t(t) + rsin(g)*t(0) 
= rr(t), 


hop (t,g) =r. 


From (3.5) it follows that the matrix of the Weingarten map is 


(w/t), = Gee neM(e. oy) 
_ (“ — cos(g)« (t) + rcos(g)*x (t)? 1T 7 


rt (t) r 
1 t(t) 
(1 — rcos(y)x (t))2 (1 — rcos(~)x (t))2 
: t(t) 1 t(t)? 
(1 — rcos(y)x« (t))2 r (1—rcos(g)k (t))? 
k(t) cos(g) 
7 1 — rcos(g)x (t) 

0 : 

; 


As this matrix is triangular, we can read off the eigenvalues and obtain the 
principal curvatures: 


—k(t) cos(g) 
ki = > 
1 — rcos(g)k (ft) 
1 
KQ=-. 
r 


It follows that the Gauss curvature is 


1 x(t) cos(g) 


K = > 
r1—rcos(g)k(t) 
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and the mean curvature is 


_ 1 —2rcos(¢)k (0) 
~ 2r(1 — rcos(g)k(t))’ 


Example 3.8.18 We consider the torus, which is defined as the tubular 
surface around a circular line 


c(t) = (cos(#), sin(t), 0)" 
with thickness 2r < 2 (plate 7). We then have 
K()=1, tH=0 
and thus 


1 cos() cos(g) — r/2 


= = rcos(g)’ eg) 1—rcos(g) | 


Exercise 3.32 Let c be a closed space curve parametrised by arc-length. 
Show that for every tubular surface S around c we have 


[Kaa=o. 
Ss 


We will understand this fact better against the background of the Gauss— 
Bonnet theorem. 


Exercise 3.33 Let c : J — R* be a closed space curve. Using the results of 
this section and exercise 3.16 give a new simple proof of the total curvature 


estimate in Fenchel’s theorem 2.3.19: 


K(c) > 2m. 


Plate 2. Hyperbolic paraboloid 


Plate 3. Enneper’s surface 


Plate 4. Scherk’s surface 


PEED ED 
falas 


Plate 6. Pseudo-sphere 


Plate 7. Torus of revolution 


4.1 


4 The inner geometry of surfaces 


We use the notion of an isometry to make the concept of inner geometry of sur- 
faces more precise. Vector fields and their first and second covariant derivatives 
are introduced. The Theorema Egregrium (‘remarkable theorem’) expresses the 
Gauss curvature in terms of the curvature tensor and shows the Gauss curva- 
ture belongs to the inner geometry of the surface. General Riemann metrics 
generalise the first fundamental form. The problem of the shortest way from 
one point to another leads to the concept of the geodesic and the Riemann 
exponential mapping. In this way it is particularly straightforward to obtain 
coordinates that are convenient in geometry, like Riemann normal coordinates, 
geodesic polar coordinates and Fermi coordinates. Jacobi fields illustrate the 
inner geometric importance of the Gauss curvature. Spherical and hyperbolic 
geometry are investigated in more detail. Their trigonometry is derived and 
applications to cartography are discussed. The hyperbolic plane satisfies all 
axioms of Euclidean geometry except for the parallel axiom. 


Isometries 


When we consider surfaces in R? we tend to pay special attention to their rel- 
ative geometries, i.e. to how the surface is embedded into the surrounding 
space. We quasi look at them from outside. One could also try to imagine 
oneself in the position of a (two-dimensional) inhabitant of the surface, and 
examine those properties of the surface that can be observed by a being who 
cannot peek out of the surface. For instance, viewed from outside, the cylin- 
drical surface and the plane seem very different. But we will see that it would 
not be easy for our two-dimensional being to decide whether it lives on a cylin- 
drical surface or on a plane. If we took small pieces of plane and cylinder, it 
would be impossible to make a decision by means of measurements within the 
surface. By contrast, it would be relatively easy to distinguish between a piece 
of a sphere and a piece of a plane. 

We will now start to say more precisely which quantities can be observed 
by an inhabitant of the plane. 
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Definition 4.1.1 Let S; and Sz be regular surfaces in R*. A smooth map 
f : S, > S218 a local isometry, if for every point p € S; the differential 


dpf : Ty S, =e Tip) S2 
is a linear isometry regarding the first fundamental form, i.e. 


(dpf (X), dpf(Y)) = (X,Y) 


for all X,Y € T)S}. 


Exercise 4.1 Let S; = R?* x {0} be the x-y plane, and Sp = S! x R the 
cylindrical surface. Show that the map 


f :S1 > So, = f(x,y, 0) = (cos(x), sin(x), y)" 


is a local isometry. 


Exercise 4.2 Let S; = R? x {0} be the x-y plane, and Sp = {(E,n,¢)' | é7 4+ 
= xo, ¢ > 0} the conical surface. Show that the map 


= 
f:S, > S., fay,0)= (2 _ y*, 2xy, V3(x7 +) 


1 
ES 


is a local isometry. 


Everything which can be “measured” within the surface, e.g. the lengths of 
curves which lie on the surface or the angle between two tangent vectors, 
depends on the first fundamental form. Thus, if such a local isometry f exists, 
then the angle between the two vectors in the image is the same as the one 
between the two original tangent vectors, for example. “Small” open subsets 
U c Sy} cannot be distinguished from their isometric images f(U) C Sz by 
means of such measurements. Because of this we call geometric quantities 
which do not change under local isometries quantities of the inner geometry. 

What it exactly means when a geometric quantity does not change under 
local isometries depends on the type of the mathematical object. If the geo- 
metric quantity is a function F's : S — R in the plane, e.g. the Gauss curvature 
or the mean curvature, then this means that every local isometry f : S; > S» 
satisfies 

Fs, = Fs, of. 


Example 4.1.2 The mean curvature H is not a quantity of the inner 
geometry, since in the plane Hpjane=0, whereas in the cylindrical 
surface HA gylinder = h. Since plane and cylinder are locally isometric, 
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A eytinder = Hplane 0 f Would have to apply if the mean curvature was a quantity 
of the inner geometry. 


Since the mean curvature is not a quantity of the inner geometry, the principal 
curvatures, from which the mean curvature is calculated, cannot be quantities 
of the inner geometry either. We will see later that the Gauss curvature by 
contrast is a quantity of the inner geometry, although it is also calculated from 
the principal curvatures. 


Remark Since the differential of a local isometry in particular always has 
full rank, a local isometry is always a local diffeomorphism by the inverse map- 
ping theorem. However, in general it is not a global diffeomorphism, i.e. not 
bijective, as the example of the plane and cylinder has already shown. 


Exercise 4.3 Let f : S; — Sz be a local isometry. Let (U,F,V) be a local 
parametrisation of S;. Without loss of generality assume that VM S; C Sy is 
so small that flyns, : VS, > f(V S}) is a diffeomorphism. Then fo F is a 
local parametrisation of S>. 

Show that the coefficient functions of the matrix representations gj : U > 
R of Sj with respect to F and of Sz with respect to f o F agree. 


Definition 4.1.3 A local isometry f : $; — Sz which is in addition bijective, 
is called an isometry. If there exists such an isometry f : S$; — Sz, then the 
surfaces S; and S> are said to be isometric. The surfaces S$; and S» are called 
locally isometric if for every point p € S; there exists an open neighbourhood 
U; Cc S; of p, an open subset U2 C Sz and an isometry f : Uy; — U> and 
conversely for every point g € Sj an open neighbourhood U2 C S> of q, an 
open subset U; Cc S; and an isometry f : Uz > Uj. 


Exercise 4.4 Show that if f : S; — S» is an isometry, then fo! + Sy > Sy is 
also an isometry. 


Exercise 4.5 Show that if there exists a surjective local isometry f : S$; > 
S, then Sj and S> are locally isometric. Is this also true if f is not surjective? 


For example the cylinder and the plane are locally isometric. But they are 
not isometric, since they are not even diffeomorphic. The relations “isomet- 
ric” and “locally isometric” are obviously equivalence relations on the set of 
regular surfaces. 


Exercise 4.6 Let F : R? — R? be a Euclidean motion, ie. F(x) = Ax + b, 
where A € O(3) is an orthogonal map and b € R? the translational component. 
Let S C R® be a regular surface. Show that f := F|s : S > F(S) is an isometry. 
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Exercise 4.7 Let E; and E) C R? be affine planes. Show that £; and E> are 
isometric. 


Vector fields and the covariant derivative 


Definition 4.2.1 Let S C R* be a regular surface. A vector field on S is a map 
v:S > R3, such that v(p) € T,S for allp € S. 


A vector field assigns each point on the surface a vector, which at that point 
is tangential to the surface. We also talk about continuous, differentiable, 
smooth, ... vector fields, if map v has the corresponding property. 


Example 4.2.2 Let f : S — R be a smooth function. Since the first funda- 
mental form is non-degenerate, there exists, for a fixed point p, exactly one 
vector v(p) € T,S with the property 


aApf(X) = I(v(p), X) 


for all X € T,S. In this way the gradient vector field v =: grad f is defined. We 
will see soon that the gradient vector field is a smooth vector field. 


The differentiability of a vector field is best verified using a local parametri- 
sation. Let (U, F, V) be a local parametrisation of the regular surface S. Then 
for every point p € V the vectors (aF/au!)(F-!(p)) and (8F/du2)(F—!(p)) 
form a basis of 7,5. Hence, a vector field v over S is for all p ¢ V uniquely 
representable in the following form: 


nee Y 3 
v(p) = EO ee 


Since the basis fields (9F /du/)(F—!(p)) are smooth, we have that v on V C Sis 
continuous, differentiable, smooth, etc., if and only if the coefficient functions 


él: VOR 
have the corresponding properties. 


Example 4.2.3 Let us check that the gradient vector field of a smooth 
function f : S — R is smooth. For this purpose let (U,F,V) be a local 
parametrisation. Then f := f oF: U => Ris also a smooth function. We need 
to find the coefficient functions of the gradient vector field with respect to the 
basis given by the parametrisation, i.e. the functions &/ in the representation 
grad f = ))j_, £/(p)(0F/du'). We calculate 
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2 (F-(p)) = dpf (Fa (F)) 
=! (eraa fim (F-\)) 
= 103 Hip) (Fw). = (Fi) 
j=l 
Soe (FW). 
j=l 


It follows that 


Thus the functions é/ are smooth, i.e. grad f is a smooth vector field. 
The gradient of a smooth map is closely connected to the directional 
derivatives of the map. 


Definition 4.2.4 Let S be aregular surface, p € Sa point, X, € T,S a tangent 
vector and f : S > Rasmooth map. Then 


Ox,f = pf (Xp) = I(gradf(p), Xp) eR 


is called the directional derivative of f in the direction X,. If X is a vector 
field on S, then the function 


dxf:S—>R, dxf(p):= Ix(pf 


is the directional derivative of f in direction of the vector field X. 


Exercise 4.8 Let S = S' x R C R? be the cylindrical surface with the 
vector fields X(x, y,z) = (—y,x,0)' and Y(x,y,z) = (0,0,1)'. Find the direc- 
tional derivatives in the directions X and Y for the functions f{ (x,y,z) = x, 
fo(x, y,z) = y and fa(x,y,z) = zon S. 


Exercise 4.9 Let S be a regular surface and X and Y two smooth vector 
fields on S. Show that there exists exactly one vector field Z on S that satisfies 


dx (dyf) — dy (Oxf) = dzf 


for all smooth mapsf:S—> R. 
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Further show that if X and Y are, with respect to a local parametrisation 
(U, F,V), given by 


then the following relation holds: 


2 
On; 0§ \ OF 
Z= i— an 
oS (« du! mu du!) dul 


ij=l 
Definition 4.2.5 The vector field 
Z =: [X,Y] 
is called Lie bracket of X and Y. 


The vector field LX, Y] is therefore characterised by 


dx (Oyf) — dy (Oxf) = Ix yf 


for all f. 

The formula for LX, Y] w.r.t. a local parametrisation from the above exer- 
cise also shows that if X and Y are coordinate fields, ie. X = dF /du! and 
Y = dF /du!, then the Lie bracket vanishes: 


aF aF)_y 
du!’ dus | 


This is nothing other than Schwarz’s theorem from analysis [18, p. 372, 
theorem 1.1]. 

For instance, if one wants to study the velocity field of a curve which lies 
on a plane, then the concept of vector fields used up to now is not suitable 
for the following two reasons. Firstly, the velocity field is not defined on the 
whole surface, but only along the curve. Secondly, the curve may intersect 
itself, leading to the problem that the velocity vector has two different values 
at this point of intersection. Considered as a vector field on the surface it would 
not be uniquely determined at such points. Hence we introduce the following 
definition. 
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Definition 4.2.6 Let § C R® be a regular surface, and let c:1>S be a 
parametrised curve. A vector field on S along c is a map v : I > R°, such 
that v(t) € T.S for all t € J. 


Example 4.2.7 The velocity field v(t) = c(t) is such a vector field along c. 


Example 4.2.8 Let S be a ruled surface given by the parametrisation 
F(t,s) = c() + sv(#) as in (3.10). Then v is a vector field on S along the curve c. 


Now we need a useful concept of the derivative of such vector fields. If one 
naively differentiates a differentiable vector field v on S along c, then one 
obtains a map? : J > R*. The problem now is that i is generally not tangential 
to the surface. As often in mathematics, we solve the problem by imposing the 
desired property. We replace v by the projection of v on the tangential plane 
at the corresponding point of the curve. 


Definition 4.2.9 Let SCR* be a regular surface, let c:1>S be a 
parametrised curve, and let v:/— R? be a differentiable vector field on S 
along c. For every point p € S, let TI, Ro T,S be the orthogonal projection, 
i.e. if N(p) is one of the two unit normal vectors on S§ at the point p, then 


p(X) = X — (X, N(p)) N(p). 


Then 
V . 
qv = Tey VO), 


t € I, is called the covariant derivative of v. 
Hence, (V/dt)v is also a vector field on S along c. 


Example 4.2.10 Let S = R? x {0} be the x-y plane and c a parametrised 
plane curve, c(t) = (c10,c2(), 0)'. A vector field v on S along c is then of the 
form v(t) = (v(t), v2(0), 0) '. It follows that 
Vv : 
Wo = Teg VM) 
= Me (410, 420,01") 
= (10, b2(0), 0)" 


= v(t). 


Thus the usual derivative and the covariant derivative agree in the plane. 
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Example 4.2.11 Let S = S* be the sphere. We calculate the covariant deriva- 
tive of the velocity field of the curve 


c:R=> S’, 


c(t) = (cos(2), sin(t), 0) |. 


The curve c passes through the equator of S*, i.e. the intersection of S* with 
the x-y plane. The usual derivative of c is ¢(t) = (—sin(#), cos(#),0)' and 


c(t) = (—cos(t), —sin(t),0)' = —c(t). 


We observe that for every ¢ € R the vector é(f) is perpendicular to T.)S*. It 
follows that 


V 
—c(t) = 0. 
ao 


Exercise 4.10 Let S = S” be the sphere and 
c:R—>S, c(t) = (cos(t) cos(6), sin(t) cos(@), sin(@)) ", 


with 6 € (—2/2,7/2) fixed. The curve c describes a circle of latitude. Show 
that the covariant derivative of ¢ vanishes if and only if 6 = 0. 


The following calculation rules for covariant derivatives result directly from 
the definition. 


Lemma 4.2.12 Let S be a regular surface, let c : I > S be a parametrised 
curve, let f : I > R be a differentiable function and let y : J ~ I be a change 
of parametrisation of c. Further let v and w be differentiable vector fields on S 
along c. Then v + w and fv are also differentiable vector fields on S along c and 
we have: 
additivity: 

Vv Vv Vat 

Fig +wy)(t) = a? + FuAGL 
product rule I: 

Vv : Vo. 

qi =fOvO + fOZVO: 


product rule IT: 


a t t))=1 a t t I t us t))3 
TIV,w(0) = (F ),w¢ r+ (» ), Ww ( »): 


(d) 
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change of parametrisation: 


One can also find the covariant derivative using local parametrisations. For 
this purpose we express for a local parametrisation (U,F,V) of S the vec- 
tors (07F /du‘du!)(u) € R> in terms of the basis (@F/du!)(u), (@F/du2)(u) and 
N(F(w)): 


ar 
saiagt t= rhe Fw) + rw w+ hywNFw). — (4.1) 
Definition 4.2.13 The coefficient functions 


k, 
Re :U>R, 
1 <i,j,k < 2, are called Christoffel symbols. 


From (8*F/duldu/) = (8*F/du/adu!) it follows directly that the Christoffel 
symbols are symmetric in the lower indices: 


k _ pk 
r= 2 


Let us now consider the local formula for the covariant derivative. Let 
(U, F,V) be a local parametrisation of the regular surface S. Let c: J > S be 
a parametrised curve. Of course, with the coordinates given by the parametri- 
sation we can only deal with the part of the curve c that lies in V. After 
possibly reducing the size of J we assume that c(JJ) Cc V. We can now set 
é:= F-!oc:I > U.Letv: 1 — R* be asmooth vector field on S along c. We 
express v in terms of the basis given by the parametrisation, 


v(t) =€! Orr ac (t)) + &? Ors “0. 
We calculate 


Vv : 
GO = Mew HO) 


= than( (#02 O- nen +803; fee ——_ (ee!) ) 


i=1 
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HOR; “@) + > rk j(C(D)E" (WHO ZG) 


ij,k=1 


il iM» Tv Eld~ 


a o+dr K Gye! (oe) “7 €o). (4.2) 


ij=1 


Expressed in the coefficient functions £! and &*, the covariant derivative 
corresponds to the map 


. > ahs 
( a ) of Et eT Ore ). 
E B+ Di ja POE! 
The Christoffel symbols determine exactly those correction terms that make 
the difference between the usual derivative (é!,é2)' 1 (é!,é)" of the coef- 
ficient functions and the covariant derivative. Next we want to see that the 


Christoffel symbols can be determined from the first fundamental form and 
thus that the covariant derivative is a quantity of the inner geometry. 


Lemma 4.2.14 The Christoffel symbols satisfy the following: 


2 
1 Og} O83 Si 
k ‘jm im ii \ mk 
MS 72 ( dul - aul au J 


Proof We calculate 


“fin = Q OF oF 
du! dus? du 


pak 1 (3F F 
~ \ autaus’ au” dul’ duldu™ 


2 
dF OF oF 
k re 
=() oT; duk’ es) (zy 2, naar) 


k=1 


2 
=o (Fk gem + rk. 8x) (4.3) 


k=1 


Analogously we obtain 


ISim k k 
aa » (Fk sim + rk gti) 
k=1 
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and 
2 


d8ij k k 
au = ye (reign) ee Pinygki) 


It follows that 


08; Ogi Ogi = 

jm im yo k 

aul - dus um 2) TBkm: 
k=1 


By multiplying with the inverse matrix (g”) one solves for re and obtains the 
equation of the lemma. 


Now we know how to work with vector fields along curves in a covariant 
way. How can we now differentiate traditional vector fields on a surface? For 
this we also need to fix the direction in which we want to differentiate. 


Definition 4.2.15 Let S be a regular surface, v a differentiable vector field on 
Sand wp € T,S a tangent vector. Then the covariant derivative Vy,v € TpS 
of v in direction wy is defined as follows: 


choose a parametrised curve c : (—e,¢) > S with c(0) = wp and set 


Vv a 0 
wpV i= Pron ). 


Exercise 4.11 Show that the definition does not depend on the choice of the 
parametrised curve c with ¢(0) = wy. 


Hint Show that the covariant derivative in direction wp = )°;, nk (OF /auk)(u), 
expressed in a local parametrisation (U, F, V), corresponds to the map 


( S Jr ( dé! (ayn?) + Dijar Dysin! 


§ de? «(gy n?)T + Dip V8 n! 
where the parametrisation maps u to p. More precisely, 
2 
oF ag* eA OF 
k - t k 
Vii (xs a = dX (= aye en + » Pf g! an!) 0). 


Definition 4.2.16 If v and w are two vector fields on S, then we define a new 
vector field V,,v by 


(Vwv)(p) = Vw(pyV- 


160 


(a) 


(b) 


(c) 


(d) 


(e) 


4.3 


THE INNER GEOMETRY OF SURFACES 


Lemma 4.2.17 Let S be a regular surface, let cj,cz € R, v,v1,V¥2,w,w 1 and 
w2 be differentiable vector fields on S, and let f : S > R be a differentiable 
function. 

Then the following hold: 


linearity in the vector field that is differentiated: 
Vw(C1v1 + C2V2) = C1 Vwv1 + C2Vwv23 


product rule I: 
Vw (fv) = df(w)v + f¥wv; 


product rule IT: 
dy (v1, ¥2)) = L(Vv1, V2) + 11, Vwv2); 
linearity in the vector field w.r.t. which we differentiate: 
Vicywi tow) = €1Vw,V + C2VwV3 
linearity w.r.t. functions on the vector field w.r.t. which we differentiate: 


Viwv = fVwv. 


Proof Properties (a), (b) and (c) follow directly from the corresponding 
properties of the covariant derivatives of vector fields along curves in lemma 
4.2.12. Points (d) and (e) are most easily deduced from the formula in terms of 
a local parametrisation, given in the above exercise. 


Riemann curvature tensor and Theorema Egregium 


In chapter 3 we met several notions of curvature, such as the principal cur- 
vatures, the mean curvature and the Gauss curvature. In this section we will 
introduce a new quantity, the Riemann curvature tensor. We will begin by 
looking at the second covariant derivative. The value of the second covariant 
derivative depends on the order in which we differentiate, 1.e. the theorem of 
Schwarz about the interchangeability of directional derivatives does not hold 
for the covariant derivative! The Riemann curvature tensor measures exactly 
this error that arises when interchanging the derivatives. 

To begin with, we will examine how the second covariant derivative should 
be defined correctly. If v, w and z are vector fields on a regular surface S, then 
one can of course differentiate the vector field Vz once more with respect to v 
in a covariant way. But this will introduce derivatives of w with respect to v. 
Hence, if we are only interested in the second derivative of z in direction 
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v and w, then we have to compensate for this effect and make the following 
definition. 


Definition 4.3.1 The second covariant derivative of z with respect to v and 
w is defined via 


Views = Vo(Vwz) — VoywZ: 
Let us now look at the second covariant derivative in a local parametrisation. 


Lemma 4.3.2 Let S be a regular surface and v, w and z be vector fields on 
S. Let (U,F,V) be a local parametrisation of S. As usual we express v in the 
basis given by the parametrisation, v = yy v'(aF/du'), and analogously for 
all other vector fields. 


Then, w.r.t. the basis 0F /du™, Ve wk is given by the coefficients 


wi J j hy J 
Ea ‘oreo +vkwi) — ye vw 


ijk 


ary 
» > k 
, (= au! a (ra Py rary) i 
ijk m=1,2 


The first sum contains exactly the usual second covariant derivative in direc- 
tions (v!,v2)' and (w!,w2)'. The other sums are correction terms involving 
lower-order derivatives of (z!,z2)'. We also observe that there are indeed no 
derivatives of (v!, v2)! and (w!, w2)'. Thus 


Corollary 4.3.3 The value of the second covariant derivative Vive at a point 
Dp € S depends only on v(p), w(p) and the derivatives of z at p up to order 2. 


For a vector field z on S we can therefore define the second covariant differential 
of z as 
V2: 758 x 18 + 7,8, 


(¥p, Wp) > (Vouz) (Ps 


where v and w are arbitrary vector fields on S with v(p) = Vp and w(p) = Wp. 


Proof of lemma 4.3.2 The proof consists of thorough calculations, in which 
it is most important to keep a level head. The vector field Vyz has the 
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components 


es aul a un ri Me) tp = (>) 19" 


For V,(VwZ) we obtain 


ijm 
B 
+0 wirg w+) rérg ziwipY (4.4) 
aut By ij By : : 
epy iiBy a=1,2 


(Sat heen ts 


dw” y 
JB 
+ 0 SV Th 2 + OTIS vile Oe (4.5) 
By yBy 


Subtraction of (4.4) and (4.5) cancels terms involving derivatives of v and w, 
and we obtain the claim. 


As the first covariant derivative is a concept that depends only on the inner 
geometry, the same is true for the second covariant derivative. 
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As announced before we will now define the curvature tensor as the error 
term that measures the non-interchangeability of the two arguments in the 
second covariant derivative. 


Definition 4.3.4 Let S be a regular surface, p € S a point, vp, wp € T,S tan- 
gent vectors, and z a vector field on S. Then the Riemann (curvature) tensor 
R, also called just the curvature tensor, is defined by 

2 2 


Vp.Wp® Vv Z 


Rvp, Wp)Z = V pipe 


We can express the Riemann curvature tensor in terms of a local parametri- 
sation as well. For this purpose let (U,F,V) be a local parametrisation of 
our regular surface, p = F(uo). We express vp, Wp and z in terms of a local 
parametrisation: 


OF 
Wp = » w!—(ug), 
p= Dw! (uo) 
J 
OF 
k 
L£= Y ial re 
s duk 
k 
Lemma 4.3.5 The Riemann curvature tensor w.r.t. a local parametrisation 
has the form 
2 
. .,0F 
_ £ bade 
R(vp, Wp )Z = p> Rig (Uo)v w’Z aut (uo), 
ijke=1 
where 
U ary a we £ pm £ pm 
k= aut Owl + >. (Thal y = Pgh ) 
m 
Proof All terms from lemma 4.3.2 that involve derivatives of z are symmet- 


ric in v, and wp and therefore cancel. Considering further that the Christoffel 
symbols ri are symmetric in the lower indices i and j proves the claim. 


As a direct implication we have the following corollary. 


Corollary 4.3.6 (a) The tangent vector R(vp,Wp)z at p € S depends only on 
Z(p), not on the values of the vector field z on S — {p}. Then the map 


Rats eink ts = 78, 
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Ry (Vp, Wp) Zp = Rvp, Wp)Z, 
is well defined, where z is an arbitrary vector field on S with z( p) = Zp. 
(b) Rp is linear in each argument. 


(c) Rp is skew-symmetric in the first two arguments, 
Rp (Vp, Wp)Zp = —Rp(Wp, Vp )Zp: 


It can at times be quite involved to calculate the curvature tensor using the 
Christoffel symbols. It is therefore useful to know that this can also be done 
using the second fundamental form and the Weingarten map. 


Theorem 4.3.7 (Gauss’s equation) Let S C R? be an oriented regular surface, 
p «8S. Then any v,w,z € T,S satisfy the following: 


Rv, w)z = IT(w, z)- W(v) — IT, z) - W). 
With respect to a local parametrisation this is given by 


£ pg oe 
Rix = hjw; - hixw;.. 


Proof We prove the local version. Let (U, F, V) be a local parametrisation. 
We recall (4.1): 
a°F 
auldul = LT T auk zt mon) 


Differentiating this equation with respect to u’ we obtain 


k 
arr => ani OF | nk oF 
dul ouldul : due auk 4 9ueauk 


— a(N 0 F) 
t.(NoF)+hj- ae 


; OF OF 
ij k 
a =) ( aue auk a Oe > Wires + normal component 
m 


F 
+ normal component + hj - (-w (57) 
u 


ory oF 
Ly kpm yin 
= y (= + : rf — ht) 


+ normal component. (4.6) 
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By the theorem of Schwarz we can interchange the derivations with respect to 
u' and u° and obtain by (4.6) that 


_ OF oF 
~ gueauidui = dutdu dul 
i ory 


OF 
ss =) (Z! aul Ou as dX (rire -rkr ") — hyw?? + haw’ ") ae 


+ normal component 


OF 
- > (Re tij — hywe' + haw ”) aum + normal component. 
m 


It follows that 


Rij — hywe a hejwi = 0. 


This is the claim up to renaming of the indices. 


A remarkable feature of Gauss’s equation is that the left hand side, i.e. the 
Riemann curvature tensor, is a quantity of the inner geometry, while the quan- 
tities on the right hand side of the equation, i.e. the second fundamental form 
and the Weingarten map, are quantities that do not only depend on the inner 
geometry of the surface. This now allows us to prove that Gauss curvature, 
unlike mean curvature, is a quantity of the inner geometry of the surface. 


Theorem 4.3.8 (Theorema Egregium) Gauss curvature can be calculated form 
the Riemann curvature tensor as follows: let p € S be a point. Choose an 
orthonormal basis v,w of TS. Then 


K(p) = 1(Rp(v, w)w, v). 


In particular, Gauss curvature depends on the inner geometry of the surface 
only. 


Proof According to the Gauss equation we have 


I(R0,w)w,v) = Id (w, w) - W(v) — I (v, w) - Ww), v) 
= II(w,w)IT(v, v) — L(y, w) IT (w, v) 
= det(W) 
= K, 


Example 4.3.9 The two regular surfaces S$; = {(x, y,0) "| x+y? <1} (circu- 
lar disc) and Sz = {(x, y,z)'|x* + y? < 1,z = 1 — x? — y2} (hemisphere) are 
diffeomorphic. The projection (x, y,z)' + (x,y,0)' gives a diffeomorphism 
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from Sz to S,. However, there cannot be an isometry between those two 
surfaces, since S; has Gauss curvature Ks, = 0, while for Sy we have Ks, = 1. 
Since, as we now know, Gauss curvature is preserved under isometries, such an 
isometry from S; to Sz cannot exist. Our “inhabitant of the surface” from the 
beginning of this chapter can therefore use the Gauss curvature of the surface 
in order to determine whether he lives on a circular disc or on a sphere. 


This example is of practical significance, since it shows that in principle it is 
impossible to draw absolutely correct maps. Such a map would have to transfer 
ratios of lengths of a part of the sphere to scale to a part of the plane. But 
this would be (up to a scaling) an isometry between two surfaces of different 
curvatures. For this reason every map will distort some lengths. The larger 
the area of the earth represented by the map, the larger the distortion. See 
section 4.10 for more on this. 


Lemma 4.3.10 Let S be a regular surface, let p € S, letv,w,x,y € TyS. The 
curvature tensor has the following symmetries: 


R(v, w)x = —R(w,v)x; 
I(R(Vv,w)x, y) = —I(R(v, w)y, x); 
I(R(v,w)x, y) = I(R(x, y)v, w); 
Bianchi identity: 
Riv, w)x + R(x, v)w + R(w,x)v = 0. 


Proof Part (a) is trivial. Statement (c) follows from Gauss’s equation: 


I(RQ, w)x, y) = [dT (w, x) - W(v) — Hv, x) - Ww), y) 
= IT(w,x) - I(v, y) — Iv, x) - Tw, y), 


since this expression does not change when interchanging the pairs (v, w) and 
(x,y). Part (b) follows directly from (a) and (c). Statement (d) can also be 
derived from Gauss’s equation: 


R(v,w)x + R(x, v)w + R(w,x)v 
= IT(w,x)W(v) — Iv, x) Ww) + IT (v, w) W(x) 
— IT (x,w)W(v) + I(x, v)W(w) — IT (w, v) W(x) 
= 0. 


Exercise 4.12 Prove that Gauss curvature with respect to a local parametri- 


sation is given by 
yt ik pi 
K= 7) BPR: 
ik 
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The Theorema Egregium and the last statement tell us how to calculate 
Gauss curvature from the curvature tensor. Conversely, the curvature tensor 
can be obtained from the Gauss curvature. 

Lemma 4.3.11 Let S be a regular surface, let p € S. For all v,w,x € TyS 


we have 
Riv,w)x = K(p)- d(w,x)v — I(v,x)w). 


In local coordinates, 
Ri =K- (gin — gixd}) 


Proof (a) Let V be a two-dimensional real vector space. We first show that 
the vector space of all multi-linear maps 


R:VxVxVxV->R 
that satisfy the symmetries 
B(V,wW,X,y) = —#(w,v,Xx,y) and B(V,W,X,y) = —B(v,w,y, x) 


is one-dimensional. We choose a basis e;,e2 of V and write v = vie; + ve, 
w = wie, + wen, x = x!e; +.x%e) and y= yley + yen. It follows that 


Rv,w,x,y) = (vw? — vw Ber, €2,%,Y) 


= (vlw? — vw!yrly? — xy B(e1, €2, €1, €2). 


Hence & is determined by the coefficient #(e1, e2, e1, 2). 
(b) By lemma 4.3.10 


4 (v,w,x, y) = I(R(v, w)x, y) 
satisfies those symmetries. One sees directly that this is also true for 
4y(v,w,x,y) := K(p)- dw, xl, y) — Iv, x) I, y)). 


4A, and £2 are linearly dependent by (a). By the Theorema Egregium, an 
orthonormal basis e1, €2 of TS satisfies 


By (e1, €2,€1,€2) = —K(p) = #2(e1, €2, €1, €2). 


Hence &, and & agree. The claim follows. 


We see that Gauss curvature and curvature tensor can be calculated from each 
other and hence contain the same information about the surface. 
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Table 4.1. Quantities that depend on the inner geometry only 


geometric quantity symbol expression w.r.t. local param. 
first fundamental form I 8ij 
surface element dA dA = ,/ 811822 — (g12)2du! du? 
1 Sim | gi d8ij 
covariant derivative Vv rk = ss um 1 git 
: pa aul t oul oun) ® 
ary, are. 
Riemann curvature tensor R : Ki” ki 


Uk gyi aul 
£ pm pm 
a Lm (re - nee) 
1 oe 
Gauss curvature K K= 5 Deg Rix 
ik 


Table 4.2. Quantities that are not invariant under local isometries 


geometric quantity symbol expression w.r.t. local param. 


second fundamental form I hi 
Weingarten map Ww wi => hig" 
principal curvatures Kj 


Ky +k. wit w5 


mean curvature H H= 5) 5 


The most important geometric quantities of a regular surface are sum- 
marised in tables 4.1 and 4.2. 


Riemannian metrics 


Since we will as of now just look at quantities that depend on the inner geom- 
etry only, we will at this point generalise the concept of the first fundamental 
form. What actually is the first fundamental form? It assigns a Euclidean scalar 
product to each tangent plane. That this scalar product is the restriction of the 
standard scalar product on R? is of no importance for quantities that depend 
on the inner geometry only. We therefore make the following definition. 


Definition 4.4.1 Let S C R? be a regular surface. A Riemannian metric g on 
S assigns a Euclidean scalar product g, on the tangent plane T,,S to each point 
p € S, such that for every local parametrisation (U, F, V) of S the functions 


Sij :Us> R, 
OF OF 
8ij(U) ‘= 8F(u) aul > aul 


are smooth. 
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The first fundamental form is, of course, an example of a Riemannian metric. 
But there are important examples of Riemannian metrics that are not the first 
fundamental form, as we will see later. One of them is the hyperbolic plane. 
The condition that the functions g;; must be smooth ensures the scalar product 
8p does not “wildly” depend on p, but is differentiable w.r.t. p. In the case of 
the first fundamental form this holds automatically. 

All quantities that depend on the inner geometry only, such as the surface 
element, the covariant derivative, the Gauss curvature and the Riemann cur- 
vature tensor, are also defined for regular surfaces with a Riemannian metric 
that is not the first fundamental form. 

We therefore define, for example, the Christoffel symbols via the formula 
from lemma 4.2.14 as 


ré —_ if 3 ISim ns OSim O8ii mk (4 7) 
ee 27 du! dus aun g : 


and then the covariant derivative for vector fields 


via 


1 . : 
Vnv(F(u)) = So (dur! (" o + Drkwvi@w!w) ow. 
ij 


- w2(u) auk 


Of course, it needs to be checked that this definition does not depend on the 
local parametrisation chosen; this is left as an exercise for the reader. In the 
case of the first fundamental form this formula holds automatically. We can 
analogously translate the other quantities that depend on the inner geometry, 
such as the Riemann curvature tensor and the Gauss curvature. We see that it 
was good to have required the smoothness of the g;;. For the definition of the 
covariant derivative we need the first derivatives of the g,;, for the curvature 
we also need the second derivatives. 


Exercise 4.13 Show that lemma 4.2.12 and lemma 4.2.17 also hold for 
general Riemannian metrics. 


Exercise 4.14 Show that for any two smooth vector fields v and w on a 
regular surface equipped with a Riemannian metric one has 


Vyw — Vywv = [v, w]. 
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Exercise 4.15 Show that lemma 4.3.10 and lemma 4.3.11 also hold for 
general Riemannian metrics. 


Example 4.4.2 We consider the torus S from example 3.8.18 with the 
parametrisation 
(1 — rcos(g)) cos(f) 
F(t,g) = | A —rcos(@)) sin 
rsin(g) 


The vector fields dF/dt and dF /dg are defined on the whole of S. The 
two vectors (0F/dt)(t,g) and (0F/dg)(t,gy) are a basis of the tangent plane 
TF(tg)S, but they are generally not orthonormal with respect to the first fun- 
damental form. We now define a new Riemannian metric, determining the 
Euclidean scalar product gry) on Tr¢g)S by requiring that (dF'/d2)(t,~) and 
(0F/d¢~)(t,g) must be orthonormal. For p € S this uniquely determines a 
Euclidean scalar product on 77S, since although p = F(t, y) = F(t’, g’) may be 
possible for different parameter values, the corresponding tangent vectors will 
agree, (9F/at)(t,p) = (8F/at)(t’,g’) and (AF /ay)(t,9) = (0F /dg)", 9’). 

In this way we obtain a well-defined Riemannian metric on the torus. What 
is the Gauss curvature for this Riemannian metric? Well, the definition is for- 
mulated such that with the parametrisation from above the Riemannian metric 


has components 
1 0 
(8i)ij = i ') : 


The fact that all the gj; are constant causes the Christoffel symbols to vanish, 
and hence 
K=0. 


Note that this is not possible for the first fundamental form on a compact reg- 
ular surface, since because of theorem 3.6.17 the Gauss curvature would then 
have to be positive somewhere. 

This construction of a Riemannian metric with K = 0 can be done on all reg- 
ular surfaces on which there are two smooth vector fields that, at each point, 
form a basis of the corresponding tangent plane. 

A very different approach for the construction of Riemannian metrics con- 
sists of pulling back a metric that is defined on a different, diffeomorphic 
surface. 


Definition 4.4.3 Let S; and Sz be regular surfaces, let ® : S; > S> be a dif- 
feomorphism. Let g be a Riemannian metric on $2. The pullback Riemannian 
metric ®*g on S; is defined by 

(®*g)p(X, Y) = Bap) (dpP(X), dp P(Y)) 


for all p € Sj, X,Y € T,S}. 


4.5 
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One easily sees that ®*g is a Riemannian metric on S;. Indeed, ®*g is the 
unique Riemannian metric on S; for which ® : Sy — Sp is an isometry. If F is 
a local parametrisation of S,, then ® o F is a local parametrisation of Sz. From 
the definition of ®*g it follows immediately that ®*g in the coordinates given 
by F looks exactly like g with respect to ® o F: 


(®* 2) = gij- 


Accordingly, all quantities that only depend on the inner geometry agree, e.g. 
for the Gauss curvature we have 


Koxg = Kg o®. 


Example 4.4.4 As we have seen in example 3.1.16, there is a diffeomor- 
phism ® : S* —> S, where S is an ellipsoid. We can then pull back the first 
fundamental form of the ellipsoid to the sphere. This gives a Riemannian 
metric on S* that does not agree with the first fundamental form of S”, since 
the Gauss curvature of the ellipsoid is not constant, and hence the one of the 
pulled-back metric is not constant either. 


Exercise 4.16 Let x € R be aconstant. In the case x > 0 let S = R? x {0} be 
the x—y plane; in the case x < 0; on the other hand, let S = {(x, y, 0)" x+y" < 
—4/«}. On S let the Riemannian metric g in Cartesian coordinates be given by 


(gis) = : (5 4) 
ae 7 (+e + y2y/4)? (OT 


Show that S with this Riemannian metric has constant Gauss curvature K = k. 


Geodesics 


We now want to investigate the following problem. In the plane the short- 
est connecting curve between two points is the corresponding segment of 
a straight line. What do shortest connecting curves look like on a regular 
surface? 


Definition 4.5.1 Let S be a regular surface with Riemannian metric g. Let c: 
I + Sbea parametrised curve. Then the Jength of c (w.r.t. (S, g)) is defined by 


Lc] := | Rexcosroy 


If gis the first fundamental form, then this notion of length agrees with the one 
that we defined for c : J > S Cc R? asa space curve in chapter 2. Otherwise 
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there is no connection. It is beneficial to look not only at the length, but also 
at the energy of curves. 


Definition 4.5.2 Let S be a regular surface with Riemannian metric g. Let c : 
I — Sbea parametrised curve. Then the energy of c (w.r.t. (S,g)) is defined by 


Biel = 4 f gen(eo. de 
Exercise 4.17 Show that the length of a parametrised curve does not change 
under parameter transformations, while the energy of a curve does. 
We can compare those two concepts as follows. 


Lemma 4.5.3 Let S be a regular surface with Riemannian metric g. Let c : 
[a,b] > S be a parametrised curve. Then 


L{c]’ < 2(b — a) Elc] 
where the equality applies if and only if c is parametrised proportional to arc- 
length, i.e. if 


Sect) (C(t), C(t) = const. 


Proof We set f : [a,b] > R, fO = Vgc (c(,c(). By the Cauchy- 
Schwarz inequality we have 


Lic? = ([ ro ; 1dt). 


b b 
< | prorat: f dt 


=2-E[c]-(b—a). 


We have equality precisely if f and 1 are linearly dependent, i.e. if f is constant. 
This means exactly that c is parametrised proportional to arc-length. 


In conclusion we can note that a connecting curve has minimal energy if and 
only if it has minimal length and is parametrised proportional to arc-length. 
It is for this reason that cyclists like to jump red traffic lights. Although the 
distance covered would not be increased by stopping, the energy needed would 
be higher. 

We will in the following work with energy instead of with length. When 
studying minimal surfaces, we derived a variation formula for surface area 
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(theorem 3.8.8). We will now derive a similar variation formula for the energy 
of curves. Let us first prove a lemma. 


Lemma 4.5.4 Let S be a regular surface with Riemannian metric g. Let c : 
IxJ = S, (s,t)  c(s,t), be asmooth map. Then 


Vdc _ V oc 
ds dt Ot das’ 


Proof From the formula 


2 
1 O8im , O8im — 98ij 
4 3 ( Ou; - Ou; OUm 8 


we see that in the case of general Riemannian metrics the Christoffel sym- 
bols are also symmetric in the lower indices i and j. Let (U, F, V) be a local 
parametrisation. We set 


clWV)CIxJ3U, u:=F'oc 


We have 


c=Fou 


and hence 
dc 3 duk aF 
at r at auk 


It follows that 


V dc ye ou dul OF 


as at — dtas oat - i at as auk’ 


k 


This expression is symmetric in s and t because of the symmetry of the 
Christoffel symbols in the lower indices i and j. 


We can now move on to the variation formula. 


Theorem 4.5.5 (Variation of energy) Let S be a regular surface with Riemannian 
metric g. Let p,q € S. Letc: (—&,€) x [a,b] — S be asmooth map such that for 
cs : [a,b] > S, cs(f) := c(s, t) we have 


Cs(a)=p, cCs(b) = @. 
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Let V(t) := (dc/ds)(0, 0) be the so-called variation vector field. Then: 


d Vv. 
Ay Eles! = = -{ &co(t) (vio, Feo) dt. 
Proof We differentiate inside the integral and use lemma 4.5.4: 
d 
—E 
as [cs] - 


1 b d . 2 
— 2 a 7 Boot Es), €s(0)) |, at 


ae Vv. 
= if Sco(t) 35080 _ 


; : V. 
.éo(0) + Seo(t) (éovo. 5508) 
s=0 s 
b V oc 
= — — (0,1), cCo(t) ) dt 
/ co(0) (= ay p) ), Co¢ )) 


p V oc 
— ——(0,t),o(t) ) dt 
i: Sco (0) (= 55 | > ), Co )) 


ae 


2 V 
a4 Seo (t) (Svi.c) dt. (4.8) 
a 
Because V(a) = V(b) = (0,0,0)!', the fundamental theorem of calculus gives 
that 
0 = gq(V(b), Co(b)) — gp(V (a), Cola) 
b d ; 
= i, FR) (VO), co(t)) dt 
2 V Vv. 
= / Sco) | ~VO, CoM | + Sco | VO, Col } } dt, (4.9) 
, dt dt 
thus 


P V e V 
/ Sco(t) (vo, ino) dt = = &co(t) (veo. ot) dt. (4.10) 


Substitution of (4.10) in (4.8) gives the claim. 


Corollary 4.5.6 Let S be a regular surface with Riemannian metric g. Let 
p.qgéS.Ifc: [a,b] > Sis a connecting curve from p to q with minimal energy, 
then 

VV. 

Woo =0 


for allt € [a, b]. 
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Proof For reasons of continuity it suffices to prove the claim for all t € 
(a, b). Suppose that we had (V/dt)Co(to) 4 0 for some fg € (a,b). 


We choose a local parametrisation (U, F, V), such that c(t9) € V. We further 
choose aé > 0 with 


[to — 5, fo + 5] Cc (a, b), 
c(t) € V for all t € [to — 6,t9 + 4]. 


We define 
u:[t—s,tp +5) >U ult) :=F '(c() 
and 
X : [tp — 8,t9 + 4] > R’, 
ifV. 
X(t) := (Duy F) Hoo . 
t 

Then 


Vis 
ae = Dyy F(X). 
We choose a smooth function @ : [fo — 6,f9 + 6] — R with 


gy = 0, 
g(to) > 0, 
supp(y) C [to — 6,t9 + 5]. 


For a sufficiently small « > 0 we have that u(t) + s- g(t): X() C U for all 
t € [tf — 6,t9 +6] and alls € (—e,¢). We can therefore define 
og := Fudb+s-e90-XO) CVCS 
for all t € [f9 —8,t9 +6] and alls € (—e,¢). Fors € (—e,¢) andt € [a,b] —[to — 4, 
to + 6] we set 
Cs(t) := c(t). 
Then c,(f) is smooth at (s,f) € (—e,€) x [a, b]. We now find the variation vector 


field. For t € [a,b] — [to — 6, t9 + 6] we obviously have 


VOSA) 2e=0: 
OS | 09 
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while for t € [to — 6, f9 + 6] we have 


Cs(0) 


ves” 
ds s=0 


=5,| Puts: 90-X0) 
S|s=0 


= oe -X(d) 


= 90: ~e. 


We substitute this into the variation formula for energy and obtain 


b V . 
- _ -{ Sc(t) (vio, 52) dt 
to+6 
= -| Se(t) (v5 ae <0) dt 
to—6 
to+6 
7 -| PO - Sect) (= c(t), <0) dt 
to—6 


Since the curve c = cg minimises energy we have 


d 
qe Els 


d 
—E =0 
ds [cs] kate ’ 
a contradiction. 
Definition 4.5.7 Let S be a regular surface and / an interval. A parametrised 
curve c: 1 > Sis a geodesic if 
u c(t) =0 
ee 
for allt € J. 
Example 4.5.8 Let S C R? be the x-y plane with the first fundamental form 


as Riemannian metric. As we already know, the covariant derivative agrees 
with the usual derivative in this case: 


Vie + 
AO = C(t). 


The geodesics are therefore precisely those straight lines that have a constant 
speed: 
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ct) =pt+t-v. 


Example 4.5.9 Let S = S? C R? be the sphere. We have already seen that 
among the lines of latitude 


cos(t) cos(0) 
c(t) = sin(t) cos(@) F 
sin(@) 


6 fixed, only the equator 6 = 0 satisfies the geodesic equation. 


Exercise 4.18 Let S$; and Sz be regular surfaces and let f : S$; > Sz bea 
local isometry. Show that if c : J + Sj is a geodesic, then the same is true for 
foc:I => Sp. 


Exercise 4.19 Let S be a regular surface and let c : I > S be a geodesic. 
Further let a, 8 € R. Show that c() := c(at+ B) is a geodesic as well. A linear 
reparametrisation of a geodesic is thus again a geodesic. 


Exercise 4.20 Use the last two exercises to show that on the sphere § = S? 
all great circles with constant speed are geodesics. 


Lemma 4.5.10 Geodesics are parametrised proportional to arc-length. 


Proof Let c be a geodesic. We differentiate and use the product rule II 
from lemma 4.2.17: 


Z c(t), c(t) = V a(t), c(t at), et =0 
< Bein (20,20) = Ben (Fa ),& ) + Bei (« ), a ) =0. 


Thus gov (€(4), (0) is constant. 


So for we know the following about geodesics 
Ui 


length-minimising and 


parametrised proportional to arc-length 


geodesics 


Y 
V 
parametrised proportional to arc-length 
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In general, the converses of the lower two arrows are not true. In the above 
example with the sphere S = S? the lines of latitude are parametrised pro- 
portional to arc-length for all 6, yet only the equator is a geodesic. Thus the 
converse of the lower arrow is not true. Further, the equator, traversed once, 
c(t) = (cos(t), sin(#),0)', t € [0,27], is a geodesic. However, the length- and 
energy-minimising connecting curve of p = (1,0,0)' with itself is, of course, 
the constant curve, c(t) = (1,0,0)'. Hence, in general, the converse of the 
middle arrow is also not true. 

To find out how many geodesics there are on a regular surface, we look at 
the geodesic equation w.r.t. a local parametrisation. For a local parametrisa- 
tion (U, F, V) and a curve c we write, where defined, u := F~!oc,i.e.c = Fou. 
The geodesic equation is then 


Vv. 
=> (#O+ DL rkw@iiowo) ST (uid) 
k 7 aut . 


The geodesic equation is hence equivalent to a system of (non-linear) ordinary 
differential equations in u(t) = (u(t), u2(t)): 


“oO+ >> Pi (u(t))it! ie! (0) = 0, (4.11) 
ij 


k = 1,2. Existence and uniqueness theorems for ordinary differential equa- 
tions [18, Ch. XIX] now give corresponding statements for geodesics. 


Theorem 4.5.11 (Existence of geodesics) Let S C R? be a regular surface with 
Riemannian metric g. Let p € S, v € T,S and to € R. 


Then there is an interval I Cc R with to € I and a geodesic c : I > S with the 
“initial conditions” 
c(t.) =p and C(to)=v. 


Proof We choose a local parametrisation (U, F, V) such that p € V. We set 
ug (= F-!(p) € Uand X := (Duy F)~1(v) e 2, By the existence theorem for 
ordinary differential equations we can now solve (4.11) with the initial condi- 
tions u(to) = up and (tg) = X. With c := F ou we have found a geodesic with 
the desired properties. 


Remark It is in some cases possible to solve the geodesic equation com- 
pletely in R, i.e. we can choose J = R. In the case that S is the x-y plane or 
the sphere, the geodesics (straight line and great circle, respectively) indeed 
have a maximal domain J = R. If we consider, for example, the unit disc 
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S = {(x,y,0)' | x*+y? < 1} in the x-y plane, then the geodesic equation is the 
same as for the x-y plane itself, i.e. the geodesics are the straight lines that are 
traversed at constant speed, but those leave the unit disc at a certain point. The 
maximal domain J of a geodesic is therefore bounded on both sides, unless the 
geodesic is a constant curve. 


Theorem 4.5.12 (Uniqueness of geodesics) Let S C R? be a regular surface with 
Riemannian metric g. Let I be an interval, to € I. Letc: I > S be a geodesic. 
Then c is uniquely determined by c(tg) € S and C(to) € Tec)S. 


Proof If we knew that the trace of c lay entirely in one open neighbourhood 
of the local parametrisation, then we could argue in a way similar to that used 
for theorem 4.5.11. We would simply cite the uniqueness statement instead of 
the existence statement from the theory of ordinary differential equations. 


But since we cannot assume this, we need to argue a bit more carefully. Let c; 
and cz be geodesics with the same initial conditions c; (fo) = c2(to) and cy (to) = 
C2(to). Suppose that there exists at € I, t > to, with cj(4) 4 co(t). We set 


ty := sup{t € [| t > tp, such that cy(t) = c(t) for all t € [t0, f}}. 


In words, f; is exactly the point at which c; and cz cease to agree. We now 
choose a local parametrisation (U, F, V) with c(t) € V. Since c,(t) = c2(t) for 
allt < t; (and ft > fg) we have that 


c(t)) = co(t,) aswellas c(t) = C(t). 


The uniqueness theorem for ordinary differential equations now tells us that 

c1(t) = c(t) as long as c,(t) € V and co(A) € V. For a sufficiently small e« > 0 

this is the case for all t € (¢; — €,t; + €). This contradicts the maximality of t,. 
It follows that cy (f) = c2(t) for all t > fo. The proof for t < fp is analogous. 


Exercise 4.21 Let S c R® be a regular surface with Riemannian metric g, 
let p € Sand v ¢€ T,S. Let c be the geodesic with initial conditions c(0) = p 
and c(0) = v. Let 6 € R be a constant. Show that the curve c(t) := c(6f) is the 
geodesic with the initial conditions c(0) = p and c(0) = dv. 


The following theorem allows us to get a qualitative idea about the course of 
geodesics on surfaces of revolution. 


Theorem 4.5.13 (Clairaut’s theorem) Let S be a surface of revolution, given 
by the parametrisation F(t,y) = (r(t) cos(g), r(t) sin(g),t)'. We take the first 
fundamental form as the Riemannian metric. Let c : I + S be a geodesic, 
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c(t) = Fir), g¢(@). Let 0(t) be the angle between C(t) and the line of latitude 
through c(t). 


Then 
r(t) cos(@(t)) = const. 


If r(@) becomes bigger, for example, then cos(6(t)) must become smaller, and 
hence @(f) bigger. 


Proof The first fundamental form was calculated in section 3.8.3. The 
result is 
1+rH? 0 
(gij(t, 9) ig = ( 0 r(t)2 ‘ 
We set 
oF oF 
vi=—— and w:=—. 
ot 0g 


The vector fields v and w form an orthogonal basis of the tangent plane at 
every point of the surface. The vector field w is always tangential to the lines of 
latitude, while v is tangential to the lines of longitude. As g2 does not depend 
on 9, we have that 


(= ) 1a (38 | 1 agn 
w)= = —0. 


ag?’ | 2ay\dv’ dav| 2 dp 
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Hence the tangential part of 8*F/dy* is proportional to v, 
Vww = ay, 


for a suitable function a. We similarly argue that 


(= ae of) 1 dg 
f= = -0 


dgot’ | 2dg\ oat’ at} 2 dag 


and hence 
Vyw = Vyv = Bw 


for a suitable function 8. We further have 


o= O12 
dg 


_ a /aF aF 
~ ag \ at’ ag 


(Vwv, Ww) + (v, Vyw) 


= (Bw,w) + (v,av). 
Hence 
a-|vl? = —B- |W. 
For an arbitrary tangent vector z = y -v +4 -w we have that 
(Vw, z) = v7 (Vow, v) +75(Vww,v) + 78(Vyw,w) + 5° (Vw) 
sO =— _~— es 
=0 =av =pw =0 


= 75 (alv)? + lw?) 


Hence a geodesic c satisfies 


d 
a we), <®) = (Venw,€) +(w(c(), Vee) = 0. 
— —{SE>—’ 


=0 =0 


Thus 
(w(c(f)), C()) = const - r(f) - cos(@(d) 


is constant. 
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Exercise 4.22 (a) Show that on surfaces of revolution the lines of longitude 
tt> F(t, go) are length-minimising connecting curves of their end-points (and 
hence in particular geodesics after a reparametrisation by arc-length). 


(b) What is the condition for a line of latitude g > F (to, y) to be a geodesic? 


Let us now return from surfaces of revolution to general regular surfaces 
with Riemannian metrics. We have seen that geodesics generalise the straight 
lines from plane geometry. Let us recall that the curvature of plane curves is 
defined as the deviation from a straight line. We can generalise this definition 
to curves in general (oriented) surfaces. We define them as the deviation from 
a geodesic. 

Let S be an oriented regular surface with Riemannian metric g. Let c : 
I + S be a curve parametrised by arc-length. Let n : J — R? be the unit 
normal field along c that complements ¢ to positively oriented orthonormal 
bases, i.e. for every t € J the pair (C(t), n(0) is a positively oriented orthonor- 
mal basis of T¢)S. Just like with plane curves differentiating the function 
thr gen(c(),c(@) shows that (V/dt)c(f) is perpendicular to c(t). There is 
therefore a unique function xg : J > R such that 


Vv. 
Ae = Keg(t) - n(t). 


Definition 4.5.14 The function xg is called the geodesic curvature of c in S 
w.r.t. g. 


It is clear from the definition that c is a geodesic if and only if ce, = 0. The 
geodesic curvature generalises the curvature of plane curves. If S is the x- 
y plane with the first fundamental form as a Riemannian metric, then kg is 
exactly the curvature of c, considered as a plane curve. 

If we change the direction in which the curve is traversed, i.e. if we change 
c to c(t) := c(—d), then xg changes its sign, Kg(t) = —Kg(—t). Leaving curve c 
as it is and reversing the orientation of the surface S we change n to —n, and 
Kg changes its sign, Kg(t) = —Kg(t). It follows that for non-oriented surfaces at 
least the absolute value of the geodesic curvature is |x| is still well defined. 


Exercise 4.23 Let S be an oriented regular surface with Riemannian metric 
g. Letc: J > S be a regular parametrised curve (not necessarily parametrised 
by arc-length). Let n : J > R> be the unit normal field along c that com- 
plements ¢ to positively oriented orthogonal bases. Show that the geodesic 
curvature of c is given by 


_ g(W/dde,n) 


K, mas 
2(€,¢) 


See also exercise 2.10. 
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Exercise 4.24 Let S be an oriented regular surface with Riemannian metric 
g and letc : J > S be acurve parametrised by arc-length, n as above. Derive 
the Frenet formulae, which in matrix notation are given by 


Vv. Vv \ 0 —kg 
(ear) (4, oF). 
The exponential map 


We now want to use geodesics to construct local parametrisations of surfaces 
that are particularly well suited to the geometry. Among other things this is 
important to make calculations easier to carry out; we have already seen in 
examples that the complexity of formulae can depend heavily on the coordi- 
nates used. As surfaces on the small scale are approximated by their tangent 
plane, we will try to translate the coordinates most commonly used on planes, 
i.e. Cartesian and polar coordinates, from the tangent plane to the surface 
itself. For this purpose we construct, using geodesics, geometrically natural 
maps from the tangent planes to the surface. 

Let S be a regular surface with Riemannian metric g. Let p € S be a point. 
For a tangent vector v € T,S we consider the (unique) geodesic c : ] > S with 
c(O) = p, ¢(0) = v and maximal domain interval J. If c is still defined at time 
t= 1,1.e. if 1 € J, then we set 


XP, (V) 2= c(1). 


If exp, is defined for v € T,S and if 6 € [0,1], then €XDp is also defined for 
év € T,S. If cy is the geodesic with c,(0) = p and c(0) = v, csy is analogously 
the geodesic with cs,(0) = p and c(0) = dv, then c3,(t) = c, (St), see exercise 
4.21. Hence cs, is defined at t = 1, since c,(0) = p is determined on the whole 
of [0,1]. This argument shows that the domain Y Cc T,S of exp, is a star- 
shaped subset of 7,S with respect to 0. The argument also shows that 


cy(t) = exp, (tv). (4.12) 

The domain is certainly not empty, since the constant geodesic c(f) = p is 

defined on the whole of R, in particular for ft = 1, and hence 0 € Y. The 

theorem about the dependence of solutions of ordinary differential equations 

on the initial values further ensures that Y, is an open subset of 7,,S and that 
exp, : D> S 


is a smooth map. 


Definition 4.6.1 The map exp, : Y — Sis called the exponential map. 
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Example 4.6.2 Let S = R? x {0} be the x-y plane with the first fundamental 
form as Riemannian metric. Let p ¢ S and v € T,S = R? x {0}. The geodesic 
c in S with c(0) = p and C(O) = v is the straight line c(t) = p + tv. Hence 
Dp = TpS = R* x {0} and 

exp,(v) =p tv. 


Example 4.6.3 Now let S = {(x,y,0)' € R* | x7 + y? < 1} be the unit disc 
in the x-y plane with the first fundamental form as a Riemannian metric, as 
above. The geodesics are again segments of straight lines, but as they leave the 
disc after a finite amount of time, the domain of the (non-constant) geodesic 
is always a finite interval. For the exponential map we have the same formula 
as above: 


exp,(v) =p+y, 


but the domain of the exponential map is now 
D ={v eR |ptve S}=S—p. 


Example 4.6.4 Let S = S* be the sphere, again with the first fundamental 
form as a Riemannian metric. Let p €¢ S andv € T,S = p+. We write v = bw, 
where w ¢€ 7,8 is a unit vector, ||w|| = 1 and 6 = ||v|| => 0. The geodesic c in 
S with c(0) = p and c(0) = v is given by the great circle c(t) = cos(ét) -p + 
sin(5t) -w. Hence Y, = T,S and 


exp,(v) = cos(|[vl]) -p + sin([|v ||) - v/Ilvil, v £0, 

D; v=0. 
We want to use the exponential map to translate coordinates from the tan- 
gent plane to the surface. However, the example of the sphere shows that the 
exponential map need not be bijective. We therefore have to restrict it. The 
inverse function theorem will then tell us that the exponential map, restricted 
to a neighbourhood of 0, is a diffeomorphism. To be able to use the inverse 
function theorem, we calculate the differential of the exponential map at the 
point 0 € Y,. We observe that 7) %, = ToT,S = T,S. 


Lemma 4.6.5 The differential of the exponential map at the point 0 is the 


identity, 
do exp, = Id: TpS > T)S. 


Proof Let v € T,S. We know from (4.12) that the geodesic c with initial 
conditions c(0) = p and c(0) = v is given by 


c(t) = XP, (tv). 


(i) 
(ii) 
(iii) 
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Further, ¢(‘) = tv is a curve in T,S with c(0) = 0 and e(0) = v. Hence 


d . 
do exp,(v) = Fr exp, (GO) 


= = exp,w)| 
= le 


= c(0) =v. 


By the inverse function theorem there exists a neighbourhood W of 0 € Y 
such that exp, lw : w- exp, (W) Cc Sis a diffeomorphism. For a local 
parametrisation (U;,F,,V;) of the tangent plane 7S we obtain with the 
choices U := F,'(W), F := expp oF ilu and V c R? open with VN S = exp, (W) 
a local parametrisation (U, F, V) of S. 


Example 4.6.6 Let S be an arbitrary regular surface with a Riemannian met- 
ric. Let p € S and let X;, X2 be an orthonormal basis of the tangent plane 7,5. 
We take the parametrisation in Cartesian coordinates for T,S, i.e. Uy = R? 
and F,(u!,u2) = »; u'X;. The corresponding local parametrisation of S, 


Ful, u’) = exp, ( 2 uiX;), 
i 
is called parametrisation in Riemann normal coordinates (at the point p). 


Riemann normal coordinates have properties similar to those of the normal 
coordinates, as we constructed in theorem 3.6.15 for the first fundamental 
form. 


Theorem 4.6.7 Let S be a regular surface, let p € S and let F be a local 
parametrisation in Riemann normal coordinates at the point p. Then the corre- 
sponding component functions of the metric and the Christoffel symbols satisfy 
the following: 


F (0,0) = p. 
gij(0,0) = dy, i,j = 1,2. 
(8gij/du*)(0,0) = 0 and TF (0,0) =0, i,j,k = 1,2. 


Proof Statement (i) is clear and statement (ii) means precisely that do exp, 
is a linear isometry. To prove statement (iii), we recall that the exponential 
map maps the straight lines through the origin to the geodesics through p. The 
map f +> tx describes a geodesic in Riemann normal coordinates for arbitrary 
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x € R*. The geodesic equation (4.11) then becomes 
> Ti (tx)x'x! =0, k=1,2. 
ij 


For ¢ = 0 in particular we therefore have 


> ri, O)x!x! = 0, k = 1525 
yj 


for all x. As ri (0,0) is symmetric in i and j for fixed k, we can polarise and 
obtain 
ri(0, 0) =0 


for all i,j,k. From (4.3) 


98m k k 
k 


it follows that 


Ogi 
0,0) =0 
ak ¢ ) 
for all i,j,k. 
Example 4.6.8 As above, let S be an arbitrary regular surface with a 


Riemannian metric, let p € S and let X,, Xz be an orthonormal basis of 
T,S. This time we take polar coordinates for T,S, Fy\(r,g)=r- (cos(y).X1+ 
sin(g).X2). The corresponding local parametrisation of S, 


F(r, gp) = exp, (1 - (cos(g)X1 + sin(g).X2)) , 
is the parametrisation in geodesic polar coordinates (at the point p). 


Theorem 4.6.9 (Gauss’s lemma) Let S be a regular surface with Riemannian 
metric g. Let p € S and let F be a local parametrisation in geodesic coordinates 
(7,9). 


Then the Riemannian metric has the following form with respect to the local 


parametrisation: 
GO =(4 fry?) 
Sij ’ W 0 fr, yy > 


with a positive function f that satisfies 


of 
ij =0, lim — = 1, 
lim f(r, gy) =0, lim ap ~) 
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Proof Let X;, Xz be the orthonormal basis of 7S that we have used for 
the definition of the geodesic polar coordinates, F(r, g) = exp, (F(r, y)), where 
For, y~) = r-(cos(g).X1 + sin(v).X2). The curve c(r) = F(r, go) is for fixed g = go 
by the definition of the exponential map the geodesic with ¢(0) = cos(go)X1 + 
sin(go)X2. Geodesics are parametrised proportional to arc-length and ¢(0) is a 
unit vector, hence 


gu’, go) = g(c(r),C()) = 1. 


Further 


“BI. rg = 0 (= oF 
“ ar® ar’ 09 


on 
= (=> a 5 ar ))+ (Se ee )) 
=§ ar or r, 0); rT, QO ar rT, Q0 Op ae r, PO 


V OF 
=0(+ 0), =(r "); «(Fe ¢o)s or ag” v0)) 


0 
= 0 — == 
+g (+ (r, oe -s ap ae ) 


=1 (7,90) 
= 0. (4.13) 


Hence the function g12 is constant in r for fixed gy = gp. As an abbreviation 
we set Y; := cos(go)X 1 + sin(@p)X2 and Y> := —sin(¢o).X1 + cos(gyo)X. This 
is the orthonormal basis of 7,,S that results from_X,, X> in a rotation through 
the angle go. We have 


aF aF 
= (90) =%1, =(r,¢0) =r: Y2. 
or 0g 

We calculate 


lim g12(7, go) = tim g (F.90)e5 90)» woth 0) 
r>0 r>0 


aF aF 
=. = es (Pe €XPp (Goo 00)) drr gp) €XPp (io ») 
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= ut Ca EXPp (V1), diy go) XPp( - Y>)) 


= g (doexp,(¥1), do exp, (0)) 
=, (4.14) 


From (4.13) and (4.14) it follows that 


812 = g21 = 0. 


1 O 
(gij)ij = (( ) : 


As the Riemannian metric is positive definite, we have g22 > 0 and we can 
write go = f*. Ina way similar to that used in (4.14) we calculate 


Hence 


lj 4; d aF F, aF 
aay §22 (r, £0) = ane F(r,g0) EXPy (5% v0)) > F (rg) EXPp e (r, vo)) 
_ img Ca €XPp (r- Y2); digg) XD, (1 . ¥2)) 


= g (do exp, (0), do exp, (0)) 


= 0. 
This proves that 
lim f(7, go) = 0. 
r>0 
Further, 
i) 
im eon oO 
r>0 0r r>0 r 


i /g22(T, Go) 
= hm —— 
r>0 r2 


i g22(r, Yo) 
1m ~——2—_ 


r>0 r 


= ; lim g ( dea eXPp(Y2), div go) expp(¥2)) 


= le (do exp, (¥2), do exp, (¥2)) 


= V8 (Y2, Y2) 


=I, 
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Observe that polar coordinates are not defined for r = 0. The differential of 
the parametrisation F does not have full rank. The point p itself cannot be 
given in terms of geodesic coordinates at the point p. We cannot therefore 
evaluate the function f at r = 0, though we can consider the limit as r tends to 
0. However, we can give p in terms of Riemann normal coordinates at p. 


Lemma 4.6.10 Keep the notation from theorem 4.6.9. Then the Gauss 
curvature satisfies 
1 of 
K(F(r,¢)) = ->—- 5S (9). 
FO) = aa) 
Proof Theorem 4.6.9 tells us that in geodesic coordinates the Riemannian 


metric has the form 


1 0 
(gi, 9) ij = (( FG, oy) . 


The inverse matrix is then 


(g"(r, Q))ij = € fr I) . 


Using the formula 


2 
1 Og} Ogi O8ij 

k y- jim im ii \ mk 

ny = ay aui aus aun) ® 


from lemma 4.2.14, we easily calculate 


1 2 1 1 
Pay = Tyg = Tg = Ty = 9, 


1 of 
2 2 
Pp =Ty, = far’ 
of 
1 
Ty = —f: ag 
a. 1 AP 
22, f dg’ 


The vectors dF/dr and (1/f)(0F/dg) form an orthonormal basis of the tan- 
gent plane. According to the Theorema Egregium (theorem 4.3.8) the Gauss 
curvature is given by 
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F 10F\10F oF 
K=8(R(2 a ) a Bi 
or fog) f dy or 


Ta 
pkin 
1 (ay, ary, ariph —plrt spi p2,—rbhr? 

~ 72\ ar ag 11h 23 hone hE 2 — © 99" 9 

aye af’ f OF gy (oes eee 

ff or are or f ar 

a eee 

fare 

Remark n geodesic coordinates the function f carries the complete infor- 

In geodesic coordi he function f carries the complete inf 


mation about the Riemannian metric. We have seen that Gauss curvature 

can easily be calculated from f. Let us investigate which requirements on f 

correspond to the condition of constant Gauss curvature K = x. The condition 
af 


1 
oe “fewer” 


is equivalent to 
af (7,9) f.9) 
ae ee ’ 
ar2 ba 7 p 4 P 


This is an ordinary differential equation inr +> f(r, ¢) if we keep ¢ fixed. This, 
together with the initial conditions f(0,¢) = 0 and (df/dr)(0,¢) = 1, uniquely 
determines the solution, which is 


1 
— sin(./k -r), k >0, 
JK 
fr, ~) = lr, k= 0, 
ras sinh(./—K-r), kK <0. 
—K 


This shows, in particular, that « uniquely determines the metric in the 
coordinate neighbourhood. 


Corollary 4.6.11 Tf Sand Sz are two regular surfaces with the same constant 
Gauss curvature x, then S; and S» are locally isometric. 


We now see that the inhabitants of the surface from the introduction of this 
chapter about the inner geometry of surfaces cannot distinguish different 
surfaces with the same constant Gauss curvature if they can only take mea- 
surements in the close neighbourhood of a point. In particular, they cannot 
distinguish the plane, the cylinder and the cone. 
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For the proof of the Gauss—Bonnet formula in the last chapter we will need 
the following formula, which expresses the integral of Gauss curvature in the 
neighbourhood of a point. For a regular surface S with Riemannian metric g, 
a point p € Sandr > Olet 


D(p,n :={qeS|A geodesic c : [0,1] > S with c(0) = p,c() = q, Lic] < r}. 


Lemma 4.6.12 Keep the notation from theorem 4.6.9. Let r > 0 be such that 
D(p,r) is (up to a zero set) covered by the geodesic polar coordinate system. 


Then 
got2n af 
| KdA =2n~ [ —(r,) dg. 
Dip) 0 ar 


Proof By the formula for the Riemannian metric from Gauss’s lemma the 
surface element is given in geodesic polar coordinates by 


dA =,/1-f2drdg =f drdg. 


For the geodesic coordinate system to cover D(p,r) up to a zero set, the 
domain of the local parametrisation must be of the form U = (0, R) x (¢0, go + 
27) with R > r. We substitute the formula for Gauss curvature from lemma 
4.6.10 and obtain 


| yot2x pr 1 af a 
KdA=-[- [ <r, o)f(r,9) dr 
Dips 0 0 FU; ”) ar? . i ? 4 


yot2 raf 
=— —~(r,y) drd 
[ : “S(r.9) drdy 


got2n 4 
--f (Fe. -1) dg. 
0 . 


The last equality holds since lim,_,9 (0f/dr)(r7, g) = 1. 


Having looked at Riemann normal coordinates and geodesic polar coordi- 
nates, we now introduce coordinates that are particularly tailored to a given 
curve on the surface. 


Lemma 4.6.13 Let S be a regular surface with Riemannian metric g. Let 
c:I— S be a curve parametrised by arc-length, defined on an open interval I. 
Letn: I > R> be a vector field on S along c that has constant length 1 and 
(c,n) = 0. Then there is for tg € Ian ¢ > 0, such that 


F : (to — €,f9 + &) x (—€,€) > S,  F(t,5) = exp, (sn), 
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is a local parametrisation of S. Along c the Riemannian metric w.r.t. this 
parametrisation has the form 


1 0 
(gii(t, 0)) i; a i i) . 


Proof The partial derivatives of F at the point (¢,0) are given by 


oF d : 
op tO) = Gp exPoin (0) = 2 


and ap 
= (t,0) = n(a) 
os 


and hence form an orthonormal basis of T,(S. By the inverse function theo- 
rem, F is then after a suitable restriction a local parametrisation. Because of 
the orthonormality the statement about the g;;(t,0) is clear as well. 


Definition 4.6.14 The coordinates corresponding to such a parametrisation 
are called Fermi coordinates. 


Fermi coordinates will be useful in the proof of the divergence theorem 
(theorem 5.1.7). 


Exercise 4.25 Show that we have for the Christoffel symbols in Fermi 
coordinates 


ri. (0) =1?,(¢,0) =13,¢,0) =0, T4(t,s) =T(t,s) =0, 


2. ¢é0=«,0, TL¢0 =T1.¢0 =, 


where kg is the geodesic curvature of c (w.r.t. the orientation of S making (¢, 1) 
positively oriented). 


Parallel transport 


If we have two points p and q ina plane E C R°, then we can identify tangent 
vectors from 7,£ with those from Tj, since T,E = T,E = E. If we now 
replace E by a general regular surface § C R°, then this is no longer straight- 
forward, since in general T,S ¢ T,S. In order still to be able to relate tangent 
planes at different points even on general surfaces we analyse the concept of 
“parallel” vectors in the plane a bit more carefully. 

We can translate a vector v9 € T)E into the corresponding (the same) 
vector from 7,£ in the following way: we choose a connecting smooth curve 
c: [a,b] > E, c(a) = p, c(b) = q, and consider along c the constant vector 
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field v(t) = vo or, put differently, the vector field along c that satisfies v = 0. 
Then v(b) € T,E is the vector translated to q. This approach can be used with- 
out complications on general regular surfaces by simply replacing the usual 
derivative of v by the covariant derivative. 


Definition 4.7.1 Let S be a regular surface with Riemannian metric g. Let 
c:I1— S be asmooth curve and v : J > R? bea vector field along c. Then v is 
parallel if 


V 
—v=0. 
dt 
Remark Hence a smooth curve c is a geodesic if and only if its velocity field 


Cis parallel. 


We now investigate the property of parallelism w.r.t. a local parametrisation. 
For this purpose let (U, F, V) be a local parametrisation that contains the trace 
of the curve c, c() C V. Write v(t) = >, Ek) (OF /du*) (u(t), where Fou =c. 
By (4.2) 


50 
ae = 
is equivalent to 
2 
E+ DTEEMEWOGO = 0 (4.15) 


ij=l 

for k = 1,2. This is a system of linear ordinary differential equations of first 
order in the coefficients £*. Because of the linearity of the system of equations 
we are in a situation which is better than the one we were in when we were 
dealing with the geodesic equations. Now solutions do exist not only locally, 
but on the whole interval J. Taking this into account, together with the fact 
that we are dealing with a system of first-order differential equations, so that it 
suffices to give an initial value (an initial derivative is not needed), we obtain 
through a reasoning similar to that in the proofs of theorems 4.5.11 and 4.5.12 
the following theorem. 


Theorem 4.7.2 (Existence and uniqueness of the parallel vector field) Let S bea 
regular surface with Riemannian metric g. Let c : I > S be a smooth curve, 
to € I, vo € Te(t)S. Then there exists exactly one parallel vector field v along c 
with v(to) = vo. 


Definition 4.7.3 Let S be a regular surface with Riemannian metric g. Let 
c : [fo,t;] > S be a smooth curve. The map P, : Te()S > Tea,)S that maps vo 
to v(t,), where v is the unique parallel vector field along c with v(fég) = vo, is 
called parallel transport along c. 
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Proposition 4.7.4 Let S be a regular surface with Riemannian metric g. Let 
c: [to,t;] ~ S be asmooth curve. Then the following hold: 


If vo € Teag)S, then the parallel vector field v along c with v(to) = vo is given by 
V(t) = Pettig, (Vo). 

The parallel transport Pe : Te()S — Tea,)S is a linear isometry. 

Parallel transport is compatible with the reparametrisation of curve, i.e. if v is 
parallel along c and y : J — [to,t] is a reparametrisation of c, then v o @ is 
parallel along co @. 


Proof Statement (i) follows directly from the uniqueness of parallel trans- 
port. We have linearity of parallel transport because of the following: let vo 
and wo be from T,4,)5, and let v and w be the parallel vector fields along 
c with v(to)=vo and w(t9)=wo. Let a, 8 €R. Then the vector field z(t) := 
a-v(t) + B- w(t) is parallel to c, since 


Tn et 
a di ae = ks 


The field z satisfies the initial condition z(t) = a - v9 + B - wo. Hence 
P(a- vo + B- Wo) = 2(H) = a+ v(t) + B- wt) = @- Pe(vo) + B- Pc(wo). 
This proves the linearity of P.. For two parallel fields v and w along c we have 
d Vv Vv 
we” w)=g (= w) +28 (v. a) 


= (0,w) + g(v,0) 
= 0. 


Thus c(i) (V(t), W(t0)) = ein) V4), W(t), Le. 
c(t) (VO, Wo) = Scr) (Pc(vo), Pc(wo)). 
This means precisely that P, is a linear isometry. Statement (ii) has therefore 


been proved. 
Point (iii) follows from lemma 4.2.12: 


uF = V _ 
yee ae a 


Exercise 4.26 Show that parallel transport is a concept of the inner geome- 
try of the surface. More precisely, if c : J > 5S, is a smooth curve, v a smooth 
vector field along c and f : S; — Sz a local isometry, then v is parallel along c 
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if and only if df o v is parallel along f o c. Further conclude that the following 
diagram commutes for J = [fo, ti], c(to) = p, c(t) = ¢: 


Ts 2S 


lar [ear 


Proc 
Tp pyS2. ——> ThqS2 


As the covariant and the usual derivative agree on the affine plane E Cc S,a 
vector field is parallel along a curve if and only if it is constant. In particular, 
the parallel transport P, : T)E — Tj,E is independent of the curve c that 
connects the points p and gq when we are dealing with the plane. This is not the 
case on general regular surfaces. 


Example 4.7.5 Let S be the conical surface, 
S=[{E.n0)" |e +9? = 4e7,¢ > oO}. 


To investigate parallel vector fields along the curve c: [0,7] > S, ct) = 
5 (sin(22), cos(2t), V3)! in S, we consider the x-y plane S$ = R? x {0}. The map 


f: Ses. f(x, y,0) = (a a y*, 2xy, V3(x" +y)! 


1 
Wea ye 


is a local isometry, see exercise 4.2. The curve c : [0,7] — S, ¢@ = 
(cos(t), sin(t),0)', satisfies that c = f 0 ¢. In the plane the parallel vector fields 
are exactly the constant vector fields. The vector field v(4) = (1,0, 0)', for 
example, is parallel along ¢. It follows that v := df ov is parallel along c in S. 


Using 
(2 -y?)x 
2 24 2 
of _ 1 xy 
ax 2 + y? e+ y2 : 
V3 
ee 


we calculate 


V(t) = danfM) 


1 
= den f 0 
0 


_ af. 
= 5, eo) 
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cos(f) — 5(cos(t)? — sin(t)*) cos(t) 
= sin(f) — cos(t)? sin(t) 
E cos(ft) 
cos(f) (1 _ 5 cos(21) 
= sin(t)? 


3 cos(f) 


In particular, v(0) = (1/2,0, /3/2)" and viz) = (—1/2,0, -V3/2)' = —v(0). 
The parallel transport changes the tangent vector vg = (1/2,0, /3/2)' into its 
negative in one revolution around c. More generally, vo is mapped to itself for 
an even number k of revolutions, i.e. c, parametrised on [0,k - 2], is mapped 
to itself by parallel translation, while it is mapped to —vo for uneven k. 


Exercise 4.27 Illustrate this by drawing a constant vector field along half of 
a circular line on a sheet of paper, and then making a cone out of the half of 
the disc. 


This example shows that parallel transport generally depends on the connect- 
ing curve on regular surfaces. 


Exercise 4.28 Let S be a regular surface with Riemannian metric g. Let 
c:I— Sbeaconstant curve, c = p. A vector field along c is therefore a map 
v:1-— T,S. Show that v is parallel if and only if v is constant. 


Jacobi fields 


We discussed the geometric meaning of Gauss curvature in section 3.6. Theo- 
rem 3.6.15 told us how the surface behaves near a point relative to the tangent 
plane at that point, in terms of the of the sign of the Gauss curvature at that 
point. But those investigations are only valid for the first fundamental form. In 
the case of a general Riemannian metric we want to understand what Gauss 
curvature tells us about the inner geometry of a surface. Jacobi fields are an 
important tool for this; they, as we will see below, contain information about 
the behaviour of neighbouring geodesics. 


Definition 4.8.1 Let S be a regular surface with Riemannian metric g. Let 
c be a geodesic on S. A smooth vector field J on S along c is called a Jacobi 


field if 


|< 


V 
—J = —RVJ, 0). 
ae (J,c)c 


Qa 


This Jacobi equation is a linear ordinary differential equation of second order 
in J. We can therefore take arbitrary initial values J(t9) and (V/dt)J(t) in 


4.8 JACOBI FIELDS 197 


T¢(#9)S for to from the interval J on which c is defined, and obtain a unique solu- 
tion of the equation, defined on the whole of J. As T.@,)S is two-dimensional 
the set of all Jacobi fields forms a four-dimensional vector space. 

To what extent do Jacobi fields tell us something about the behaviour of 
neighbouring geodesics? 


Definition 4.8.2 Let S be a regular surface with Riemannian metric g. Let 
co : 1 > S be a geodesic on S. A geodesic variation of co is a smooth map 
c: (—e,e) x I > S,é > Osuch that c(0,t) = c(t) and every curve c,: [ > S, 
Cs(t) := c(s, ft) is a geodesic, s € (—é,€). 


Proposition 4.8.3 If c is a geodesic variation on S, then the corresponding 
variation field J(t) := (dc/ds)(0, t) is a Jacobi field. 


Conversely, if J is a Jacobi field along a geodesic co, and if co has a compact 


domain, then there exists a geodesic variation of cg with variation field J. 


Proof (a) Let J be a variation field to a geodesic variation c. That every 
curve Cy is a geodesic means that 


Vdc _ 

at at 
We differentiate this equation with respect to s and obtain, using lemma 4.5.4, 
that 


V Voc 
~ as at at 

V V oc dc dc\ dc 
~ Ot as at (*. =) at 
_ VV dc R(= x) 5 

dt dt as as’ ot) ot 


In particular, setting s = 0 gives 


VV 
0= —— 


- Gar + RY: 6odeo 


the Jacobi equation. 


(b) Conversely, let J be a Jacobi field along a geodesic co. Let tg be in the 
domain of cp. We choose a curve s +> 9(s) with (0) = co(to) and g/(0) = 
J (to), €.2. 

P(S) 2= EXPoy (19) (S - J(t0))- 
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Let st» X(s) be the parallel vector field along g with X(0) = (V/dt)J(to) and 
st> Y(s) be the one with Y(0) = €o(to). We define 


C(S,t) <= expyysy ((t — to) (SX (s) + Y(s))). 


Then 


(0, t) = ExPey (1) ((t — f0)Co(t0)) = co 


and t+» c(s,f) is a geodesic for every s. Since the f-interval is compact, c(s, f) is 
defined for all sufficiently small |s| independent of t. 

We have constructed a geodesic variation c of co. The variation field J of c 
is again a Jacobi field by (a), and we have 


~ dc d , 
F(to) = Onto) = 5] _, &xPois) ) = 'O) = J(to) 
and 


je! C=. OS rare) 
a! 3a a aS 


VY V V 
=X0) +O = Fi) +0 = 7 He). 


Thus the Jacobi fields J and J have the same initial values at t = f9 and hence 
agree. It follows that J is the variation field of the geodesic variation c. 


Not all Jacobi fields are equally interesting. Jacobi fields are uninteresting if 
the corresponding geodesic variation originates from a simple reparametrisa- 
tion of the geodesic cg. As co is a geodesic, the same is true for fh co(at + B) 
with a, 6 € R arbitrary, see exercise 4.19. We can therefore define a geodesic 
variation of co for a,b € R via 


c(s,t) := co(ast + t+ bs). 
Then the corresponding Jacobi field J has initial values 
dc d : 
Ftp) = (0,60) = =| __ co(s(ato + b) + 10) = (ato + b) -eoto) 
ds ds |s=0 


and 


V(t aS t+b)-Co()) = co(t 
Gp 0) = Gilg (at +) COD) = a oto). 
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We observe that for uninteresting Jacobi fields both J(f) and (V/dt)J(t) 
are multiples of Cg(¢o), ie. tangential to cg. Indeed, we can give these Jacobi 
fields explicitly. Constraints due to the Jacobi equation and the initial values 
give that 


J(t) = (at + b)éo(t). 


These uninteresting Jacobi fields therefore form a two-dimensional subspace 
of the four-dimensional space of all Jacobi fields along co. 

These Jacobi fields have not given us any information about the geometry 
of the surface. Let us now move on to the interesting Jacobi fields. Let n(to) € 
Ty (t)S be one of the two unit tangent vectors that are perpendicular to C(t). 
Parallel transport along co then gives a unit normal field n(f) along co. As co isa 
geodesic, we know that n(f) is perpendicular to cg(4) for every t, not only for t = 
to. Now those Jacobi fields are interesting for which both J(¢j) and (V /dt)J (to) 
are multiples of n(to). We thus obtain another two-dimensional subspace of the 
vector space of Jacobi fields, complementary to the one of the uninteresting 
Jacobi fields. An arbitrary Jacobi field along cp can then be written uniquely 
as the sum of an interesting Jacobi field and an uninteresting one. 

Let us now show that such an interesting Jacobi field is perpendicular to 
€o(¢) for all t, not only for t = f. 


ay ve 
(=) g(J(t), Co(d) -«((5) 10.200) 


= —g(RV(), co) co), Co) 
=0 


because of lemma 4.3.10 (b). Hence the function t + g(VJ/(A),Co(t)) is of the 
form gVJ(t),Co()) = at+ £6 for certain a, 6 ¢€ R. If this function and its first 
derivative vanish for ¢ = fg, then it must vanish for all ¢. The interesting Jacobi 
fields can therefore be written in the form 


JQ) = x) -n. 


The Jacobi equation then translates to an ordinary differential equation in the 
coefficient function x: 


VV 
XO -n) = nae” = —-RVJ(O,cM)cM = —x ORO, c(/O)c, 
and hence 


XO = -xOg(RaO,cO)cO,nO) = —x OK (cold). 
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We see that for the interesting Jacobi fields the Jacobi equation is equivalent 
to the following ordinary differential equation: 


xX =-xX: (K o Co), (4.16) 


in which the Gauss curvature K plays a significant role. The solution to this 
differential equation cannot generally be found explicitly very easily. The 
interesting Jacobi fields give us actual information about the surface that tells 
us approximately how much neighbouring geodesics (from our geodesic varia- 
tion) diverge from each other. Let us illustrate this with a simple but important 
example. 


Example 4.8.4 If the Gauss curvature of a surface is constant, K = x, then 
(4.16) can be solved explicitly. Setting 


sin(./Kt)/./K, Kk >0, cos(./Kt), «> 0, 
S(t) = t, K=0, (c= 1, k=0, 
sinh(/|k|)//|K|, « <0, cosh(,/|k|), « <0, 
we have 
c(t)? + K5x(0)* = 1, (4.17) 
Se = Ck, (4.18) 
Ce = —KSx. (4.19) 


In particular, the functions s, and ¢, solve the differential equation 
X=-K-X 


and are linearly independent. Hence every solution of this differential equa- 
tion can be written as a linear combination of s, and ¢,. The interesting Jacobi 
fields are thus of the form 


I(t) = (a8 (0) + Be (2))n(0). 


They behave very differently depending on the sign of «. If « > 0, then the 
length of J is periodic with period 27/«. In particular, J is 0 again and again. 
For geodesics that diverge at a point this means that they will approach each 
other again after some time. 

If « = 0, then the length increases linearly. This is the familiar situation that 
we know from straight lines in the Euclidean plane. 


4.9 
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In the case « < 0 the length increases even more quickly, in fact exponen- 
tially. Summarising we can say that the more negative the curvature, the more 
the geodesics diverge. 


k>O0 k=0 Kk <0 


Exercise 4.29 Show that on the surface of revolution with parametrisation 
F(t,g) = (r(t)cos(g),r(é) sin(g),t)' the vector field dF /dg is a Jacobi field 
along the lines of longitude. 


Spherical and hyperbolic geometry 


We now want to investigate spherical geometry in more detail, in particular 
with regard to trigonometric rules analogous to those of Euclidean geome- 
try, which we treated in the first chapter. At the same time we introduce a 
surface which is in a way the negatively curved analogue of the sphere, the 
hyperbolic plane. We can investigate its trigonometry simultaneously. The 
hyperbolic plane has great historic importance, since it satisfies all axioms of 
Euclidean geometry except for the parallel axiom. It also shows that the efforts 
to derive the parallel axiom from the other axioms, which had been going on 
for thousands of years, were inevitably in vain. 
Let us construct the hyperbolic plane. For « € R we set 


My = {@y,2)7 ERK? +y)+2= i}. 


In the case x =1 this is simply the sphere Mi = S?. In the case « =0, on the 
other hand, we obtain the union of two parallel planes through the points 
(0, 0, 1) and (0,0, —1). We are now mostly interested in the case x = —1. The 
surface M_ is the two-sheeted hyperboloid, consisting of two sheets that are 
graphs of the functions z = +,/1 + x? + y*. Being graphs, they are, in partic- 
ular, regular surfaces. Since we do not want to work with several sheets, we 
additionally define 


~ 


M,., k > 0, 
“| {ay oT eM} z>0}, « <0. 
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So we take only the upper plane or sheet. We already know that M, has con- 
stant Gauss curvature K = 1, while the plane has K = 0, in each case with 
the first fundamental form as Riemannian metric. If we now take the first fun- 
damental form on M_ , then it does not have curvature —1, which we would 
have liked. 


Exercise 4.30 Show that M_, with the first fundamental form as Rieman- 
nian metric has positive Gauss curvature. 


Let us therefore take another Riemannian metric on M_,. Indeed, this exam- 
ple is so important that we have already introduced general Riemannian 
metrics because of this. For the construction of the Riemannian metric we 
define the following symmetric bilinear form on R?: 


a - zz! 
y|..y = ae yy 
K 


z z 
In the case x = 1, this is the usual Euclidean scalar product. If « = —1, then 
the symmetric bilinear form is not degenerate, but indefinite. We call (-,-)_4 


the Minkowski scalar product on R°. It plays an important role in Einstein’s 
special relativity theory. We call the set of all vectors of “vanishing length” the 
light cone 


[x R| (X45 Ss o| = {@y2)" e R3| 22 =? +yI. 


We now define the Riemannian metric on M, by restricting the symmetric 
bilinear form (-,-), for every point p ¢ M, to T,M,. The construction is thus 
similar to that of the first fundamental form, except that we have replaced the 
usual Euclidean scalar product on R3 by (-,°),. 

In the case « = 0, one could complain that we need to divide by 0 in the def- 
inition of (-,-)g, and that the definition is therefore not reasonable. But every 
tangent plane of My equals R* x {0}, i.e. the coefficient of the zz’-term does 
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not play a role anyway. We could therefore without worry replace (-,-)9 by 
the usual Euclidean scalar product without changing the Riemannian metric 
induced on Mb. It is simply the usual Euclidean metric on the plane. 

Since for « < 0 the bilinear form (-,-), is no longer positive definite, it is a 
priori not clear that the restrictions to the tangent planes of M, are positive 
definite. They need to have this property if we want to obtain a Riemannian 
metric. To check that at least the restrictions of (-,-), to the tangent planes are 
positive definite, we parametrise M, as follows: 


8x (1) cos(p) 
F.:RxR-R, F (7,9) := | 5, (7) sin(g) 
Cx (Fr) 


Here c, and 5, are the generalised sine and cosine functions defined in exam- 
ple 4.8.4. Using (4.17) it is easily seen that the image of F, is exactly M,, more 
precisely 

F(R x R) = F, ((0,7//«] x [0,277)) = My 


in the case x > 0 and 
F(R x R) = Fy ({0, 00) x [0,277)) = My, 


in the case x < 0. Using (4.18) and (4.19) we immediately get the partial 
derivatives of F,: 


oF, ce cos(~)\ ag —s, (r) sin(y) 
GP) = | ee(sin@) }, Oe) = | Se) cos(g) 
’ —K54 (0) 0 


The two partial derivatives are linearly independent for re (0,7/./x) and 
ré(0,0o). Restriction of F, to suitable domains therefore gives us local 
parametrisations cf. the M, except for the points (0,0,1)' and, in the case 
« > 0, (0,0, -1)'. At those two special points the tangent plane is exactly the 
x-y plane and a restriction of (-,-), gives the usual Euclidean scalar product, 
and is thus positive definite. For the other points we calculate the coefficients 
gij Of our restriction with respect to the local parametrisation F,, e.g. 


(= “(r,9), ee ) = ¢¢(r)? cos(y)? + tx (r)” sin(g)* + es (r)* 
r or é K 
= cy (rn)? + Kx (ry? =I. 


The other components are obtained in a similar way: 


1 0 
(gi(r, 9) ii = (( Sx . (4.20) 
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This matrix is positive definite for r € (0,7/,/k) and r € (0,00). Therefore we 
really have a Riemannian metric on M,. 


Definition 4.9.1 The regular surface M_,; together with the Riemannian 
metric defined via the restriction of (-,-)_1, is called the hyperbolic plane. 


The special form of the metric in (4.20) shows that F, gave us a parametrisa- 
tion in geodesic polar coordinates at the point (0,0,1)'. By lemma 4.6.10 the 
Gauss curvature is now given by 


EO 
Se (r) 


In particular, the hyperbolic plane has constant Gauss curvature —1. Further, 
the curvesr +> F,.(r,g) are the geodesics parametrised by arc-length that begin 
at (0,0, 1)'. The traces of these geodesics have a particularly simple geometric 
characterisation. They are exactly the intersection of the surface M,, with the 
plane through the origin, through (0,0, 1)' and through (cos(q), sin(g),0)'. In 
the case of the sphere M; this gives the great circles through the “north pole” 
(0,0,1)'. In the case of the plane we get the straight lines through this point. 
In the case of the hyperbolic plane we obtain hyperbolas. What do the other 
geodesics look like, those that do not pass through (0,0, 1)'? 

To understand this, we will use isometries to map the geodesics through 
(0,0,1)' to other geodesics. To do so we need to obtain enough isometries. 
We investigate which linear maps on R* become isometries after a restriction 
to M,.. For this purpose let L € GL(3). Let us first consider the case x # 0. If 
L preserves the symmetric bilinear form (.,-),, ie. 


(LX, LY), = (X,Y), 


for all X,Y € R°, then, in particular, M, is mapped to itself and for every p € 
M, the map d,)L = Ly ii, : TpMx > TL pMix is a linear isometry. However, 
in the case x < 0 it can happen that the two sheets of the hyperboloid are 
interchanged. To prevent this we additionally require that (0,0,1)' is mapped 
back to the upper sheet, i.e. the third component of the image vector must be 
positive. Writing 


Ly, Ly Ly 
L=|{L, Lo L3], 
L3, L32 L33 


we see that L33 > 0. The other points of the upper sheet will for reasons of 
continuity be mapped to the upper sheet as well: 


L(M,) = M,. 
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In the case « = 0, the vectors of the form (x, y,1)' must be mapped to vectors 
whose third component is also equal to 1. This means precisely that L3; = 
L32 = 0 and L33 = 1. Further, the Euclidean map must be preserved in the 
x-y plane for the maps to be isometries. This means that 


Ly ) 
€ O(2). 
i Ly @) 


Summarising, we can say that we have already found rather large groups of 
isometries on M,, i.e. 


{L € GL(3)| (LX,LY), = (X,Y), andLl33>0}, «<0, 
Gy = 1 {L € GLG)| L31 = L32 = 0, L33 = 1, (Lij)ija1.2 € O})}, « =0, 
{L € GL(3)| (LX, LY), = (X,Y)<}, = 0; 


For « =1 we have G; = O(3). In the case «x =0, the group Gg is isomorphic 
to the Euclidean group E(2), see definition 1.2.1. Indeed, L € Go maps 
the vector (x,y,1)' to (Lyx + Lyy + Ly3, Lax + Lay + L3,1)', ie. L 
acts like a Euclidean motion F4 with A = (Ljj)jj=1,2 and translational part 
b = (143, L23)'. 

The elements of the group G_, are called the time-preserving Lorentz 
transformations or orthochronous Lorentz transformations, a terminology 
that comes from relativity theory. 

For every «x, the group G, contains the rotations around the z-axis: 


cos(y) —sin(g) 0 
sin(g) cos(g) O]} € Gy. 
0 0 1 


Hence every point from M, can be moved into the x—z plane by an isometry, 
i.e. to a point of the form (5, (r),0,¢,(r))', without moving the point (0,0, 1)! 
in this process. 

For such a point (s,(r),0, ¢(r)) ' we consider the linear map 


CK (r) 0 Sk (r) 
b= 0 1 0 E Gy. (4.21) 
KSxc(r) O ¢K(r) 


This L interchanges the two points (s,(r),0,¢.(r))' and (0,0,1)'. Altogether 
we see that every point from M, can be mapped to the point (0,0, 1)! by a suit- 
able isometry. We say that the isometry group acts transitively on M,. Loosely 
one could say that M, with the Riemannian metric that we constructed is a 
surface with a very high symmetry. 

To come back to our discussion of geodesics, for an arbitrary geodesic 
through a point p € M, we can find an isometry L € G, which maps p to 
(0,0,1)' and the geodesic to the intersection of M, with a two-dimensional 
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subspace E of R3. As L is a linear map on 3, we know that L~!(E) is a two- 
dimensional subspace of R? as well. Generally it no longer contains the point 
(0,0, 1)', but instead contains the point p. This is summarised in the following 
theorem: 


Theorem 4.9.2 The traces of geodesics of My, with the Riemannian metric 
defined by the restriction of (-,-),, are exactly the (non-empty) intersections of 
M. with the two-dimensional subspaces of R?. 


In the case « = 1 these are the great circles on S*, in the case « = 0 they are 
the straight lines in the plane and in the case « = —1 we obtain hyperbolas. 


see 
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Exercise 4.31 Show that G, already contains all isometries of M,. 


Hint First use the exponential map to show that for p ¢ M, an isometry 
f :M, — My is already uniquely determined by the image point f(p) and the 
differential d,f : TpM, > Ty(p)Mx. 


We now begin to derive the trigonometric theorems for M,,. For this pur- 
pose we consider a geodesic triangle on M,, i.e. three points A,B,C € Mx, 
which are connected by geodesics of length a,b,c. We will denote the inte- 
rior angles at the vertices by a, 6, y. We will in the following always assume 
that the geodesic triangles are not degenerate, i.e. the lengths of the sides are 
positive and in the case x > 0 smaller than 2/./« and the angles are in (0,7). 
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We want to find relations between the angles and the lengths of sides. As 
isometries do not change angles or the lengths of sides, we can first use an 
isometry to map the point A to (0,0,1)' and then rotate B into the x-z plane. 
Without loss of generality we therefore have 


0 Sx (C) 5x (b) cos(@) 
A=|0]), B= 0 , C=] 5,(b)sin(a) }. 
1 Cx (C) cx (b) 


We apply isometry L from (4.21), which interchanges points A and B, with 
r =c to the entire triangle. 


As the side from LC to LB has length a and the angle at A is 6, we have 
5x (a) cos(B) 
LC= | 5, (a) sin(B) ]. (4.22) 
(a) 


On the other hand, we calculate 


—¢ (C) 05% (C) Sx (b) cos(a) 
LC= 0 1 0 - | 5,(b) sin(a) 


K8x(C) 0 te (Cc) cx (b) 
(4.23) 
— Cx (€)S«(D) cos(@) + S¢ (C) Cx (D) 
= 5, (b) sin(a) 
KS (C)Sx(b) Cos(@) + Cy (C) ey (B) 
We compare the components in (4.22) and (4.23) and obtain 
$,(a) cos(B) = —¢, (c)5,(b) cos(a) + $4 (C)¢, (b), (4.24) 
$x (a) sin(B) = 5,(b) sin(a@), (4.25) 
Cx (A) = K Sx (C)5x (b) Cos(a) + tq (b) eq (C). (4.26) 


Equation 4.25 gives the sine rule 


8 (a) _ 5x(b) 
sin(a) _ sin(B)’ 
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and (4.26) is called the cosine rule for sides. Multiplying (4.24) by cos(a) and 
(4.25) by sin(a) and subtracting the resulting equations one from the other 
gives 


5x (a) (cos(a@) cos(B) — sin(@) sin(B)) 
= —c, (C)5;(b) cos(a)* + 5 (Cex (b) cos(a) — §,(b) sin(a)?. (4.27) 


Interchanging the roles of b and c in (4.24) (ie. considering triangle ABC 
instead of ACB) we obtain 


$,(a) cos(y) = —¢, (b) 5, (C) cos(@) + S¢(b) ey (Cc). (4.28) 
We substitute (4.28) into (4.27) and finally use the sine rule: 


§,.(a) (cos(@) cos(B) — sin(@) sin(f)) 
= —¢,(C)8,(b) cos(a)* — $¢ (a) cos(v) + $¢(b) cy (C) — $< (b) sin(a)? 
= 5 (b) cx (c) sin(a)? — $¢ (a) cos(y) — $¢(b) sin(a)? 


= §,(a)c,(c) sin(@) sin(B) — S$, (a) cos(y) — $, (a) sin(@) sin(B). 
We divide this equation by s, (a), add sin(a) sin(8) on both sides and obtain 
cos(a@) cos(B) = ¢,(c) sin(a) sin(B) — cos(y). 


This is the cosine rule for angles. We summarise these rules in the following 
theorem: 


Theorem 4.9.3 (Spherical and hyperbolic trigonometry) Let ABC be a geodesic 
triangle with side-lengths a, b, c and interior angles a, B, y on M,. Then the 
following hold: 


the sine rule: 
Sx (a) - 8x (b) _ SK (C) | 
sin(a) sin(B) _ sin(y)’ 


the cosine rule for sides: 


Cx (A) = tx (Db) ey (C) + KS (DB) Sq (C) cos(@), 
t(D) = Cx (A) eq (C) + KS, (A)8x (C) cos(B), 
Cx (C) = Cx (A) eq (DB) + KS (a)5x (D) cos(y); 


(iii) 
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the cosine rule for angles: 


cos(a) = ¢ (a) sin(B) sin(y) — cos(B) cos(y), 
cos(B) = ¢,(b) sin(@) sin(y) — cos(a@) cos(y), 
cos(y) = ¢,(c) sin(a) sin(B) — cos(a@) cos(f). 


This theorem contains three trigonometric rules for both spherical (« = 1) and 
hyperbolic geometry (« = —1). The theorem holds for all « € R, in particu- 
lar for « =0. Indeed, the sine rule of Euclidean geometry (theorem 1.2.6) is 
included in theorem 4.9.3. The cosine rule for sides on the other hand is trivial 
in the Euclidean case. The cosine rule for angles says that in the case k = 0 


cos(y) = sin(@) sin(B) — cos(@) cos(B) = —cos(a + B) = cos(z — a — B), 


i.e. we obtain theorem 1.2.7 about the sum of interior angles in a Euclidean 
triangle. In the hyperbolic case x = —1 or more generally if « < 0, we have for 
c > O that c,(c) > 1, hence 


cos(y) > sin(@) sin(B) — cos(@) cos(B) = —cos(a + B) = cos(z — a — B) 


and thus 
a+Pt+y <a. 


Hyperbolic triangles are therefore “narrow” compared to Euclidean ones. 
Analogously we see that in the spherical case (« > 0) 


a+B+y>r. 
Spherical triangles are “fat”. 
Kk <0 k=0 k>0 
Exercise 4.32 Use the sine rule for geodesic triangles on M, to derive the 


height formula 
8x (Ac) = 8 (b) sin(w) = $ (a) sin(). 


h, is the height of the triangle with over side AB. 


Exercise 4.33 Derive the cosine rule (theorem 1.2.4) in the Euclidean case 
« = 0 from the sine rule and the cosine rule for angles. 
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Cartography 


Cartography is the science of geographical maps. Mathematically speaking, 
we want to study charts of S*. For simplicity, we will ignore all complications 
arising from the fact that the earth is better described by a certain rotational 
ellipsoid than by a sphere. Ideally, one would like to find charts which preserve 
lengths, angles, and areas up to a scale factor. However, this is not possible 
since such a chart would be an isometry between a portion of S* and a portion 
of R?. By Gauss’s Theorema Egregium no such isometry exists because S* has 
Gauss curvature K = 1 while the Euclidean plane has K = 0. In the literature 
on cartography one nevertheless finds statements of the extent that certain 
maps are length-preserving. This is rather misleading because it means that 
some lengths are preserved, not all. 

As we will see it is possible to construct charts that are angle-preserving or 
area-preserving. A chart is area-preserving if the area element of the sphere 
expressed in the coordinates u!,u* coincides with the area element of the 
Euclidean metric of the plane, dA = du! du?. How can we see whether or 
not a chart is angle-preserving? 


Lemma 4.10.1 Let g and g’ be two Euclidean metrics on R", n > 2. Then g 
and g’ define the same angles if and only if there exists anumber c > 0 such that 


§ =c-§. 
Proof If g’ =c- g, then for any non-zero vectors X, Y € R” we have 


8(X,Y) _ (X,Y) 
VEX XOJ/eVY) Je (XX Je.) 


because the factor c cancels. Thus the angles between X and Y are the same 
for g and for g’. 


Conversely, let g and g’ define the same angles. Fix a non-zero vector Y € R”. 
For any X € R”, not a multiple of Y, consider the triangle with vertices 0, Y 
and X. Denote the angle at the corner X by 7 and the one at the corner Y by 
&. It is important that the angles are the same for g and for g’. By the sine rule 
we have 


IXllg _ sin) _ Alle 


IVIg sing) IY Il’ 


hence 


g(X,X) =c- g(X,X) 
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with c = g'(Y, Y)/g(Y, Y). Since the set of vectors X which are not a multiple 
of Y is dense in R” this relation holds for all X € R” by continuity. Polarisation 
implies 


g(X,Z) =c- g(X,Z) 


for all X,Z € R”. 


This justifies the following. 


Definition 4.10.2 Let S and S’ be regular surfaces equipped with Rieman- 
nian metrics g and g’ respectively. A local diffeomorphism ® : § > S’ is called 
angle-preserving or conformal if there exists a positive functionc : $ > R 


such that 
O*o’ = c-g. 


By the previous lemma this means that the angle between X,Y ¢€ T,,S is the 
same as the angle between d,®(X),d,)®(Y) € Top)S. Note that the confor- 
mal factor c will, in general, depend on p € S. Since g and ®*g’ are smooth, c 
is a smooth function on S. 

A local parametrisation (U,F,V) of a regular surface S with Riemannian 
metric g will be called conformal if it is conformal as a map F : U > V, where 
U carries the Euclidean metric. In other words, there exists a positive function 
c: U > Rsuch that 


(situ! wy) =cut?) (4). 


The most common way to specify a location on the surface of the earth is to 
give its longitude 4 and latitude gy. For example, Greenwich (England) has 
longitude 2 = 0 and latitude g = 51°28’44” ~ 0.286 - 7. Mathematically, this 
means that we use the parametrisation introduced in example 3.3.3: 


.f_ £2 3 
F:(—,5) x (0,27) > R3, 
cos(~) - cos(A) 


F(g,4) = | cos(g) - sin(A) 
sin(g) 


The computation of the first fundamental form gave us 


1 0 
(si(¥.4)) = ( 0 cos*(g) ) 


212 THE INNER GEOMETRY OF SURFACES 


and hence 
dA = cos(¢) dg da. 


Thus longitude and latitude do not give rise to an area- or angle-preserving 
map. 

Let us instead look at so-called azimuthal charts of the sphere. They are 
obtained by projecting the sphere onto one of its tangent planes. For simplic- 
ity, we will always use the tangent plane to the “north pole” e3 = (0,0,1)', 
but any other point would do equally well. The simplest such chart is the 
orthographic projection or parallel projection. 


Here we have U = {(x,y)' |x? +y? <1}, V = {@,y,z)' €R3|z>0} 
and F(x,y) = (x,y,/1—x?—y2)', cf. example 3.1.5. Note that the local 
parametrisation F is the inverse of the projection. One computes 


1 1-y? xy 
(gij(X, y)) _ 1-2 ( xy {32 


and hence 


dA = ,/det(gij(x, y)) dx dy = (1 — go ye dx dy. 


Thus the orthographic projection is neither area- nor angle-preserving. It 
shows the earth as it is seen from outer space. 
The next azimuthal chart is the gnomonic projection or central projection. 


Here we have U = R?, V = {(x,y,z)' € R°|z > O}, and F(x,y) = 
(1/1 +x? + y2)(x,y,1)'. One computes 


7 1 1+y?  -xy 
(gij(X,y)) = 4x24 y2)2 ( —xy 1 + x2 


and 
dA = (1+ x" + y’)~3” dxdy. 
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Hence this chart is also neither area- nor angle-preserving but it has the 
pleasing property that the geodesics on the sphere, the great circles, are 
represented in the chart by straight lines. This is because a great circle is the 
intersection of S* with a plane E through the origin which is projected to the 
intersection of EF with the tangent plane, a straight line. Thus this type of map 
is well suited for finding the shortest route from one point to another. 

If we change the projection point from the centre of the sphere to the south 
pole we obtain the stereographic projection. 


In this case 


1 
U=R?,V=R3\ {(0,0,—1)T} , F(x, y) = tea 4y,4 —x2 —y?y7, 


+x 
iD = Gos (5 4) 

and ie 

~ Gey 

Thus the stereographic projection is conformal but not area-preserving. 


All three projections considered so far satisfy (g;(0,0)) = G ts Thus the 


dA dy. 


differential of the local parametrisation is an isometry at (0,0,)'. The distor- 
tion of the map is small near the north pole (or whatever point has been chosen 
as the projection centre). 

To get a map with small distortion in a whole neighbourhood of the equator 
(or any other great circle) one wraps a cylinder around the equator, projects 
the sphere onto the cylinder and then unwraps it. 


We then have U = (0,27) x (-1,1), V = R9 \ {(x,0,z)" |x > 0}, and 


cos(y) - V1 — h2 
F(g,h) = | sing): /1—h2 | - 
h 
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One computes 
1-h 0 
(gii(@,h)) = 0 1 
1—h2 


Thus this map is not conformal but dA = dg dh, hence it is area-preserving. 
Let us modify this example. We introduce a new parameter x and let the 
height h be a function of x yet to be determined, i.e. 


cos(y) - /1 — h(x)2 
F(g,x) = | sin(g)- /1 — h(x)? 


h(x) 
Then we get 
1— h(x)? 0 
(gi(@.x)) = F h(x)? 
1 — h(x) 


We see that we need h’ 4 0. We may and will assume that h’ > 0 because 
otherwise we may simply replace h(x) by h(—x). In order to get a conformal 
chart we need 


h' (x)? 


— 2 een 
1— h(x) The’ 


h(x) =1—-h(w)”. 


The solution to this ordinary differential equation with initial condition 
h(0O) = Ois 
h(x) = tanh(x). 


The resulting geographical map is known as Mercator’s projection named after 
the Flemish geographer Gheert Cremer (1512-1594), who latinised his name 
to Gerardus Mercator. 


Exercise 4.34 What can you say about the solutions to this ordinary 
differential equation with other initial values h(0)? 


There are many more geographical maps. For example, in order to get a good 
map representation of a neighbourhood of a circle of latitude other than the 
equator, one can wrap a cone around the sphere along a small circle and then 
unwrap it. The interested reader should consult a book on cartography such 
as [28]. 
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Exercise 4.35 Show that there are no geographical maps that are at the same 
time conformal and area-preserving. 


cylindrical equal-area projection 


| 


Mercator’s projection 
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Further models of hyperbolic geometry 


We now study charts of the hyperbolic plane. In contrast to the spherical case it 
is possible to find charts covering the whole hyperbolic plane at once. We will 
call such charts models of hyperbolic geometry. If (U, F, V) is such a chart with 
M_, C V, then F is a diffeomorphism from U to M_, and all investigations of 
hyperbolic geometry can be performed on U using the functions gj : U > R 
describing the hyperbolic Riemannian metric in this chart. Since the hyper- 
bolic metric was obtained by restricting the Minkowski scalar product of R* 
instead of the Euclidean scalar product, we have 


wy (ws?) = (FE (wi?) 3B (Wa2)) 


The first chart is obtained by central projection with respect to the origin of 
the unit disc in T,, M_; to M_. 


Expressed as formulae, this becomes, U = fez yl R? |x? + y? < 1} and 


1 


F(x,y) = (4.29) 


1 
/1 — x2 ~ y2 
This chart is known as the Klein model, as the Cayley-Klein model, as the pro- 
jective model, and also as the Beltrami-Klein model of hyperbolic geometry. 


We compute 


x 


OF —3/2 oF —3/2 
ee) ale eae) ey 
xy y 1—x? 
and hence 
on OF OF 
x,y) ={(—, — 
811%, y ax’ Ox Me 


THE INNER GEOMETRY OF SURFACES 


=(1-¥- y) a (-" +(1- yy + oy?) 


er. 
(1 — x? — yy 


and similarly for the other coefficients for the metric. We obtain 


1 1-y? xy 
(gij(, Y)) = (-2—-yp ( xy (32) 
Exercise 4.36 Show that the hyperbolic plane has infinite area. 


The metric does not look particularly simple in the Klein model but this 
model has one very pleasing feature: geodesics in M_, correspond to straight 
line segments in U. This is clear from the construction of F. The geodesics 
in M_; are the intersections of M_, with planes FE containing the origin. 
Under the central projection this is mapped to the intersection of E with the 
unit disc in T,,M_1. The intersection of the two planes E and T,.,M_ is a 
straight line. 

This allows a simple discussion of the parallel axiom. Keeping the terminol- 
ogy and the notation from the first chapter we now take the hyperbolic plane 
M_, as the set of points, the set of “straight lines” will be the set of traces of 
all geodesics, 


P= M_1, 


G := {M_1N E| EC R’ is a two-dimensional subspace} — {9}. 


The incidence relation is the usual set-theoretical inclusion. We immediately 
see that the incidence axioms I,-I4 are satisfied. Unlike in spherical geome- 
try, in which geodesics are great circles, there is an obvious useful definition 
for when one point lies between two others on the hyperbolas in hyperbolic 
geometry. The validity of the ordering axioms A,—As is then easy to see. For 
the definition of congruence of lengths and angles we use isometries as in the 
discussion of the Cartesian model of Euclidean geometry. This time we use 
the group G_, of isometries on M_ instead of the Euclidean group. It is then 
not difficult to show the validity of the congruence axioms. By theorem 1.1.9 
we already know that parallels therefore exist. The completeness axioms can 
be derived in a way similar to the one used for the Cartesian model. 

Only the parallel axiom is not valid, since parallels are not unique. This is 
easily seen in the Klein model. Given a line segment L in U there is an infinity 
of line segments not intersecting L but having one point in common. 


4.11 FURTHER MODELS OF HYPERBOLIC GEOMETRY 219 


Hyperbolic geometry shows that the parallel axiom does not follow from the 
other axioms of Euclidean geometry. 

Note that the Klein model is the hyperbolic analogue of the gnomonic chart 
of the sphere. Also compare their metric coefficients. Now we move on to the 
hyperbolic analogue of the stereographic projection in spherical geometry. In 
principle, we only have to change the projection point from the origin to —e; 
as in spherical geometry. To get slightly simpler formulae we do not project to 
Te, M_1 but to the parallel plane spanned by e2 and e3. The difference is only 
a stretching by a factor of 2. 


Set up in this way U is the unit disc as for the Klein model and one easily 
computes that 
Le ea? 
Fé) =—>3—5| 2 
L559 2n 


A calculation similar to the one for the Klein model yields 


4 1 0 
(iE) = as (4 i): 


Thus this model of hyperbolic geometry is conformal just like the stereo- 
graphic projection. So it comes at no surprise that this model is known as 
the conformal disc model and also as the Poincaré disc model. It was popu- 
larised by the Dutch artist Maurits Cornelis Escher (1898-1972) in his famous 
woodcuts such as “Circle Limit I” from 1958.! 


1 M.C. Escher’s “Circle Limit I” © 2009 The M.C. Escher Company — Holland. All rights 
reserved. www.mcescher.com 
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The straight line segments through the centre of the disc correspond to the 
geodesics of M_, given by intersections with those planes that contain both the 
origin and e;. The other geodesics correspond to circular arcs in the disc meet- 
ing its boundary perpendicularly. Escher’s woodcut displays some of them. 
The black fish are all congruent with respect to the hyperbolic metric. In par- 
ticular, their hyperbolic areas are all the same and similarly for the white fish. 

One may wonder what this picture would look like in the Klein model. 
The circular arcs must be replaced by straight line segments. Indeed, Escher’s 
Circle Limit I transformed to the Klein model looks like this: 
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There is another interesting and important model. We construct it as fol- 
lows. We start with the Klein model and do a parallel projection to the upper 
hemisphere, i.e. the point (x,y)' is mapped to (\/1 — x? — y2,x,y)'. This is 
the transformation that gave rise to the orthographic chart in cartography. 
The straight line segments in the disc are mapped to circular arcs meeting the 
equator of the hemisphere at a right angle. 


(/1—x? — y?,x,y)! 


Now we choose a point on the equator of the hemisphere, say e2, and per- 
form a stereographic projection with respect to e2 onto the tangent plane of 
the sphere at the antipodal point —e7. This maps the upper hemisphere onto 
the upper half-plane. The spherical arcs are mapped to spherical arcs in the 
half-plane except for those arcs in the hemisphere that contain e7. These are 
projected onto straight lines. Both the spherical arcs and the straight lines meet 
the boundary of the half-plane at a right angle. 


(u,v)! 


= 


e2 


The image of (/1 — x2 — y2,x,y)' under this stereographic projection is 
easily computed to be 


=F) 


Solving for (x, y)' yields 
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Plugging this into the parametrisation (4.29) of the Klein model gives us the 
Poincaré half-plane model 


1 w+v+4 
a aan Tie oe ee 
Av 


with U = {(u,v)' |u > 0}. As before one computes 


1/1 0 
ium =3 (5 AE 


Hence the Poincaré half-plane model is also conformal. Escher’s woodcut 
transformed to this model now looks like this: 


Exercise 4.37 The grey region A in the Poincaré half-plane model shown in 
the figure below is a geodesic triangle with vertices at infinity. Compute its area. 


oe 


5.1 


5 Geometry and analysis 


Surfaces with boundary are introduced. The divergence theorem of Gauss is 
derived and used to show that the total Gauss curvature of a compact regular 
surface does not depend on the Riemannian metric. 


The divergence theorem 


In this section we want to derive a two-dimensional analogue of the funda- 
mental theorem of calculus. In this theorem the integral of a derivative over a 
one-dimensional interval is identified with the difference of the values at the 
end-points. This term in the values at the end-points can be considered as the 
integral of the function over the (zero-dimensional) boundary of the interval. 
The divergence theorem expresses the integral of a derivative of a vector field 
as a one-dimensional line integral. To make all this precise we first need the 
notion of a surface with boundary. 


Definition 5.1.1 A surface with boundary is a closed subset S of a reg- 
ular surface Steg CIR> such that for every point p¢S there exists a local 
parametrisation F : U > Syeg of Syeg with p € F(U), such that either 


F(U) C S (then p is called an interior point of S) or 
F-!(p) = (x,0)' for an x € R and F-!(S) = {(x,y)' € U| y = 0} (then p is 
called a boundary point of S). 


The set of all interior points is the interior of S, the set of all boundary points 
is the boundary aS. 


Example 5.1.2 The closed circular disc S = {(x,y,0)"| x7 + y* < lh isa 
surface with boundary. We can take the x-y plane as the regular surface Sjeg = 
R2 x {0}. The points (x, y,0)' with x? + y* < 1 are interior points, since for 


ri= J/1— (x2 + y2) > 0 the set U := {(E,n)' € R?| € —x)* + (n-y)* < 7} 
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with the function F(é,) = (&,n,0)' is a local parametrisation of Steg, whose 
image is fully contained in S. 


The points (x, y,0)' with x? + y” = 1, on the other hand, are boundary points. 
For example, a local parametrisation of S;eg for the point (0, —1,0)! is given by 


11 - 
Ff 505) * co, 1) > R3, Fé = (En y1-#.0) , 


with F(0,0) = (0,—1,0)' and F(é,n) € S if and only if 7 > 0. For the other 
points (x,y,0)' with x? + y* = 1 we can obtain such a parametrisation by 
composing F with a suitable rotation. 


Exercise 5.1 Show that the upper hemisphere S = {(x, y,z)' € R3| x7 +y?+ 
z’ = 1, z> 0} isa surface with boundary. 


Exercise 5.2 Let c: R > R* be a simple closed space curve with period L. 
Let Steg be the ruled surface given by the parametrisation F(t,s) = c(t) +sv(0), 
v(it+L)=+v(,s € (-1,1). 


Show that S$ := F (R x [-3: +]) is a surface with boundary. 
Show that the following statements are equivalent: 
(i) Steg is orientable; 
(ii) v(t+L) =+v@ for all t; 
(iii) the boundary of S is the disjoint union of two space curves. 
What is the boundary of S in the non-orientable case, e.g. for the Mobius strip, 


see example 3.8.4? 


Regular surfaces S are also surfaces with boundaries; they are exactly those 
surfaces with boundary whose boundary is empty, 0S = @. 

If p is a boundary point of a surface with boundary, then the boundary near 
p can be parametrised by a regular curve. If F is a neighbourhood of the local 
parametrisation of Steg at p as in definition 5.1.1, then c(f) := F(t,0) is the 
afore-mentioned regular curve. For c(f9) = p we have C(t) € TpSreg. There 
are therefore exactly two unit vectors tv(p) € TpSteg that are perpendicular 
to C(to). They are called unit normal vectors to the boundary of S. We have 
(dy F)~!(é(to)) = (1,0)' for u = F~!(p) and therefore (d,,F)~!(£v(p)) cannot 
have a vanishing y-component as well: ((d,F)~!(+v(p)), (0, 1)") 4 0. If we 
choose v(p) such that ((d,F)~'(v(p)), (0, 1)') < 0, then v(p) is called the outer 
unit normal vector to the boundary at the point p, while —v(p) is the inner 
unit normal vector. 


Exercise 5.3 Let S be surface with boundary, p € dS. Show that there is a 
regular curve c: [0,¢) > SC R? with ¢(0) = —v(p) for the inner unit normal 
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vector —v(p), while the analogue for the outer unit normal vector does not 
exist. 


We will also have to integrate functions over the boundary of a surface with 
boundary, and hence make the following definition. 


Definition 5.1.3 Let S be a surface with boundary, let f : aS ~ Rbea 
smooth function with compact support. We write 05M suppf = C, U --- UC, 
as a disjoint union, where every C; is a part of the boundary that can be 
parametrised by a regular curve. We choose parametrisations by arc-length 
gil R? with cj) = C; and define the line integral as 


ds := 0 c(t)dt. 
[ fe ae cj(t)dt 


Using lemma 2.1.14 it is easy to see that the definition is independent of the 
choices made. 


Exercise 5.4 Show that if c; : J; + Cj are regular parametrisations of C; 
(not necessarily by arc-length), then 


| fas=>- / Hej) + ell at. 
as = rf 


We have seen in example 4.2.2 that differentiation of a function f on a regu- 
lar surface yields a vector field gradf, the gradient of f, on the surface. The 
statements from examples 4.2.2 and 4.2.3 remain valid if we endow the regular 
surface with an arbitrary Riemannian metric instead of the first fundamental 
form. However, for a given f the gradient also depends on the choice of the 
Riemannian metric; this is not the case for the differential dpf. 

We will now see how we can obtain a function from a vector field by differ- 
entiating. For this purpose let S be a regular surface with Riemannian metric 
g. Let X be a differentiable vector field on S. For p € S we can regard the 
covariant derivative of X as an endomorphism on 7,5, 


V.X:TpS—> TpS, Ypt> Vy,X. 


Definition 5.1.4 The trace of the above-mentioned endomorphism is called 
the divergence of X at the point p, 


div X(p) := Trace(Yp +> Vy,X). 


Lemma 5.1.5 If we write the vector field X with respect to a local parametri- 
sation F as X = )°,&'dF /du', then the divergence is given by 
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div X = a +Dn ie!) = <= ae  ( Vaeenne) 


Proof We find the matrix representation of the endomorphism Y, +> 
Vy,X with respect to the basis dF /du!, AF /au?. 


ag! OF aF 
= isa aut ae My ae 


The endomorphism Y, +> Vy,X therefore has the following matrix represen- 


tation w.r.t. this basis: 
— aul 7 Le eT Dae 


The trace is then 
div X = X ee - + ay rig é'). 


This proves the first part of the claim. 
As 


—— X em "_ ( Veeteen a) 


1 a/detlgen) 
= care Jdet( 
Vdetgin) X aul ee a) dX ao 


F) ; 
Je j 
=a 7 >) = (In (/det(eee))) & 
j 
deh 1 a F 
= dX ata dX j,i (in (det(gne))) &, 
the second part follows from the first if we can show that 


1 a : 
5 jai (in (det(gie))) = dX T. (5.1) 
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Using lemma 4.2.14 we calculate 
O8ik | Sik — OBI \ ik 
= 5.2 
a ji Ge 7 dul auk & ( ) 


=5 =p? (He) ik (5.3) 


since the first and the third sum in (5.2) cancel. Writing g for the matrix (g,); 
we can write (5.3) in a more compact way as 


0g 
7 = at ae 
Tace (© x) 


Equation (5.1) follows by lemma 5.1.6. 


Lemma 5.1.6 (Derivative of the determinant) Lett + g(t) be a differentiable 
curve of invertible real n x n matrices. Then 


G sdet =T -14 
coe Tace | me) 


Proof We first prove the equation for ¢ = fo if g(t) = Id. Then the claim is 
simply 


d _ dg 
ai det g(t9) = Trace (Ge) : (5.4) 


As commonly known (see [17, p. 171, theorem 7.2]), the determinant is 
given by 


det g = > sign(> )816(1) *** Sno(n)» 


(on 


where the sum is taken over all permutations o : {1,...,n} — {1,...,n}. It 
follows that 


ie t 
A eto) 


: dgno 
= Dien) (Ss a (oo): ence eee Gals = (to )). 


As gij(t9)=0 for iAj, the only permutation that can contribute a non- 
vanishing summand is the trivial permutation o = Id: 
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dgnn 


2 es = ieee SHG 
dt dt dt 
dg dgnn 
= ——(fp)-1---14+---+1-:-1.- t 
A (to) treet a (to) 
dg 
= T —(t : 
race (iw) 


In the case g(to) = Id, we set A(t) := g(to)~! g(t). Then A(to) = Id and an 
application to h of the part already proved gives 


we d dh 
det(g(fo))! 5 det g(to) = 5 det h(to) = Trace { (to) 


d 
= Trace (ston = «w)) ; 


which proves the lemma. 


Let us now move on to the main result of this section. 


Theorem 5.1.7 (Gauss’s divergence theorem) Let Steg be a regular surface with 
Riemannian metric g. Let X be a continuously differentiable vector field with 
compact support on Syeg. Let S C Steg be a surface with boundary. Let v be the 
outer unit normal field of S. Then 


[sive aa = g(X, v) ds. 
Ss as 


Proof For every point in supp X 9S there is a local parametrisation of Syeg 
as in definition 5.1.1. As supp X  S is compact, we can cover supp X 1 S with 
finitely many neighbourhoods from such parametrisations. In a way similar 
to the one used in the proof of theorem 3.8.8 we choose smooth functions 
Pj: R? + R with0 < pj < Land >?, pj = 1 ina neighbourhood of supp X 0S, 
such that every support supp 9; is contained in a neighbourhood as described 
above. If we now write X; := pj -X, then X = }), Xj on S and every X; has 
its support in a neighbourhood as in definition 5.1.1. By the linearity of the 
integral and of the divergence it suffices to prove the claim for the Xj. There is 
thus no loss of generality if we assume that supp_X MN S is contained in such a 
neighbourhood. 


Let us therefore suppose that supp X 1 S is contained in such a neighbourhood. 
We first consider the case that the neighbourhood meets the boundary of S, 
i.e. that it is of the second type in definition 5.1.1. The local parametrisation 
F : U = R’ therefore has the property F-1(S) = {(u',u?)' € U| u2 > 0} and 
supp X NS c F(U). Without loss of generality we further assume that 
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F:U=(-a,a) x (—a,a) > S 


are Fermi coordinates along c, cf. lemma 4.6.13, where c is a parametrisation 
by arc-length of aS NM F(U). Along the boundary of S we then have 


“7 _ (1 0 
(gi(w 0), = (( ') (5.5) 
and . 
v(F(u!,0)) = a2 Gilg: (5.6) 
au 


In particular //det(gx¢)(u!,0) = 1. We now find the formula of the divergence 
theorem w.r.t. this parametrisation, using lemma 5.1.5. For X = )7j élaF/dul 
we obtain 


i divX dA 
S 


a a 1 ra) z 
a J 1,,,2 
= [ e FC X aul (Jdet(gucdé ) Vdet(gxe)du'du 


apa 9 F 
_ >| i —— (Vdet(gun)é") du‘ du. (5.7) 
j 0 Ja dul 
The summands with j = 1 are first integrated over u! and we obtain 
a ra) 1 1 
~<- (/det(guedé") du 
_q oul 
= y/det(gie)(a,u?)§"(—a,u*) — y/det(gee)(—a, u?)§"(—a, u") 
-0, 


since €!(—a,u?) = é!(a,u”) = 0 by the assumption about the support of X. 
The summands with j = 2 are first integrated over u? and we obtain 


[be (vant) a 
0 


au2 
= y/det(gxe)(u!, a)é*(u', a) — \/ det(gxe)(u!, OVE? (u", 0) 
= —€7(y',0). 


Equation (5.7) then simplifies to 


a 
/ divXdA=— | &(u!,0)du'. 
AY —a 
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Evaluation of the line integral gives 
a 
i g(X,v)ds = J (—§7(u',0))dut 
as —a 


by (5.5) and (5.6). 
If the neighbourhood does not meet the boundary, then the above argu- 
ments show that 


Ss 


This proves the divergence theorem. 


The boundary term in the divergence theorem measures the proportion of the 
vector field that points out of the surface with boundary S. If we imagine the 
vector field X as the current density of a liquid that flows on the regular surface 
Sreg, then the boundary term gives the net amount of liquid that flows out of 
S. In particular, if the field is divergence-free, i.e. divX = 0, then the amount 
of liquid in S remains unchanged. Arguments of this type are important in the 
derivations of many conservation laws in physics. 

The divergence theorem now also gives us a graphic interpretation of the 
divergence of a vector field. If p is a point on the regular surface, then we take 
the circular disc D(p,r) with centre p and radius r as the regular surface with 
boundary, see lemma 4.6.12. The mean of the divergence on this disc is by the 
divergence theorem 


Jip SVX dA _ Sadcpn 8(X v)ds 
AID(p,.n] ——AID(p,n] 


Passing to the limit r \, 0 gives 


; (X, v)ds 
divX(p) = lim J abipn 8 
0 A[D(p,r)] 


The divergence at p therefore tells us how far the vector field at the point p 
points out of the disc. If the divergence at p is positive, then we can imagine p 
as a source for the vector field, if it is negative then p is a sink. 


Exercise 5.5 Sketch the following vector fields in the x—-y plane near the 
origin and calculate their divergence (w.r.t. the usual Euclidean metric) at the 
origin: 


X (x,y) = (x, y,0)" 
X (x,y) = (—x, —y, 0)"; 
X (x,y) = (1, 0,0) 
X (x,y) = (—y,x,0)'. 
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Let S be a regular surface with Riemannian metric g. For a twice continuously 
differentiable function f : S > R we set 


Af:S—>R, Af :=divgradf. 
Definition 5.1.8 We call A the Laplace operator. A function that satisfies 
Af =0 
is called harmonic. 


Example 5.1.9 Let § C R® be a minimal surface with the first fundamental 
form as Riemannian metric. Let ¢ : R* — R be a linear function, e.g. one of 
the three Cartesian coordinate functions. We then argue that 


f:=lls:S>R 
is harmonic. As € is linear, there exists a vector Z € R? such that 
£(X) = (X, Z) 
for all X € R°. The gradient of f at the point p is given by the projection of Z 


on T,S: 
grad f(p) = Z — (Z, N(p)) N(p), 


where N is one of the two unit normal fields on S that are defined at least near 
p. This formula for the gradient follows from the fact that the gradient at p is 
the unique tangent vector which satisfies that 


(grad f(p),X) = dxf = (X,Z) 
for all X € T,S. The covariant derivative of grad f is therefore given by 


Vx grad f = dgrad f(X) — (dgrad f(X),N)N 
= —(Z,dN(X)) N — (Z,N) dN(X) 
+ ((Z,dN(X)) N,N) N + ((Z, N(X)) dN(X),N) N 
= (Z,W(X)) N+ (Z,N) W(X) — (Z, W(X)) N +0 
= (Z,N) W(X). 
We equate the traces of the left and the right hand sides of the equation to 


obtain 
Af = div gradf = (Z,N) Trace W = 2(Z,N) H = 0. 
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We can, of course, apply the divergence theorem in the special case 0S = 9. 
The boundary integral then vanishes and we obtain the following corollary. 


Corollary 5.1.10 Let S be a compact regular surface with Riemannian met- 
ric g. Then every continuously differentiable vector field X and every twice 
continuously differentiable function f on S satisfy 


[sivx aa =i / AfdA. 
S Ss 


Exercise 5.6 Show that differentiable functions f and differentiable vector 
fields X satisfy 
div( fX) = fdivX + g(gradf, X). 


Exercise 5.7 Let S be a compact surface with boundary and let f,, fo : S > 
R be functions which are sufficiently often differentiable. Prove the Green 
formulae: 


[ er ee i, g(grad fi, grad fy) dA + / inf fads 
ifaS=¢@: 
for pda = [ir pga: 


Exercise 5.8 Let S be a compact regular surface (without boundary). Let 
S be connected in the sense that any two points of S can be connected by a 
smooth curve in S. Show that the constant functions are the only harmonic 
functions on S. 


Definition 5.1.11 Let S be a regular surface. A symmetric (2,0) tensor field 
on S$ is a map that assigns to every point p € S asymmetric bilinear form by on 
T,S, so that w.r.t. local parametrisations F : U — S the functions 


OF OF 
by: U > R, by) = brw) (Se. a) , 


are always smooth. 


Riemannian metrics are exactly those symmetric (2,0) tensor fields that are 
positive definite at every point p € S. 

Now let S be a regular surface with a Riemannian metric g and another 
symmetric bilinear (2,0) tensor field b. 


5.2 
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Definition 5.1.12 The trace of b is the function Trace b : § > R, which, w.r.t. 
a local parametrisation F, is given by 


(Trace b)o F = > ge" bi. 
ij 


The divergence of b is the vector field div b on S, which, w.r.t. a local 
parametrisation, is given by 


(div by° = Yi gk g! (ze = y (Tabet + rab) P 


ijk 


Remark The trace and the divergence of symmetric (2,0) tensor fields can, 
of course, also be characterised without the use of local parametrisations. If we 
fix p € S, then there is for the symmetric bilinear form b, on T,,S exactly one 
endomorphism B, : T,S > T,S with bp(X, Y) = gp(Bp(X), Y) for all X,Y € 
T,S that is self-adjoint w.r.t. g,. In local coordinates this endomorphism has 
the matrix coefficients Bi =>, g'Xbyj and we have 


(Trace b)(p) = Trace(B,). 


The divergence of symmetric (2,0) tensor fields, like the divergence of vector 
fields, can be defined as a trace of a suitably chosen covariant derivative of 
such tensor fields. However, as we do not need this, we will omit the details. 


Variation of the metric 


We will spend the rest of the chapter discussing how geometric quantities, 
e.g. the surface element or the Gauss curvature, change if we distort the 
Riemannian metric. 


Definition 5.2.1 Let S be a regular surface and let J Cc R be an interval. A 
one-parameter family of Riemannian metrics on S is a map that assigns every 
t € IT and every p € S a Euclidean scalar product g;» on T,S, such that for 
every local parametrisation (U, F, V) of S the maps 


OF OF 
IxU>R, (tu,w)b gi(t.u'u?) = gr (Seo. sat) 


are smooth. 


Put briefly, for every fixed t € J there is a Riemannian metric p +> g;p such 
that everything depends smoothly on t. 
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Example 5.2.2 If there are two metrics go and g; defined on a regular surface 
S, then 


Stp = (1—-Dgopt+teip, te [0,1] 


defines a one-parameter family of Riemannian metrics, which represents a 
transition from gg to g1. 


Example 5.2.3 If gis a Riemannian metric on S, then 
St.p = (8p, te (0, oo) 


defines a one-parameter family of Riemannian metrics, which are simply 
scalings of the original metric. 


Given a one-parameter family of Riemannian metrics with fg € J we can find 
its Taylor expansion w.r.t. t about ¢ = fg and write 


gi(t,u',u?) = gy(u',u?) + (tt) - (ul, u) + O((t — f0)”). 


Analogously we define ¢”, re : Ri, K, dA, and so forth. This definition of gi 
determines a (2,0) tensor field g, the derivative of this one-parameter family 
w.r.t. ¢ at the point ¢ = to. The derivatives of all quantities that only depend 
on the inner geometry of the surface can be found using the derivative of the 


metric. We will now investigate this in more detail. 


Lemma 5.2.4 The following are implications of the definitions made above: 


a => gileug™. 
il 


: 1 0g; 0g; Ogi . 
ks ka Joe ie i] Belk 
"2 as G: Gul due dys mee 


Proof In the proof we will use the abbreviation 0; := 0/du! and the Einstein 
summation, which allows a more compact notation and is popular in literature 
in physics. The convention consists of omitting the sigma and regarding an 
expression as a sum if an index appears twice, once at the top and once at 
the bottom. The formula from lemma 4.2.14 for the Christoffel symbols then 
becomes 

ri = 588" (Agia + 98a — InBii)- (5.8) 


Note that the summation indices, here a, can be renamed at any time. We will 
make extensive use of this. 
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For the proof of (a) we differentiate the (constant) Kronecker symbol and 
obtain 


0 = dF = (gig) = &yg"* + Bie". 
It follows that 
- jk . ii 
siya! = — eye" 


and hence claim (a). 
Differentiating (5.8) with respect to parameter ¢ gives 


Ph = 38" (8igia + 98ia — IaBiz) + 38° (Bika + Ikia — Audi) 
= —1 gga 6g" (aigin + Oi8ia — Ia8ij) + sok (O:ic + O8ia — Iw8ij) 


= Tig ke pe + te (Oikja + dj8ia — v8). 


The last equality is obtained by substituting (5.8) again. 


Lemma 5.2.5 The variation of the surface element is given by 


dA=1 Trace(g)dA. 


Proof The claim essentially follows from lemma 5.1.6: 
det(gij)’ 
,/det(gi;) = ———— 
v2, /aet(gi) 
_ 8 Ke gee det(gii) 


2,/ det(gij) 


1 
=5 Trace(g),/det(gjj). 


We therefore already know how the area changes if the Riemannian metric on 
a compact regular surface is deformed: 


d 1 P 
7 eg AEB =5 [ trace@aa. 


Exercise 5.9 Use this formula to derive theorem 3.8.8 again. 


Hint Write the normal field ® (locally) in the form ® = f - N, where N is 
a unit normal field, and show for the resulting one-parameter family of first 
fundamental forms that 


é=—-2f-1. 
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Lemma 5.2.6 The variation of the Gauss curvature is given by 


2K = div(div(g)) — A(Trace(g)) — K - Trace(g). 


Proof To prove the claim for a given point p € S, we choose Riemann 
normal coordinates (w.r.t g;,) at p. This has the advantage that the first 
derivatives of the metric coefficients and the Christoffel symbols vanish at 
the point under consideration, which simplifies the calculation significantly. 
Lemma 4.3.5 and lemma 5.2.4 applied at point p give 


Ri = af, — ay; + reg ga ral fj - Peet - Tek 
= aly, -_ aki 
= 38°"; (8Bia + HBka — BuBKj) — ATES” Bap 
— 58° 8j (OkBia + Iiska — DaBKi) + IVES” Bap 
= seo" (9j9KRja — V:0akkj — IjOKFia + IjPaSKi) — Ri S bap 
We substitute this and lemma 4.3.11 into the derivative of the formula 
K= xe Rix 
and obtain 
2K = gl Rig + aR 
= tel g™ (d:dn Bia — V:daRkj — Ixia + Idukki) 
— ERE 8“ Bap — 8 Bueg Rig 
= gk g™ (d:dnBia — d:daRkj) 
— gikK (gino? = sind! ) gap — BM Bug KK (gi5i 7 gi) 
= —2K - Trace(g) + gikg% (dja — IIakKj) » (5.9) 
where we used 5/ = 2 = g/kg, and renamed parameters, e.g. g/g“ djdegKi = 


g/kg 4,.d;%q. Lemma 5.1.5 and the definition of the divergence of a (2,0) 
tensor field give 


div(div(g)) = d¢(div(g))! 
ay (sg! (aig = Vi8ak = r%.8je) ) 


= gg (aedigjx — OT bak — T%8ja)- (5.10) 
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Equation (4.3) implies that 
giaag = —gig'*ari,— gig are, 
and hence 
A(Trace(g)) = g/a;;(g" Bxe) 
= 91 (d;jg" exe + gg 
ee (oi? ars; + gg'*ark,) be 


+ giigt d:dieK0. (3.11) 


adi Gke 


Subtracting (5.11) from (5.10) yields 
div(div(g)) — A(Trace(g)) = gg (a OBik — O:9;8ke — TF Bak 
OV Bia + ITE Ska + IT tigac) 
= akg! (ap0:g — 8:9j8ke — BV GBak + AT Geka ) 
=eMg" (aedig — 9j0j8ke + Rivjbta) 


= gk gil (ap d;Rjx — :0;2x0) — K - Trace(g). 


Comparing this to (5.9) concludes the proof. 


The variation formulae proved up to now imply a remarkable theorem. 


Theorem 5.2.7 Let S be a compact regular surface. Then the number 


[Kaa 
S 


is independent of the Riemannian metric. 


This theorem is remarkable because the Gauss curvature K as a function on 
S depends significantly on the choice of the Riemannian metric. For example, 
we studied two very different Riemannian metrics on the torus. On the one 
hand, we know the torus as a tubular surface from example 3.8.18 with its first 
fundamental form as the Riemannian metric. In this case the Gauss curvature 
is not constant. On the other hand, we met a Riemannian metric with Gauss 
curvature K = 0 in example 4.4.2. Theorem 5.2.7 tells us without any calcula- 
tion that also the tubular surface must satisfy /; K dA = 0. Compare this with 
exercise 3.32. 


238 


GEOMETRY AND ANALYSIS 


Proof We see from lemma 5.2.5 and lemma 5.2.6 that every one-parameter 
family of Riemannian metrics g; with Gauss curvature K; and surface element 
dA; satisfies 


Z / K, dA; = i (K, dA; + K; dA)) 
dt Js s 
1 eras 1 ; 
= / (Jaivaiven _ = A(Trace(é)) dA; =0 
s\2 2 


by corollary 5.1.10. If only two Riemannian metrics go and g; on S are given, 
then as in example 5.2.2 we consider the one-parameter family g; := (1—t)go+ 
tg, and observe that 


lq 
[Kiaas~ [ Kodao= [ © | Kaa dt = 0. 
S S 0 dtJs 


Corollary 5.2.8 Let S; and Sy be compact regular surfaces with Riemannian 
metrics. If S; and Sz are diffeomorphic, then 


/ KdA= | KadaA. 
Sy Sy 


Proof The equation certainly holds if the metric on S; is the pulled-back 
metric of Sz, since the two metrics would then be isomorphic. Otherwise the- 
orem 5.2.7 tells us that s, KA w.r.t. the pulled-back metric and w.r.t. given 
metric agree. 


Example 5.2.9 The sphere and the torus cannot be diffeomorphic, since 
Jrorus K 4A = 0, while [so KdA = 47. 


If one wants to show that two given surfaces, e.g. the sphere and the ellipsoid, 
are diffeomorphic, then one will try to construct a diffeomorphism. But how 
can one show that two surfaces are not diffeomorphic? The number /; K dA 
gives us the possibility to distinguish surfaces that are not diffeomorphic, e.g. 
the sphere and the torus. In the next chapter we will learn to understand this 
number better by showing how we can find it by cutting the surface into trian- 
gles and then counting vertices, edges and triangles. This will be the subject of 
the Gauss—Bonnet theorem. 


6 Geometry and topology 


Differential geometry is a fine, quantitative geometry, in which relationships 
between lengths and angles are important. Topology, by contrast, is of a much 
coarser and more qualitative nature. Here only those quantities that are pre- 
served under distortions are studied. In order to obtain a topological description 
of the total Gauss curvature, we triangulate the surfaces, i.e. we cut them into tri- 
angles. The theorem of Gauss—Bonnet now tells us that we can determine the 
total curvature by counting vertices, edges and triangles. 


Polyhedra 


In the last sections of this book we want to study global properties of sur- 
faces. For example, we want be able to decide whether two given surfaces are 
homeomorphic or not. For this purpose we will cut the surfaces into triangles, 
which will then allow us to use combinatorial methods. We make the following 
definition. 


Definition 6.1.1 A polyhedron X is a finite set of triangles A; C R", 
X= {Ay,..., Ax}, 
with the following property: any two of those triangles intersect 
not at all, or 
exactly at one vertex, or 
exactly at one edge. 
The union of those triangles, 
tye A. 


is called the geometric realisation of X. 
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a polyhedron not polyhedra 


We use the following notation: 


e(X) = number of vertices of X, 
k(X) = number of edges of X, 
f(X) = number of triangles X. 


Definition 6.1.2 The number 
X(X) = e(X) — K(X) + f(X) 
is called the Euler—Poincaré characteristic of X. 


Example 6.1.3 Let us take a tetrahedron in R? as X: 


Counting gives 


e(x) =4, 
k(X) = 6, 
fo) =4 
and hence 
x(X) = 2. 
Exercise 6.1 Show that the geometric realisation of the tetrahedron is 


homeomorphic to S?. 
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Remark If we refine the polyhedron X by adding a vertex inside a triangle 
and obtain a new polyhedron_X’, then we see that 


e(X") = e(X) +1, 
k(X') = k(X) +3, 
F(X) =f(X%) +2. 


Hence the Euler—Poincaré characteristic is not changed at all by such refine- 
ments: 


X(X") = x(X). 


The polyhedra X and xX’ obviously have the same geometric realisation: 
|X| =|X"|. Thus, if we look for quantities that only depend on the geometric 
realisation of a polyhedron, then e(X), k(X) and f(X) are unsuitable, but the 
Euler—Poincaré characteristic x (X) is a good candidate. 


Definition 6.1.4 Let X be a polyhedron and let v be a vertex of X. Let 
a1,...,a@¢ be the interior angles at vertex v in all triangles of X of which v 
is a vertex. Then 


L 
def(v) := 27 — Soa; 


j=l 
is called the angle defect of X at v. 


Vv 


ay 


The angle defect at v vanishes precisely when the interior angles at v add up 
to 27, i.e. to 360 degrees. 
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Theorem 6.1.5 (the Gauss—Bonnet theorem for polyhedra) Let X be a polyhedron 
such that exactly two triangles meet at every edge. Then 


y def(v) = 27 x(X), 


where the sum is taken over all vertices v of X. 


The total angle defect therefore agrees with the Euler—Poincaré characteristic 
up to a factor of 27. 


Proof Since exactly two triangles meet at every edge by assumption and 
every triangle has exactly three edges, we have 


2k(X) = 3f(X). 
It follows that 


X(X) = f(X) — K(X) + e(X) 
= f(X) - 3f(X) + e(X) 
= —4f(X) +e(X). (6.1) 


If Aj,..., Acxy are the triangles of X, then we obtain 


f(X) 
> def(v) = 27 - e(X) — ~~ ~ interior angles of Aj; at v 
is j=l v vertex 
of Aj 
F(X) 


= 2m -e(X)— Pz a 
j=l 
= 20 -e(X) —1 -f(X). (6.2) 


In the second line we used that the sum of the interior angles of a Euclidean 
triangle is exactly 7. The claim follows from (6.1) and (6.2). 


Exercise 6.2 Verify the Gauss—Bonnet theorem for polyhedra in the exam- 
ple of a tetrahedron with equilateral triangles. 


Triangulations 


We want to decompose surfaces into triangles to then investigate them with 
combinatorial tools. Such a decomposition is called a triangulation. 
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Definition 6.2.1 Let S Cc R® be a compact regular surface. A triangulation 
of S is a pair (X, ®) consisting of a polyhedron X and a homeomorphism 


®:|X|— S, 


such that for every triangle A of X the restriction ®|, : A > @®(A) isa 
diffeomorphism. More precisely, 


for every triangle A of X, there exists an open neighbourhood U of A in the 
plane spanned by A, and there is an open neighbourhood V of ®(A) in S and 
a diffeomorphism gy : U > V such that g|, = Pla. 


The diffeomorphic images ®(A) of the triangles of X decompose the surface 
S into “curved triangles”. 


Remark A polyhedron X that belongs to a triangulation of a compact reg- 
ular surface always has the property required in theorem 6.1.5, which states 
that exactly two triangles meet at every edge. This is the case because a regular 
surface is locally divided into exactly two parts by a regular curve. 


Definition 6.2.2 Let S be a compact regular surface and let (X,®) be a 
triangulation of S. Then 


x(S) = x(X) 


is called the Euler—Poincaré characteristic of S. 
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Exercise 6.3 Give a triangulation of S* and calculate the Euler—Poincaré 
characteristic of S?. 


Definition 6.2.2 still needs some justification. It is a priori possible that dif- 
ferent triangulations of the same surface lead to different Euler—Poincaré 
characteristics. However, a corollary of the Gauss—Bonnet theorem will tell 
us that this is not the case, see corollary 6.3.3. 

It also needs to be shown that a compact regular surface can always be tri- 
angulated, i.e. has a triangulation. We will prove this using a series of lemmas. 
The reader willing to believe in the existence of triangulations may continue 
reading with theorem 6.2.17 on page 257. 

For a compact subset S C R” and a point q€R” we define the distance from 
q to S by 


dist(q, 5) := min{||g — p|| | p € S}. 


By the compactness of S the minimum is attained. We have dist(q,5S) = 0 if 
and only if g € S. We further define the p-neighbourhood of S by 


U,(S) := {q € R"| dist(q, S) < p}. 
Lemma 6.2.3 Let S be a compact orientable regular surface with unit normal 


field N. Then there exists a p > O such that for every point q € U,(S) there is 
exactly one point P(q) € S with 


dist(q, S) = || A(q) — qll. 
Furthermore, the map 
U,(S) > Sx (—p,p), gt (P(q), tdist(q, S)), 
is a diffeomorphism, where the sign in front of dist(q, S) depends on whether q 


lies on the side of S to which N points or on the other side. The inverse map is 
given by 


€:Sx (—p,p) > U,(S), &(—p,t) =p+t-N(p). 


Proof Let us first find the differential of &. If F is a local parametrisation 
of S, then 


9 SF poo gon = (Id -—tw ia TFS 
aul (EH) Oat aul) =% —tW) aul € LF) 


and ‘ 
ape wt) = N(F(u)). 
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As S is compact, the absolute values of the eigenvalues of W, the principal 
curvatures, are bounded by a constant C>0. The map Id —tW is therefore 
invertible for |t| <p, := 1/C and hence (4/du!)&(F(u), 1), (0/du7)6(F(u), t) 
and (0/dt)é(F(u),t) are linearly independent. We see that & defined on 
S x (—/1, 1) is a local diffeomorphism. 

€ :S x (—p,p)— U,(S) is surjective for every p € (0, 01), since if p€S is 
the point nearest to qg¢ U,(S), then by corollary 3.6.18 the vector p — q is 
perpendicular to T,S and hence g = &(p,+||p — q|| - N(p)). 

It remains to show that for sufficiently small p € (0, 9,) the map & : S x 
(—p,p) — U,(S) is also injective. If this were not the case, then there would 
be sequences (pj, t;) and (p/,¢;) with &(p;,t)) = & (p',t1), ti, > 0 and p; 4 p'. 
By the compactness of S we can after passing to a subsequence assume that 
the two sequences of points converge, pj — p and p’ — p’ fori — oo. By 


Pi — Pl < [pi — €@i.4)|| + | 2 -— € (v.48) || < Iul + |G] — 0 


we have p = p’. But as @ is a diffeomorphism in a neighbourhood of (p,0), 
and thus in particular injective, it follows from (pj, t)) = & (p/,¢) that p; = p’ 
for a sufficiently large i, which contradicts the assumption. 


Example 6.2.4 In the case of the sphere S=S” the value p =1 is the maximal 
p that satisfies the condition in lemma 6.2.3, since the origin has the same 
distance from all points on S. 


To obtain a triangulation of a regular surface S, we will construct the corre- 
sponding polyhedron in such a way that all vertices lie on the surface. The 
triangles, and hence the entire geometric realisation |X| of the polyhedron, 
will still be contained in U,(S). In particular, Y : |X| — Sis acontinuous map, 
restricted to each triangle even a smooth one. Nevertheless, we must proceed 
very carefully positioning the triangles, since otherwise even the restriction of 
f to a single triangle might not be injective. Very narrow triangles might be 
aligned perpendicularly to the surface. 


J] 
a ae 


This effect can occur with arbitrarily small triangles, although one might 
naively expect that a sufficiently fine partition into triangles will provide a 
triangulation. We must therefore also ensure that the triangles are not too 
narrow. 
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Definition 6.2.5 Let SCR?® and let ¢>0. A subset ACS is called 
e-separated if for any two distinct points p,q € A 


lp — ll = «. 


An «-separated subset A C Sis called an e-configuration on S if it is a maximal 
e-separated subset of S, i.e. if we have equality A = A’ for every e-separated 
subset A’ Cc S with A Cc A’. 

The condition ||p — q|| => ¢ is equivalent to the condition that the open balls 
of radius ¢/2 with centres p and q are disjoint. We can therefore imagine an 
€-separated subset of S as a collection of pairwise disjoint open ¢/2-balls with 
centres on S. 


Lemma 6.2.6 If S is contained in a ball of radius R, then every ¢-separated 
subset of A C S has at most 
2R+e\> 
ez. 


many elements. In particular, S has an e-configuration with finitely many 
elements. 


Proof Let S c Bq, R). As the balls of radius ¢/2 around the points from A 
are pairwise disjoint and since 


LJ Bo, ¢/2) C U.S) C BYQ,R + €/2), 
pea 


the volumes satisfy 
4 4 
YF e/2? s FR+ 6/2 
pEA 


and hence , 
2R 
is (2). 6 
E 


An arbitrary e-separated subset is extended by adding points and making sure 
that the new set of points is still e-separated, until no more points can be added 
in this way. This process stops after finitely many steps by (6.3). We have then 
obtained an e-configuration. 


Lemma 6.2.7 Let S C R?, let ¢>0, let A be an g-configuration on S. Then 
the e-balls with centres in A cover S entirely: 


Sc |JBe.e). 


peA 
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Proof Suppose that there isag € S withq ¢ (eed B(p,«). Then ||¢— p|| = 
é for all p € A and A’ := A U {q} is e-separated as well. This contradicts the 
maximality of A. 


Definition 6.2.8 Let A CS Cc R® be an e-configuration. The star of p € A is 
given by 
St(p) = {x e€ R>| |x — pll < |lx — q|| for all g € A}. 
Points p1,...,p% € A are called common neighbours if 
k 
SAL )St@) 4. 
j=l 


If the e-configuration consists of two points p; and pz only, then St(p;) and 
St(p2) are the closed half-spaces in which R? is divided by the plane that is 
perpendicular to py — pz and goes through the midpoint 5(P1 + p2). In the 
general case, St(p) is the intersection of finitely many closed half-spaces. 


Lemma 6.2.9 Let S C R®, let e > Oand let A be an e-configuration on S. Then 
allp € A satisfy 
St(p)NS Cc Bip, e). 


For any two distinct neighbouring points p,p' € A we have 

€ < |p —p'|| < 2e. 
Proof Let g € S with ||g — p|| = e. As the e-balls with centres in A cover S 
entirely by lemma 6.2.7, there is a p’ € A with ||g — p’|| < e. Hence ||q — p’|| < 


lq — p|| and thus q ¢ St(p). This proves St(p) NS c B(p,e). 


The lower bound for ||p — p’|| holds for all distinct points from A. As p and p’ 
are neighbours, the set 


B(p,e) N B(p’,€) D St(pyNSt—y’) NS 


cannot be empty. It follows that ||p — p’|| < 2e. 


Exercise 6.4 Compare volumes as in the proof of lemma 6.2.6 to show that 
there can never be more than 27 common neighbours. 


We now use the following notation: for three non-collinear points p1,p2,p3 € 
R?, let E (P1,P25P3) C R° be the plane spanned by those points and let 
A(p1,P2,P3) C E(p1, p2,p3) be the triangle with those vertices. 

From now on S C R? denotes a compact regular surface. Let ¢ > 0 and let 
A be an «-configuration on S. The polyhedron we construct will only contain 
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triangles A(p1,p2,p3) for which the points p;, p2 and p3 are common neigh- 
bours. We therefore investigate such triangles in a little more detail. To show 
that such triangles cannot become arbitrarily narrow, we consider their height 
h(p1,P2, p3) over the side connecting p,; and p3. 


P2 


P1 P3 Pl P3 
height h = h(p1, p2,p3) 


Lemma 6.2.10 There is a universal constant Cy > 0 such that we have 


h(p1,p2,P3) = Cu - ||pi — pail 


for every set S C R°, for every « >0, for every e-configuration and for every 
triangle A(pj,P2,p3) whose vertices are common neighbours. In particular, 


h(p1,p2,p3) = Cu: €. 


Proof As p1, p2 and p3 are common neighbours, there exists ge SM 
St(p1) N St(p2) N St(p3). In particular, lemma 6.2.9 implies that 


lp1 — @\l = Ilp2 — Gl = Ilp3 — ql |r Se. 


Likewise, because of lemma 6.2.9 it follows for i 4 j that 


lpi- pill ze=zr. 


There is no loss of generality if we suppose that g = (0,0,0)'. Further, the 
ratio h(p1,p2,p3)/\|p1 — p3|| remains unchanged if all points p;, p2, p3 are 
stretched by a factor of r. Hence 


A(P1,P2,P3) 


Cy := min 
l1P1 — Pall 


P1,P2,P3€S’, lpi — pill = i} > 0 


is the desired constant. The minimum is attained and is positive, since the 
function 
A(P1,P2,P3) 


(P1,P25P3) > 
lp1 — psi 
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is continuous and positive on the compact set 


| (@1.pasp3) € S* x S* x S*| Ip: - pill = 1 


Lemma 6.2.11 Let SCR? be a compact orientable regular surface. Then 
there exists a positive p,, smaller than the p from lemma 6.2.3, such that 
for every e-configuration A on § with ¢ € (0, 1] and for every triangle A = 
A(P1,P2;P3) whose vertices are common neighbours the restriction of FY to a 
small neighbourhood U(A) of A in the plane E(p,, p2, p3) is a diffeomorphism 


Pl\ua) :U(A) > A(U(A)) CS. 


Proof (a) We first show that for a sufficiently small ¢ the restriction of Y 
to a neighbourhood of A in FE := E(p1,p2,p3) 1s injective. If this were not 
the case, then there would be a sequence of ¢;-configurations A; on S with 
gj \, 0 and common neighbours p1j,p2j,p3,, W-I.t. Aj, such that # is not 
injective on the ¢;-neighbourhood of A(p1j,p2,,p3,) in E(pP1j,p2,i,p3,i). Let 
xi A yi € E(~P1i,P2i,P3,i) be in this e;-neighbourhood, with A(xj) = A(yi) =: 
qi € S. Then both x; and y; lie on the straight line through q; that is parallel 
to N(qj). Hence x; — y; is parallel to N(q;). Parallel transport and possibly re- 
enumerating the vertices gives a point r; on the side connecting p1; and p3; 
such that pz; — r; is parallel to N(qj). 


P2,i 


N(qi) 
| qi 


The following sequences converge by the compactness of S after passing to a 
subsequence: 


Plim Pi, P27 P2, P3i > P3, dir 
From ||pji — pxil| < 2¢; > 0 and ||y; — gil] > 0 it follows that 


Pi =P2=P3=4. 
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By lemma 6.2.9 and lemma 6.2.10 we have that 


Cy: & < A(P1j,P23,P3,i) < \p2i — rill < 28: 


and thus 
om fi 
G2 Ip2,8 — Till a5 
gj 
By the compactness of the set of all vectors XY with Cy < ||X|| < 2, passing to 
a subsequence gives convergence 


P2i-7I 
Ej 


> Z 


with Cy <||Z|| < 2. As po; — 7; is parallel to N(q;) and N(qi) > N(q) con- 
verges, Z must be a non-trivial multiple of N(q). On the other hand the vectors 
(P1i — p2i)/€i and (p3; — p2,;)/e; converge to the vectors X,Y ¢€ T,S after 
passing to a subsequence, for similar reasons. Those vectors X and Y form 
a basis of 7,5, since the triangle A(X,0, Y) in T,S has height >Cy and is 
therefore non-degenerate. As p2j — 7; lies in the linear hull of p1; — p2j; and 
P3,i—P2,, Z must be a linear combination of X and Y and hence lies in TS. But 
the vector S$ cannot lie in TS and at the same time be a non-trivial multiple of 
N(q), contradiction. 


(b) We now know that for a sufficiently small ¢ the restriction of Y to a small 
neighbourhood U(A) is a smooth and bijective map U(A) —> A(U(A)). To 
show that it is a diffeomorphism, we still need to verify that the differential 


dP : E(p1,p2,p3) > Ta@S 


is invertible for all x € U(A). Suppose that this were not the case for very small 
é > 0. Then we obtain in a way similar to the proof of (a) a subsequence of 
ej-configurations A; on S with e; \, 0, common neighbours py j, p2,;, p34; W-T.t. 
Aj, further X; € E(p1j,P2,,P3,) with ||X;|| =1 and d,, A(X;) = (0,0,0)', where 
x; lies in the ¢;-neighbourhood of A(p1j, p2j,p3,;) in E(p1j, p23, p3,i). We set 
qi ‘= PA (x;). As in (a) we can assume that 


Pii>P2i,P3,i%i, di > GES 


and 
X; > Xe TyS 


converge, ||X||=1. The condition d,, A (X;) = (0,0, 0)' is by lemma 6.2.3 
equivalent to 
Xj = Ni) 


for a suitable ¢;. But N(qi)—> N(q), so X must be perpendicular to 7,5, 
contradiction. 
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We now know that for every e-configuration with e sufficiently small and every 
triangle whose vertices are common neighbours the restriction of # to this 
triangle is a diffeomorphism. We want to piece our triangulation together from 
such triangles. However, we must proceed carefully, since we cannot simply 
take all those triangles, as the example with four common neighbours already 


shows. 


like this or like this but not like this 


We therefore need to think about which triangles of this type we want to use 
for the construction of a triangulation. 


Lemma 6.2.12 Let § C R? be a compact orientable regular surface. Then 
there exists a positive pz such that for every ¢-configuration A on S with ¢ € 
(0, 02] and for any three common neighbours p4, p2, p3 the set 


St(p1) N St(p2) N St(p3) NS 
has exactly one element. 


Proof The condition that p;, pz and p3 are common neighbours says pre- 
cisely that the set St(p1) N St(p2) N St(p3) NS is not empty. We therefore need 
to show that if ¢ is sufficiently small, then the set St(p1) N St(p2) N St(p3) NS 
does not have two distinct elements. 


Suppose that there were a sequence of ¢;-configurations A; on S with ¢; \, 0, 
common neighbours p1j,p2,;,p3,, W.t.t Aj and for each i two distinct points 
Xi,¥;i € St(py) N St(p2) N St(p3) NS. Then x; — y; would be perpendicular to 
E(P1,is P2,i. P3,i)- 

As in the preceding proofs, we can again assume that 


P1.i> P2,i> P3,i0 Xi Vi > TES, 


P1,i — P2, — P23 


> X, ue > Y, 
Ej Ej 
where X and Y form a basis of 7,5, and 
aed > Z 


Ili — yill 
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for i + oo. The vector Z is a unit normal vector on T,S since x; — y; is per- 
pendicular to E(p1j,p2;,p3,i). On the other hand, Z must be a tangent vector 
because x;, y; € S, contradiction. 


Corollary 6.2.13 Let § C R? be a compact orientable regular surface with an 
e-configuration A with € € (0, p2] and p2 as in lemma 6.2.12. Let M,,Mz C A 
be two sets, each consisting of common neighbours. 


If M, and M) have more than two points in common, then M, U Mo consists of 
common neighbours as well. 


Proof Let p1, p2, p3 be three common points of M; and Mp). Because of 


1 = |St(p1) NSt(p2) NSt(p3) N'S| > | () stip) s| > 0 


peM, 
we have 
St(p1) 1 St(p2) N St(p3) NS = [} St~) NS. 
peM, 
Analogously, 
St(p1) N St(p2) NSt(p3) NS = [] Sup) NS. 
peM) 
Hence 


() St(p) NS = () St(p) N () St(p) NS = St(p1) N St(p2) N St(p3) NS 


pEeM,UM2 peM, pEeM2 


is not empty. Thus M; U M2 also consists of common neighbours. 


Lemma 6.2.14 Let D C R? be an open disc. Let f : D + R be a smooth 
function. 


Let n>0. Further suppose that || grad f\| <1 on the whole of D. Then p = 
(p, f (p)) and q = (q,f(q)) from the graph of f satisfy the estimate 


sip — all = llp — all = llp — al 


1 
V1+n 
Proof The inequality 
lp — ll < lp — all 
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is clear. From the estimate 


lq 
f® —f@| = | i “flip + (1 — aa 
0 t 


1 
[ (eraa pep +a -9.p aa 


< | (grad fp + 1 —09),p — G)| at 


< | Ilgradf(p +d —4q)ll - lp — allde 


it follows that 
lp — ql’ = lip — Il + (fF) —F@)? < A +n )Ip — 4? 


and hence 


1 2 = = 12 
——— = < = : 
itp lp — ail" < lp — alk 


If g € S is a point on the surface S, then (after an application of a Euclidean 
motion) we can write S near qg as the graph of a function f : Dr — R by corol- 
lary 3.6.16, where Da is the disc of radius R with centre (0,0)', and f(0,0) = 0 
as well as grad f(0,0) = (0,0) '. For fixed n satisfying 


0 Pee 
< 1) Ss 2 > 
say, by reducing R we can achieve that 


|| grad f|| < 7 


on the whole of Dr. This radius R depends on gq, but if S is compact, then 
we can in a way similar to that used in the preceding lemmas argue that there 
exists an R > 0 that works for all g € S. For p,q € Dr we then have 


2 a 
3p —alls lp — ll S$ llP — all S lp — ll (6.4) 


Ea 


by lemma 6.2.14. 
We now begin to think about which triangles we want to use for the trian- 
gulation. Let A be an e-configuration on a compact regular surface S, with « 


254 


GEOMETRY AND TOPOLOGY 


so small that we can apply all of the above lemmas. Further, let ¢ be so small 
that for every point q € S the part SN B(q, e) of the surface is contained in the 
graph over D, C T;,S, so that (6.4) applies. 

Let M c A be a maximal subset of common neighbours. Maximality means 
in this case that M is not contained in a proper superset that also consists of 
common neighbours. By lemma 6.2.12 the set (} pem SUp)NS consists of exactly 
one element: 


() Sti) NS = {4}. 


peM 


The points p € M all have the same distance r := ||p — q|| from qg, which by 
lemma 6.2.7 satisfies r < e. By (6.4), the orthogonal projections on 7S then 
satisfy 


— <|lp—gl| <r. 
3 slp qll<r 


The points p therefore lie in one ring-shaped area with inner radius 27/3, outer 
radius r and centre g. By lemma 6.2.9, distinct points p,p’ € M satisfy 


Ip—p'|zezr 


and thus, again by (6.4), 


ee 2r 
lp -—P'Il = > 


Hence the point p’ — p cannot lie on the segment between (27/3]||p — q||)(P—q) 
and (r/|lp — q||)(@ — q), since this only has length 7/3. 


Hence the angle 2(p,q,p’) is positive, i.e. the unit vectors (p — q)/(|lp — Il) 
and (p’ — q)/(||p' — ||) do not agree. We now order the points pe M by 
traversing the unit circle once and enumerating the vectors (p — q)/(||p — Ql) 
as we pass them. At which point we begin and in which direction we traverse 
the unit circle does not matter. 
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P2-4 
all 
P3—4 
IIP3 — all Pq 
- A e ais... TA 
oo iD Pi — ll 
IIp4 — all 
pq 
IPs — ll 
Using the order M = {p1,...,px} we can now state which triangles we use for 
the triangulation: A(p1,p2,p3), A(p1,P3,P4),---, A(P1,Pk-1,Pk)- 
P2 
P3 
Pl 
P4 
PSs 


Now the triangulation is constructed as follows. Partition the e-configuration 
A into maximal subsets of common neighbours. By corollary 6.2.13, any two 
different such maximal subsets have at most two points in common. For each 
maximal subset of common neighbours with at least three points perform the 
above construction. 


Lemma 6.2.15 Let SC R? be acompact orientable regular surface. Then there 
exists a positive p3 such that for every ¢-configuration A on S with « € (0, 03] the 
resulting set of triangles forms a polyhedron. 


Proof Choose 3 >0 so small that all previous lemmas apply. Let A and 
A’ be two triangles obtained by the above construction. We have to show that 
they intersect at exactly one edge, or at exactly one vertex, or not at all. If all 
their vertices belong to one maximal subset of common neighbours, then this 
is clear by construction. Suppose that the vertices p1, p2 and p3 of A belong to 
one maximal subset M of common neighbours and let q be the point such that 
St(p1) N St(p2) N St(p2) NS = {q}, see lemma 6.2.12. Then all points in M have 
equal distance from q, hence lie on a sphere about q. If at least one vertex of 
A’ does not belong to M, then it lies outside this sphere. At most two vertices 
of A’ then lie on the sphere, therefore the triangles must be disjoint or have 
one or two vertices in common. 
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The lemma follows. 


If we write the surface locally as a graph of a function f with || grad f|| < 1 say, 
then for not too large e the polyhedron [|X| is the graph of a piecewise linear 
function. If p, p’ and p” are the vertices of a triangle of X, then this function is 
affine linear over the triangle with the projected vertices p, p’ and p’”. 


</ 
OLEKOKP 
ORK} 
SOY 
EP 


In particular, each point in |X| has a neighbourhood in |X| which is homeo- 
morphic to an open disc. 


Lemma 6.2.16 Let S be a compact orientable regular surface. Then there 
exists a p4>0 such that for every e-configuration A with € € (0, p4] there is a 
polyhedron X whose vertices are points in A, such that 


Di= P\x| : |X| ->S 
is bijective. 


Proof (a) We first show injectivity. If there were a sequence of ¢- 
configurations Aj;, ¢; \, 0, and points x; # y; in the corresponding polyhedra 
with ®(x;) = ®(y;) = g, then we would have ||x; — y;|| > 0 asi — oo. Hence 
we may assume that x; and y; both lie in a part of the surface which we may 
write as a graph of a function f with f(p) = 0 and || grad f|| < 1 forsomep € S. 
Since the normal vector N(p) is projected to 0, N(p) = 0, we may furthermore 
assume that ||N|| < 3. 


Now we write xj = gq +t-N(qg) and yj = q+? - N(q). Using lemma 6.2.14 we 
see that 
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— a . 
lt C1 = lei — yill < V2 ei — all = V2 -ON@I < Ite, 


hence t = ¢’ and x; = yj. 


(b) Now we show surjectivity. Since |X| is compact, so is ®(|X|). Hence 
®(|X|) is a closed subset of S. Since bijective continuous maps between 
compact Hausdorff spaces are homeomorphisms we know that ® maps |X| 
homeomorphically onto its image. Since each point of |X| has a neighbour- 
hood homeomorphic to an open disc, the same holds for the image ®(|X)). 
Therefore ®(|X|) is also an open subset of S. Assuming without loss of gen- 
erality that S is connected (otherwise apply the argument to each connected 
component seperately) we conclude (|X|) = S. 


We summarise: 


Theorem 6.2.17 Let S be a compact orientable regular surface. Then there 
exists a pg > 0 such that for every e-configuration A with ¢ € (0, po] there is a 
polyhedron X whose vertices are points in A, such that 


D:= P\ix| : |X| —-S 
defines a triangulation. In particular, S has triangulations. 


Remark The assumption that the surface is orientable is, in fact, unnec- 
essary. Compact regular surfaces in R? are actually automatically orientable. 
This is the case because such surfaces divide R> into two parts, the inside and 
the outside of the surface. At every point of the surface one of the two unit 
normal vectors points inside and the other points outside. The outer and the 
inner unit normal field are both smooth, and the surface is thus orientable. 


Can we triangulate surfaces that are not compact? As our definitions imply 
that the geometric realisation of a polyhedron is always a finite union of com- 
pact triangles, it is itself compact. It can therefore only be homeomorphic to a 
compact surface. However, one could instead of finitely many triangles allow 
countably many. Then a more careful discussion than the one from the proof of 
theorem 6.2.17 will show that non-compact surfaces can also be triangulated. 
The details are left to the (ambitious) reader. 

As a corollary of the fact that compact regular surfaces have triangulations, 
we can now come back to a remark about integration theory on surfaces, which 
we made in section 3.7. 


Corollary 6.2.18 Let S be a compact orientable regular surface. Then there 
exist three local parametrisations (Uj, F;, Vi) of S, which cover S entirely: 


ScV,UV2U V3. 
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Proof Let ® : |X| > S bea triangulation, X¥ = {Aj,...,A,}. For every 
triangle we choose a congruence to a triangle in the plane: 


«ACS 2 
Lyi Ajs ACR. 


Composing L; with a translation if necessary, we can assume that the trian- 
gles AY are pairwise disjoint. The first local parame msaten is defined on the 
union of the interiors of the plane Tigneles Uj := UE AY and on every open 
triangle it is given by F, Fe = = oL7! . This first parametrisation already covers 


the entire surface except for the vertices and edges. 

For every edge v1,...,ve we choose a local parametrisation G, : Dn > S 
with G,,(0,n) = vy. The domain D, must be contained in the unit disc in R? 
at the point (0,n)'. This can be achieved for an arbitrary local parametrisa- 
tion at v, by first translating the pre-image of v, to the point (0,n)' and then 
restricting the parametrisation to a small disc centred at that point. The second 
local parametrisation is defined on U2 := U4 Dy, and is for each D, given 
by G,,. This second parametrisation contains all vertices of the triangulation in 
its image. 

Fermi coordinates along the edges (except for little neighbourhoods of the 
edges) give local parametrisations that can be made disjoint for different edges 
by restriction and translation. These local parametrisations are then pieced 
together to a third one, which covers the rest of S. 


“@00000 


JUUE 


As mentioned above, we can drop the conditions of orientability and com- 
pactness. It is crucial that the surface can be triangulated. Countably many 
bounded subsets of the plane (e.g. the A“) can be made disjoint by translations 
as well. Corollary 6.2.18 therefore holds for all regular surfaces. 
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The Gauss—Bonnet theorem 


In this section we will reach the climax of this book, the Gauss—Bonnet theo- 
rem, which relates the Euler—Poincaré characteristic to the Gauss curvature. 
Before arriving there, we need to go through some technical matters. 


Definition 6.3.1 A triangulation ® : |X| > S is called smooth along the 
edges if any two triangles Aj, Az € X with a common edge satisfy the follow- 
ing: if W : AyUA2 > AVUAA C R? is a homeomorphism which maps A, 
congruently to the triangle A), analogously Az congruently to A‘, then the 
restriction of 


Sow! : A UAS SS 


to the interior of A‘, U A% is a diffeomorphism onto its image. 


By definition, & o ¥—! is automatically a diffeomorphism on the interior of AY 
or of Aj. It is only on the common edge of A‘ and A’, that ® o w-! might not 
be smooth. 


Exercise 6.5 Let ® : |X| — S be a triangulation of the compact regular 
surface S. Show that ® can be turned into a triangulation ® : |X| — S that is 
based on the same polyhedron and that is smooth along the edges. 


After all these preparations we now reach the climax of this last chapter. 


Theorem 6.3.2 (Gauss—Bonnet theorem) Let S be a compact regular surface with 
Riemannian metric. Let K : S > R be the Gauss curvature and dA the surface 
element. Let ® : |X| — S be a triangulation. Then 


[Kaa = 21 x(X). 
S 


Proof We know by theorem 5.2.7 that the number {;KdA does not 
depend on the Riemannian metric. We therefore forget about the given 
Riemannian metric and construct a new one, which is tailored to the trian- 
gulation. We prove the Gauss—Bonnet theorem for this Riemannian metric. 
We assume that the triangulation is smooth along the edges. 


® is a diffeomorphism onto its image on the interior of each triangle A € X. 


We can therefore pull back the Euclidean metric on Ato ®(A) C Susing &~!. 
We thus obtain a Riemannian metric on S without the edges and vertices. As 
the triangulation is smooth along the edges, the metric extends smoothly to S 
minus the vertices. It follows by the definition 4.4.3 of the pulled-back met- 
ric that ® is an isometry on the interiors of the triangles. Hence the Gauss 
curvature of this Riemannian metric vanishes. We have therefore found a 


260 


GEOMETRY AND TOPOLOGY 


Riemannian metric on S — J, ®(e) with K = 0, where the union is taken over 
all edges e of X. If we could extend this metric smoothly to the vertices, then 
the Gauss curvature of this extension would for reasons of continuity vanish 
as well, and we would have a Riemannian metric on S with K = 0. But this 
will in general not be possible, since, for example, on the sphere S = S*, we 
already know [,. KdA = 4x. 

Let us therefore investigate more closely where the extension to the ver- 
tices goes wrong. For this purpose let e be a vertex of X and let A e¢ X bea 
triangle which has e as a vertex. If X,, X2 form an orthonormal basis of the 
plane FE spanned by A, more precisely E = {e+ulX, + u2X>| ul,u? € R}, 
then (r,g)' t+ e+rcos(y)X; + rsin(y)X2 defines polar coordinates at e for 
this plane. The part of a small ro-disc around e that lies in the interior of the 
triangle A is parametrised by the parameters 0 < r < rg and gy < g < gota, 
where a is the interior angle of A at the vertex e. If the orthonormal basis 
X 1, X is rotated, then only gp changes. Composing with ® gives coordinates 
of the image of this set in S. Let us fix e and parametrise, choosing suitable 
orthonormal bases, all triangles A,,..., Ax that have e as a vertex, proceeding 
vertex by vertex. Then 0 <r < rg and g < 9 < go +a, +---+ a, parametrise 
a neighbourhood of e minus an edge beginning at e (that corresponds to the 
value g = ¢). Here q; is always the interior angle of Aj; at the vertex e. As 
the metric on S — J, ®(e) was defined in such a way that ® is an isometry, the 
metric has in these coordinates the form 


(Si) = & 2) ; 


If we now had a; +----+ ax = 27, then we would be dealing with polar coordi- 
nates of the plane with Euclidean metric, which would extend smoothly to the 
centre. It is generally not possible to extend the metric in such a way because 
the angle defect def(e) = 27 — ey a; might be non-trivial. 

To remove this defect, we first change the coordinates slightly by modifying 
the angle coordinate. We use the abbreviation a := Th a; and define 


20 
? = —(Y— #0). 
a 
Then g is still from (0,27) and r from (0, rg). In the coordinates (r, gy) the metric 
has the form 


1 0 
oy 
—r 
ios ) 
After this small alteration of the coordinates we are using, we now modify the 
metric near e. We choose r; between 0 and rp and a smooth function p: R > R 


with the properties p(r) = 1 forr < 1, p(r) = Oforr > ro andO0 < p <1on 
[71,70]. We define the modified metric in the coordinates (r, g) by 
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1 0 
(8ij) j= a)? 
i 0 (op) r+ - or) 


This new Riemannian metric agrees with the old one for r > ro. The metric 
has therefore only changed near ®(e). For r < r; on the other hand the metric 
now has the form of the Euclidean metric in polar coordinates. We can there- 
fore extend it smoothly to ®(e). The Gauss curvature vanishes on the r1-disc 
around ®(e) as well. Only in the area r; < r < ro might we have accidentally 
introduced a non-vanishing curvature. We can easily calculate the integral of 
the curvature using lemma 4.6.12: 


2n d 
i KdA=2n — 7 — 
tr<ro) 0 dr 


= 2n (1 - A(ro)r0 — P(r) + Al) 5—r0 — (1 — po) =~) 


(o(7) 7+ — pi) =r) do 


r=ro, 


= 2n (1-0-1) -040- rm (1 —0) —) 


= 2n —a = def(e). 


The deformation of the metric that was necessary to extend it smoothly to 
the vertex e gave us a curvature in the ring-shaped area r; < r < ro, and the 
integral of this curvature is exactly the angle defect. 


[KdA=defle)\ v------ 


The statement of the theorem now follows by the Gauss—Bonnet formula for 
polyhedra (theorem 6.1.5) by summing over all vertices. 


[Kaa = pS def(e) = 27 x(X). 
S e 


Corollary 6.3.3 Let S be a compact regular surface. Then the Euler- 
Poincaré characteristic of S does not depend on the choice of the triangulation. 
Definition 6.2.2 therefore makes sense. 
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Exercise 6.6 The Euler—Poincaré characteristic of a torus is by the Gauss-— 
Bonnet theorem equal to 0, since the torus has a Riemannian metric with 
vanishing Gauss curvature. Verify this using a triangulation. 


Outlook 


Having reached the end of this book, we have only got to know the elements 
of differential geometry. The reader may want to consult other textbooks on 
curves and surfaces such as [6, 9, 14, 23]. Differential geometry has devel- 
oped enormously and has countless interconnections to other areas, not only 
in mathematics. We want to conclude this book with some notes about such 
developments and applications. 


Knot theory We have seen in section 2.3 that knots must curve quite a lot. 
Knot theory, which mainly deals with the question of when two curves are 
ambient isotopic, has now developed into its own branch of topology, with 
some amazing connections to physics and other areas. Introductions can be 
found in, for example, [15, 20, 27]. 


Immersions The reader may have noticed that regular surfaces and regular 
curves were defined in very different ways. Curves are equivalence classes of 
parametrised curves, i.e. of certain maps. Regular surfaces on the other hand 
are subsets of R? with certain properties. A notion of surfaces that is closer to 
our concept of curves is the one of an immersed surface. Such an immersion is 
a map F : § > R?, where S is a regular surface and d,F has full rank for all 
péS. Two immersions F, and F2 are equivalent if there exists a diffeomor- 
phism ®:S— S with Fy =F, o ®. An immersed surface is then an equiva- 
lence class of immersions. As we do not require immersions to be injective, 
immersed surfaces can have self-intersections, just like curves. 


We have already met some immersed surfaces, e.g. Enneper’s surface from 
example 3.8.12, which we then turned into regular surfaces by restricting the 
domain of the immersion. A large part of the surface theory discussed can 
easily be extended to immersed surfaces. 

We can construct interesting non-orientable immersed surfaces that cannot 
be realised in R? without self-intersections. Examples for this are the projec- 
tive plane (or crosscap) and the Klein bottle [12, 1.89]. In the first example the 
domain of the immersion is a sphere, in the second one a torus. 


Classification of compact surfaces We have seen that the sphere and the 
ellipsoid are diffeomorphic, while the sphere and the torus are not. We say 
a bit loosely that the sphere and the ellipsoid are topologically equivalent, the 
sphere and the torus, on the other hand, are topologically different. But how 
many topologically different compact surfaces are there? 
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The answer to this question is remarkably simple. The Euler—Poincaré charac- 
teristic tells us whether two given compact surfaces are topologically equiva- 
lent or not. More precisely, let S; and Sz be two connected compact orientable 
surfaces. Then the following are equivalent: 


S; and Sz are diffeomorphic. 
S; and Sz are homeomorphic. 


x(S1) = x (S2). 


Possible values for the Euler—Poincaré characteristic are the numbers 
2,0, —-2,—4,... [6]. 


x=2 x=0 x=-2 


There is a similar classification for non-orientable compact surfaces. We have 
seen that the sphere and the torus have Riemannian metrics with constant 
Gauss curvature. This is also the case for the other compact surfaces. By the 
Gauss—Bonnet theorem a negative Euler—Poincaré characteristic implies that 
the Gauss curvature is also negative. Theorem 3.6.17 tells us that such a metric 
can never be the first fundamental form. 


Minimal surfaces We have spent a considerable amount of time studying 
minimal surfaces, but an investigation of minimal surfaces would, done prop- 
erly, require an entire course. In particular, conformal parametrisations could 
not be considered due to lack of space. See [1, 19, 26] for more. 


Abstract manifolds Having passed from the first fundamental form to gen- 
eral Riemannian metrics, we have in a way taken the regular surfaces out of 
R?. They are still subsets of R*, but the relative position of the surface in space 
is no longer reflected by the Riemannian metric in any way. It is therefore 
in this context more natural to define surfaces with Riemannian metrics in a 
more abstract way, not as subsets of Euclidean space, but as abstract topo- 
logical spaces with certain properties and additional structures. We have here 
refrained from taking this approach in order to keep the formal effort as small 
as possible, and because certain constructions, such as the tangent plane, are 
less intuitive. 


Those concepts are nevertheless indispensable for a more detailed study 
of differential geometry [5, 16, 35]. The object of study is not only the 
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two-dimensional case, but also the higher-dimensional “manifolds”, some- 
times even infinite-dimensional ones. A beautiful book on three-dimensional 
geometry is [32]. 


Riemannian geometry Further developments in the theory of the inner 
geometry of abstract manifolds lead to Riemannian geometry. A part of our 
discussion translates without any changes, e.g. the theory of geodesics. But 
there are very new phenomena as well. Recall that for surfaces it was possible 
to calculate the Gauss curvature from the Riemann curvature tensor and vice 
versa. This is no longer possible in higher dimensions for the corresponding 
generalisations. The curvature tensor carries more information than the scalar 
curvature (one of the generalisations of the Gauss curvature). There is addi- 
tionally the concept of the Ricci curvature, which lies between the two others. 
See, for example, [10, 12, 29] for an introduction. 


Lorentzian geometry and general relativity Einstein used Riemannian geome- 
try in his gravitation theory, the theory of general relativity. But a modification 
needs to be made here. Instead of positive-definite scalar products we consider 
non-degenerate bilinear forms of index 1 on the tangent spaces. This is because 
we are not modelling curved space, but curved space-time. This variant of 
Riemannian geometry is called Lorentzian geometry [3, 25]. Einstein’s field 
equation relates the geometric quantities, in particular the above-mentioned 
Ricci curvature, to physical quantities. Very good textbooks are [31, 34], see 
also [22] for an extensive introduction. 


Ricci flow Fix a compact regular surface S and a Riemannian metric gp on 
S. Now look at the equation 


i) 
80 = 2k — KO)8O, (6.5) 
subject to the initial condition 


g(0) = go. 


Here g(t) denotes a family of Riemannian metrics on S depending on a param- 
eter t € [0, 00), K(f) is the Gauss curvature with respect to g(¢) and k is its mean, 
k= iF K(@ dA(t)/area(S, g(t)). Equation (6.5) is known as the normalized 
Ricci flow equation. 

It turns out that for any go there is a unique solution and it is defined for all 
t € [0, 00). Observe that if go has constant Gauss curvature, then the right hand 
side of (6.5) vanishes, so the solution is constant in ¢, g(t) = go. In general, it 
turns out that there is a limit metric gx = lim;+.oo g(f) and go has constant 
Gauss curvature. Moreover, oo is conformally equivalent to go, i.e. there is a 
positive function f : S — R such that gy = f - go. See [8] together with [7]. 
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This shows that for any Riemannian metric gp on S there is a conformally 
equivalent metric with constant Gauss curvature. This is the geometric version 
of a classical theorem, the uniformatisation theorem. 

A lot of research has been done and is still being done on Ricci flow on 
higher-dimensional manifolds. The term “Ricci flow” comes from the fact that 
a formulation of (6.5) in higher dimensions requires the notion of Ricci cur- 
vature mentioned above. By far the most spectacular result was obtained in 
dimension 3. After many failed attempts by others, Grisha Perelman was able 
to prove the Poincaré conjecture which had been open for more than a hun- 
dred years. It says that any compact connected three-dimensional manifold in 
which every closed curve can be shrunk to a point must be homeomorphic to 
the three-dimensional sphere S*. The corresponding statement in dimension 
2 is an easy consequence of the classification of compact surfaces mentioned 
earlier. In fact, Perelman even proved a stronger conjecture due to William 
Thurston. See, for example, [24] for an introduction to these deep results. 


AppendixA Hints for solutions to (most) 
exercises 


1.1 Let L be the straight line containing p, g, r and s. Choose a point ft not 
contained in L (I4). Let u be a point with t € qu (A3). Then u is not contained 
in L. Put L’ := Lir,t). 


u 


L’ does not contain any of the points p, qg, s since otherwise L = L’ and hence 
t € L. Moreover, L’ does not contain u since otherwise L’ = L(t,u) and hence 
q € L’. Now L’ enters the triangle gsu at r and leaves it at t. By axiom As L’ 
does not intersect us. Moreover, L’ enters the triangle pqu at t and does not 
intersect the side pg. By axiom As it intersects pu at a point v. Now L’ enters 
the triangle pus at v and does not intersect us. By axiom As it intersects ps 
at r since r is the only point on L’ also contained in L. This proves that r lies 
between p and s. 


1.3 Reflexivity follows from axiom A; and symmetry is axiom Az. Transitiv- 
ity: let q1,q2,q93 € L, qi # p, such that p ¢ qiq2 and p ¢ q2q3. We have to 
show p ¢ 4193. 


Suppose p € q1q3. Choose r ¢ L. By theorem 1.1.1 we can find s € rqj. The 


straight line L’ := L(p,s) intersects L at p only since otherwise L’ = L, hence 
séL,hencere L, a contradiction. 
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q2 


Moreover, r ¢ L’ since otherwise L’ = L(s,r), thus qj € L’, hence L’= L. Now 
L’ enters the triangle q1qar at s and intersects L only at p. Since by assumption 
PD € 41@ axiom As tells us that L’ intersects rqz. Therefore, L’ enters the tri- 
angle rq2q3 through rqz and does not intersect g2q3. By axiom As L’ intersects 
rq3. Thus L’ intersects all three sides of the triangle q1q3r, a contradiction to 
axiom As. 


1.4 By axiom Az, there are at least two sides. The assumption that there are 
at least three sides will lead to a contradiction. Let q1,q2,q3 € L be pairwise 
distinct points such that p € qjiqj for alli 4 j. Choose r ¢ L and let s € qr. 
The straight line L’ := L(p,s) does not contain r and no point of L other than 
p. Since L’ intersects the sides gjqz and qir of the triangle q,qzr it does not 
intersect gor. Similarly, it does not intersect q3r. Thus L’ intersects the triangle 
q2q3r only at the side q2q3, namely at p, a contradiction. 


1.5 Reflexivity follows from axiom A, and symmetry is axiom Aj. Transitiv- 
ity: suppose q1q2 and q2q3 do not intersect L. We have to show that q7q3 does 
not intersect L either. In the case qj, g2, and q3 do not lie on one line this 
follows from axiom As. If they lie on one line, then the problem reduces to 
that of exercise 1.3. 


1.6 Let L be a straight line. Choose q ¢ L and p € L. Choose a point r so 
that p € rq. Then r ¢ L, since otherwise q € L. Hence r and q represent two 
different sides. 


Now we derive a contradiction from the assumption that q1, q2 and q3 repre- 
sent three pairwise different sides. If the three points do not lie on one line, 
then L intersects the triangle q1q2q3 in all three sides contradicting axiom As. 
If they lie on one line, then the problem reduces to that of exercise 1.4. 


1.9 


Fao (Fp.c(x)) = Fay (Bx +c) = A(Bx +c) +b 
= ABx + (Ac+ b) = Fas Ac+h(X). 
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Moreover, 
Fab 0 Fa) a-typ = Faas, aah +b = Fao = Id 
and similarly F4-1 4-1, oF,» = Id. 


1.10 We assume without loss of generality that L = L’ = {(x,0)' |x € R}. 
It is easy to see that two points (x, y)', (x’,y’)' € R— L lie on the same side 
of L if and only if y and y’ have the same sign. Now consider the three points 
p= (x, y),q = (x, y’) andr = (x",y”) ¢ R— L. If L intersects the line segment 
pq, i.e. if p and q lie on different sides of L, then y and y’ have opposite signs. 
Hence the sign of y’” must coincide with the sign of either y or y’. If y’ and y 
have the same sign, i.e. if y’ and y’ have opposite signs, then L intersects the 
line segment qr. In the other case it intersects pr. 


1.11 Axiom K;: Choose A € SO(2) such that A(q — p) = - (7 — pi), 4 > 0. 
Put F(x) :-= Ax + (p; — Ap). Then F € E(2), F(p) = pj, and 


F(q) — pi = Ag+ pi —Ap—pi =A(q—p) =4- ("1 — pi). 


Hence q; := F(q) lies on the line through p; and q; on the same side as r; 
(because A > 0). 


Axiom Kz: This follows from the fact that E(2) is a group. 


Axiom K3: One shows that two line segments pq and p’q’ in the Cartesian 
plane are congruent if and only if they have equal lengths, i.e. ||p — q|| = 
|p’ — q’||. Then axiom K;3 is clear. 


Axiom Ky: This follows from the fact that E(2) is a group. 


Axiom Ks: There is a unique A € O(2) such that A(p — q)=A- (pi — 1), 
2 > 0, and the determinants of the 2 x 2 matrices (A(p — q), A(r — q)) and 
(P1 — 91,51 — 91) have equal sign. Put b := q; — Aq and F(x) := Ax + b. Then 
F € EQ) and 7, := F(x) does the job. 


Axiom Kg: Since Z(q,p,r) = Z(q1,p1,11), there exists F € E(2) such that 
F(p) = pi, F(q) — F(p) = 4- (qi — pi) and F(r) — F(p) = bw: (1 — pi), 
A, > 0. From pg = prqi we conclude 4 = 1 and similarly from pr = pyry 
we derive « = 1. Thus F(p) = pi, F(q) = q1, and F(r) = r,. This implies all 
congruences. 


1.14 Choose the old points p; and q; as in the proof of theorem 1.2.3. Now 
let qz be the midpoint of the line segment pjq;. Observe that q2 is again an 
old point. Let q3 be the midpoint of the line segment p7qz or G2qq which 
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contains n. Proceed inductively to define a Cauchy sequence (qx)x. By com- 
pleteness of R?, this Cauchy sequence has a limit p2. Now continue as in the 
proof of theorem 1.2.3. 


1.15 If Z(y,x,z) = Z(y’, x, 2’), thenx =x’,y-—x=A-(y'—x), andz-—x= 
be: (z' —x) (ory—x=Ad- (2 —x) and z—x = w- (y’ — x), which one can treat 
similarly) with A, 4 > 0. It follows that 


(y-xz—x) (A(x), ue’ -~) ly — x2’ - 
Ily—xl-z—x WAG’ =x) le! — x9 ly’ = 21 Me 1 


1.16 If F € E(2), F(x) = Ax +b, then 


(F(y) — FQ), F@) — FQ)) (A(y — x), AG — x)) (y —%,Z—) 


IFC) — FOI IF@)—FOI IAG IAG =I lly — all - le — x1 


Hence congruent angles have the same interior angle. For the converse 
observe (using axiom Ks) that each angle with interior angle y is congruent to 
the angle 2((1,0)', (0,0)', (cos(y), sin(y))'). Hence two angles with the same 
interior angle are congruent to the same angle, thus congruent to each other. 


1.17 We first compute 


1—cos(2t) _ 1—(cos*(t) —sin*(1)) _ 2 sin?() 


2 
= = = tan*(f). 
1+ cos(2t) 14+ (cos2(¢) —sin*(t)) 2. cos?(t) 
Now the cosine rule yields 
, —-?+pr42 
a: (2) = 1 —cos(@) = be 
2/1 +eosa) | | -2 +b? +c? 


2bc 
_ @+b-o@-5b+0) 
~ (-a+b+oj(atb+o) 


1.18 Axioms I, I3 and [4 are valid. Axiom I, fails because pairs of antipodal 
points p and —p are contained in infinitely many great circles. 


1.19 Let p,q € S* be two distinct points on the sphere. If they are not 
antipodal, p # —q, then the line segment pq would be the unique great cir- 
cle containing p and q with these two points removed. If they are antipodal, 
p = —q, then the line segment would be pq = S? — { p,q}. Axioms A;, A, and 
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Az are obviously valid while axiom A, certainly fails. Axiom As fails because 
L will intersect all three sides of a triangle. 


sin(f) 
cos(f) + Intan(t/2) 


a(t) — cos(t) 
CO= | ine 4/sing) | 


Now fix ¢. The tangent of c at c(¢) is the straight line parametrised by 


2.1 Forc(t)= ( 


one easily computes 


ee sin(t) cos(f) 
A SENS conti inte ayy \ tala) 


One sees that this line intersects the y-axis for sy) = —tan(t). Now 


oe ( may 


indeed has lenght 1 for each t. 
2.2. For F(x) = Ax + b with A € O(2) one has 

(Foc) (t) = Ac(t). 
Matrices in O(2) preserve the length of vectors. 
2.4 Letc: R — R" be a periodic parametrisation with period L. Let w 
and g = w7! be the parameter transformations constructed in the proof of 
proposition 2.1.13. By lemma 2.1.14 it is sufficient to show that ¢ := co @ is 


periodic. Let A := L[c|;0,z)] be the length of the curve when restricted to one 
period interval. Then we have for alls € R 


stL 
We+L—wo =f leold=A 
and therefore (substituting t = w(s)) 
g(t+ A)— 9H =9(W(9) + A) —- PW) =s+L—-s=L 
for all t ¢ R. Hence 


c(t + A) = c(g(t+ A)) = c(g() + L) = c(g(H) = C(P). 
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2.5 (a) We parametrise the curve such that the centre at time ¢ is located 
at (t,1)'. Hence f is the length of the segment of the x-axis which has been 
touched by the circle of radius 1. The arc-length parametrisation of the unit 
circle starting at (0,—1)' at t= 0 is given by tt —(sin(2), cos(¢))'. Thus 


t sin(f) t — rsin(t) 
cos(f) 1 — rcos(t) 


(b) 
r=2 
r=1 
r=1/2 


(c) From ¢(f) = (’ ie 


and 0 = 1 +r. Thus c is regular if and only ifr 4 1. 


) we see that ¢(f) = (0,0)! if and only ifte Z-z 


(d) One computes using the substitution t = 2u 


2a on 1 — cos(t) 
[O weona= f ( oi 


=22 [ V1 — cos(2u) du 
0 


2 
dt = / 2 —2cos(t) dt 
0 


= va [ rs — cos?(u) + sin?(u) du 
0 


= avi f" V2 sin?(u) du = afr sin(u) du = 8. 
0 0 


2.6 (a) Let c be a curve connecting x and y which contains a point z that 
does not lie on the line segment xy. Then the triangle inequality shows that 
any polygon P having x, z and y as vertices must have length L[P] > ||x — 
z|| + lz — yll > |lx — yl]. Now choose a sequence of polygons approximating 
c which contain x, z, and y as vertices. Proposition 2.1.18 then says L[c] > 
lx — zl + lz —yll > Ix —yll- 


(b) Without loss of generality assume x = (0,0,...,0)' andy = (y!,0,...,0)'. 
Let c: [a,b] — R” be a parametrised curve connecting x and y. Then 
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b b b 
Hae ; Wel) dt > / Oldt = / él(t) dt 
= cl(b) —cl(a) = y' = |x - yl. 


Thus there is no curve connecting x and y which is shorter than the line seg- 
ment. If we have equality, then we must have |¢(¢)|| = |c!(| for all ¢, thus 
(2? =.-- = é" =0. Hence c* = --- = c” = 0 and c is a parametrisation of the 


line segment. 


2.7 When restricted to (0,27) the first parametrised curve is injective while 
the second is not. 


2.8 Let J be the parameter interval of cj and J that of cp. Let C := cy(/) = 
c2(J) be the trace of the curves. By assumption c, : > C and c2:J > C are 
bijective so that g := (cr)~! 0 cy is defined. It remains to prove smoothness 
of y (interchanging the roles of c; and cz will then also show smoothness of 
vy '). Let t € J and put so := (to) € J. Since cz is regular, C2(sq) does not 
vanish. Without loss of generality oO (so) # 0. Thus the function c has a smooth 


inverse cy near sg. Then g = io ) Gi is smooth near fg as well. 


2.9 Foré:= Focwehaveé=A-¢andé=A -<. Hence 


3 0 = . 0-1) , 
i= -A-G=A- -¢=An 
(1) eee () ) 


@¢=A-¢=Akn=KAn= ka. 


and therefore 


This shows kK = k. 


, : : ‘ 0 -1 
If F reverses the orientation, then A anticommutes with Fi 0 


) so that 


2.10 Itis easy to see that the function « defined in this exercise coincides with 
the curvature if the curve is parametrised by arc-length. Let c = co a be an 
orientation-preserving reparametrisation. Then ¢ = ¢ - (Co g) and¢=@- (é0 
v) + ¢?- (09). Thus 


det(¢,¢) = det(@- (C09), G- (Cog) +¢@- Cog) = Pdet(eog,é09) 


and 
o ce 
cl? = Pleo gl. 


This shows K = k og. 
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2.11 The function tr ||c(f)||? has a maximum at t=‘). Hence (d/dt)| 15 
Ic(O |? =0 and (d?/dt”)|:=% ||c(O||2_ < 0. The first condition implies ¢() = 
a-c(to) and the second w < —1/R*. Therefore |« (tg)| = ||€(¢o) || = la] - |Ie(to) || = 
1/R?-R=1/R. 

2.12 A regular parametrisation is given by c : (0,00) > R, c() = (ery. 
It extends to a non-regular parametrisation on [0, 00). We compute the length 
using the substitution u = 4 + 977: 


Tr T 
L{elo,r\] = i (2t)2 + (312)? dt = / t/4+ 972 
0 0 


44977 44977 
=] Jp a Nee 
ji 167 1813" le.3 
a. 23/2 =. 3/2 
= 5 (44977)? -8) = = (4+9x)9? -8), 


where c(T) = (x, y). We compute the curvature using exercise 2.10: 


(t) 1 wel 22 2 12° — 617 
= e pe 
(292+ GAR? \3? 6) ~ B+ ORR? 
6 
~ 14 +9P)3/2" 


This shows that 
liim«(f)}=oco and lim «(t) = 0, 
t\0 too 


hence « takes all values from (0, 00). 


2.13 For the length we have 


oy 
L{cl,o,7)] = vx | lcos(r 2/2)? + sin(wt?/2)2 dt = /xT. 
0 


The curve is parametrised proportional to arc-length with ||¢c|| = ./7. Hence 
we get for the curvature 


eV (-sinca 2) F tx)° te (cos(z 2/2) . tx) 


= VP = /mt. 


As 
Ik(@| = —|leO|| = 
Iv 


2.14 The osculating circle ¢ is constructed in such a way that it contains c(fo). 
Without loss of generality C(t) = c(tg) and ¢ is parametrised by arc-length. 
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Since both C(t) and E(t) are perpendicular to n(tq) we have C(fo) = +é(to). 
With the right choice of orientation of ¢ we have C(tq) = C(t). Denote the 
centre of ¢ by M := c(to) + (1/k (to))n(to). Since the radius of ¢ is r = 1/|k (to) | 
we have 


1 M-é 1 
C(t) = |k(to)| - _C1/«@o))n@o)_ = K(to)n(to) = C(t). 


C(to) = 7 ||M — (to) I| (1/K (to))n(to) | 


2.15 We parametrise the parabola by c(x) = (x, x2)! Using exercise 2.10 one 


easily computes x (x) =2/(1+ 4x7)?/? and n(x) = (1/1 + 4x?)(—2x, 1)". Thus 
the centre of the osculating circle is given by 


4,3 
Moa) = els) + Zanes) = ( ae ). 


K(x) 4 Aa 


We conclude 


ie Lxeri=|(J) om? 


2.16 We compute 
v(t) = ; (c() = (A - c(t) )= C(t) = Avi) 
v a a A- +p A. Av 


and 


C(t) = v(t) = Av(t) = Ad(t). 


Hence 


(0) = |leO|| = IAI = EO = «O, 


because A is orthogonal and thus preserves lengths of vectors. This also shows 
n(t) = An(t). Since A is orthogonal and orientation-preserving the unique 
vector completing Av(‘) and An(t) as a positively oriented orthonormal basis 
is given by Ab(f). Thus b(t) = Ab(t). For the torsion we get, using once more 
that A is orthogonal, 


#0) = (100), 5) = (AR, ADO) = (HO, BO) = TO. 


If F and hence A is orientation-reversing, then similar reasoning yields 
b(t)= —ADb(t) and therefore t(t) = —r1(t) while still K() = « (0). 
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2.17 The proof is analogous to that of theorem 2.3.9 where one replaces 
(2.15) by 


4 0 0 0 
ae v,n)=(c,v,n)-]1 0 —-k 
0 
and (2.16) by 
d (v, v) 0 0 2K (v, v) 
a (n,n) | = 0 O —2k ]- |] (n,n) 
n, V) —K K 0 (n, Vv) 


2.18 First observe that 
i(c, —e) = |{local minima of the function R > R, tt (c(f), e) in [0, L)}}. 


The assertion follows because between any two local maxima there is a local 
minimum and vice versa. 


2.19 Any simple closed space curve is ambient isotopic to itself: Put ®(t,x) := 
x for all x € R? and allt € [0,1]. 


If cy is ambient isotopic to cy, then cz is ambient isotopic to cy: Let ® be 
an ambient isotopy deforming c; into cp. Then W deforms cz into cy where 
W(t) = OG.) 1. 


If cy is ambient isotopic to cz and cp is ambient isotopic to c3, then cy is ambient 
isotopic to c3: If ®, deforms cj into cz and ®2 deforms cz into c3, then ® 
deforms c, into cz where 


; (2, x), if t € [0,1/2I, 


®D = 
of (2t—1,0,(1,x)), ift € [1/2,1]. 


3.1 There are many ways to cover S* by two coordinate neighbourhoods. 
We use the stereographic projection. Put V; := R° \ {(0,0,1)'}, U; = R’, 
and F, (u,v) = (1/(1 + uw? + v”))(2u, 2v,u? + v? — 1)’. One easily checks that 
F,(U,) = S? \ {(0,0, 1) '} with inverse map 


1 


“ 
fo" * 


Fi): \{0,0,D"}>R’, Fpl@y,2= 


In particular, both F; and Fy ' are continuous which verifies condition (i) in 
definition 3.1.1. Condition (ii) is also easily checked. 
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This local parametrisation covers all of S? except one single point, namely 
(0,0, 1). So we need a second local parametrisation. For example, we may take 
V2 := R? \ {(0,0,—-1)"}, U2 = R?, and Fy(u,v) := (1/1 + u? + v”)(2u,2v,1 — 
ur — vy. 


3.2 Any local parametrisation (U, F, V) of S gives rise to a local parametrisa- 
tion (F—!(W), F| F-\(wy» VO W) of SO W. These local parametrisations cover 
SAW. 


3.3 For any point of p € S there is an open neighbourhood V of p such that 
Sf V is a regular surface. Hence there is a local parametrisation (U, F,V’) of 
SOV with p € V’. Now (U, F, V’) is also a local parametrisation of S, thus S 
can be covered by local parametrisations. 


3.4 Letf:V — R? be smooth. Proposition 3.1.9 tells us that Fy are f is smooth 
for any local parametrisation (U2, Fy, V2) of $2. Proposition 3.1.11 now implies 
that Fy 1, f o F, is smooth for any local parametrisation (Uj, F,, V1) of Sj. 


35 
1 
OFS 0 OFS 1 
ax a "ay y , 


/1 — x2 — y2 /1 — x2 — y2 


1—y? xy 


(8iij = 


1 — x2 y2 1x2 y2 


3.6 For F(x,y) = (x,y, f(x, y)) we get 


1 0 
oF | 0 oF | 1 
ax of j ay of 

ax ay 


° 
(gipij = : hi 
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3.7 
—rsin(¢”) F cos(¢) 


an =] reosy) |. oe sin(y) | , 


ro 
(Sipij = 0 . 


3.8 Let (U,F,V) be a local parametrisation of S$. Now 


OF OF 
= ee oy 
N= TaF _ oF 
——— x —_ 
ox oy 
is a smooth unit normal field on SOV. Hence we have N = f-N with a function 
f: SAV — {-1,1}. Such an f is continuous if and only if it is locally constant 
if and only if it is smooth. 


3.9 Near p write S locally as S={xe R>|fi(x)=0}, where f, has 
non-vanishing gradient. Put Y:=N(p)x XeT,S. Then E+p={qe R>| 
(q—p,Y) =O}. Put fo(q):= (q—p,Y). Then, near p, SN(E+p)= {xe 
RIA@ =h® = O}. Since grad f,(p) and Y are orthogonal and non-zero, 
D(fi,f2)(p) has maximal rank 2. Without loss of generality, let the second and 
the third row of this 3 x 2 matrix be linearly independent. Then, by the implicit 
function theorem, there exist smooth functions g; and gz such that 


SNE +p) ={G810,820)" Ire -e,8)| 
near p. 
3.10 (d/dt)N(c(t)) = dN) = —Wen (CO). 
3.11 According to corollary 3.6.16 near p S is the graph of a function f on the 


tangent plane. Translating p to (0,0,0)' and rotating S such that TS becomes 
the plane spanned by e; and e? this function is of the form 


ful ,w) = 5 >> hjO, Ou'u! + pw, 
y 


where g(u) = O((lul|7), ie. |p(w)| < C- ||u\|> for some constant C and all 
u in a neighbourhood of (0,0). Now rotate 7,S about the origin such that 
e; and e) become an eigenbasis of the Weingarten map at p = (0,0,0)'. 
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Table A.1 Graphs with vanishing Gauss curvature at the origin 


f=0 S=TpS 


fy) = y2 S lies on one side of T,S and intersects 7, in a line 
f(y) = x y4 S lies on one side of T,S and $1 TpS = {p} 
f@, y) = xe y4 S intersects both sides of Tp) S 


Then we have 
fulw) = 5 («10,0 Wy? + «20,0)@?)") + pu), 


(a) Let K(p) > 0. Then x, (0,0) and «2(0,0) are both positive or both negative. 
Without loss of generality, assume that they are both positive, the other case 
being similar. Put k := min{x;(0,0),«2(0,0)} > 0. Now we have for all u 4 
(0,0)' in the domain of f with ||u|| < k/4C 


k k k 
Fu) = slul? + e@) > sllull? — Cllull? = Zllull? > 0. 


Hence this part of S$ lies on one side of 7,,S. 


(b) Let K(p) <0. Then the two principal curvatures have opposite sign, say 
«1 (0,0) <0 and «2(0,0) > 0. An argument similar to the one in (a) shows that 
near p the function f is negative along the e;-axis and positive along the e2- 
axis. Hence each neighbourhood of p in S meets both sides of the tangent 
plane. 


(c) Nothing general can be said in the case K(p) = 0 as can be seen by the 
following examples. Let S be the graph of the function f : R* > R. Then 
at p = (0,0,0)' the Gauss curvature vanishes; curves with vanishing Gauss 
curvature are listed in table A.1. 


3.12 (a) Let N € S*. Let E be the orthogonal complement of N. Since S is 
compact the affine plane F; := E+ +t- N will not intersect S provided t¢ is large 
enough. Now decrease t¢ until the affine plane EF; touches S for the first time. 
Then £ is the tangent plane of S at this intersection point p, hence N is the 
exterior unit normal vector to S at p. 


(b) Suppose there is a point p € S such that K(p) < 0. By exercise 3.11(b) 
there are points of S on both sides of the affine tangent plane 7,5 + p. The 
construction in (a) above yields a point g € S such that N(q) = N(p). By 
construction S lies entirely on one side of the affine tangent plane TS + q. 
Therefore g 4 p and the Gauss map is not injective. 
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(c) For the pre-image p of N constructed in (a) the surface S lies entirely on 
one side of its tangent plane. Hence the Gauss curvature at this point cannot 
be negative. 


3.13 Since f is integrable in the sense of definition 3.7.4 we can write f in the 
form f = f1+---+/7, where each f; is integrable in the sense of definition 3.7.1. 
Since x = XVj—(ViU--UVj-1) is integrable and bounded, the function f; = x - fi 
+---+ fy is integrable as well. 


3.14 The problem is that the familiar linearity of the integral of functions 
defined on R” gives us linearity for the integral of functions on a surface a 
priori only if they are supported in a common range of a local parametrisa- 
tion. Now let f = fi +--- + fx be a decomposition as in definition 3.7.4. Let 
Xj = XVj;-WyU--UV;-4)> fi = xj: f and f = f; +---+f) as in the remark after 
definition 3.7.4. It suffices to show 


y fiea=¥ [fea 


Using )0; xj = 1 and the linearity of the integral for functions supported in a 
common range of a local parametrisation we get 


k P , 

Di ffida= 2 foatda= 3 [tia 
I k j 

= 2 [Rta => fara. 


3.16 Ata point p € S, where K(p) > 0, the determinant of the differential 
of the Gauss map is non-zero. By the inverse function theorem there exist 
neighbourhoods U of p in S and V of N(p) in S? such that the Gauss map is 
a diffeomorphism from U to V. The transformation formula for the integral 


implies 
[xa | tacAIV 
U V 


By exercise 3.12 (c) we know that the Gauss map S; —> S? is onto. By Sard’s 
theorem the set So := {x € S| K(x) = 0} is mapped to a zero set in S?. Choose 
(countably many) open subsets U; C Sy \ So and V; C S* such that 


the Gauss map is a diffeomorphism from U; to Vj, 
the V; are pairwise disjoint, 
the V; cover S? up to a zero set. 
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Since the V; are pairwise disjoint, so are the U;. We conclude 
i KdA> | KdA=)_ A[V;] = A[S?] = 4r. 
Sy ~ JU; 
j j 


3.17 From K = det(hj)/ det(g;;) = —h*,/ det(g;;), we see that K(F(t,s)) = 0 if 
and only if 


oF 
0= hy2(t,s) = (Freo.neusy) = (v(t), N(F(t5))) > 


Le. if and only if V() € Tris)S. Since Tris)S is spanned by (0F/dt)(t,5) = 
c(t) + sv(t) and (dF /ds)(t,s) = v(t), the claim follows. 


3.18 For the cylinder v(4) = 0 and for the cone v(t) = —c(t). In both cases 
c(t), v() and v(a) are linearly dependent and exercise 3.17 applies. 


3.19 For the hyperboloid of revolution we have 


—sin(t) —sin(f) —cos(t) 
cj = cos(t)}, v(t) = cos(t)], v(t) = | —sin(t) 
0 1 0 
Thus 
—sin(t)  —sin(t) —cos(t) 
det(c(t), v(t), v(t) = det cos(f) cos(t) —sin(f) | = —1 40, 


0 1 0 


hence c(f), v(t) and v() are linearly independent and exercise 3.17 applies. 
For the hyperbolic paraboloid the corresponding computation yields 


1 
det(c(t), vi), V() = toe # 0, 


while we get for the M6bius strip 


det(2(t), v(), 0() = —5 40. 
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3.20 First partial derivatives of F: 


1- (ul)2 + (u2)2 2u- ul 
oF oF 
nat (u', u?) = 2u2 ul i (u',w?) = /1-(w)?4+ a)? 
2ul —2u2 


First fundamental form: 

@y=arule+orrr( 9 7): 
Its inverse: 

hedeag?+ wry?) ( ; : } 
Unit normal field: 


—2u! 
2u? 
{= (u!)2 = (u2)2 


1 
~ 1+ @? + 02) | 


Second partial derivatives of F: 


—2u 2u2 Qui 

a2F 02°F 02F 
a 2 _ 1 _ 2 
sae | See OLY ee | 
2 0 9 


Second fundamental form: 


2 O 
(hij) = : 
0 -2 
Weingarten map: 
2 O 
(w/) =a +aly+@eyy? ( 
0 -2 


Mean curvature: 
H= 5 Trace(W) = 0. 
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3.21 First partial derivatives of F: 


sinh(u!) cos(u2) —cosh(u!) sin(u”) 

ie ae ee Ty pits? OF (1 2) — 1 2 

dul (u es ) = | sinh(w") sin(u*) | , a (u 7U ) = cosh(u") cos(u“) 
1 0 


First fundamental form: 


cosh?(u!) 0 
(gij) = ; 


0 cosh?(u!) 


Its inverse: 


cosh~?(u!) 0 
(g!) = ; 
0 cosh~2(u!) 
Unit normal field: 
1 —cos(u*) 
= hal —sin(u?) 
cosh \ ssaneu') 


Second partial derivatives of F: 


cosh(u!) cos(u”) 
2 
Sah aC a aie sin(u2) : 
u 
—sinh(u!) sin(u2) 
a°F 
aout ; ( ae ; 
urdu 
—cosh(u!) cos(u2) 
2 
a 3 (« tS — sin(u2) 
u 


Second fundamental form: 
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Weingarten map: 


: —cosh~2(u!) 0 
(") | 
0 cosh~2(u!) 


Mean curvature: 
H= 5 Trace(W) = 0. 


3.22 First partial derivatives of F: 


sin (u’) 
oF 1.2\ _ 2 OF a) ee 
sat (wis) = —cos(u*) |, Sa (tl?) = 
0 
First fundamental form: 
1 0 
(gi) = 6: angie) 
Its inverse: 
7 1 0 
(g4)= 


0 (1+ a2)" 


Unit normal field: 


1 —cos(u?) 
= ——. ~sin(u2) 
v1l+ (ul)2 a 
Second partial derivatives of F: 
0 
OF £42 OF 4a 
OY (u Ju ) =] 0 |, aaut (u Ju ) = 
0 
—u' sin (u’) 
°F 12 1 2 
a G Ww) u cos (u*) 
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Second fundamental form: 


fiend! ( 0 t) 
”* eae -1 0} 


Weingarten map: 


Mean curvature: 


H= 5 Trace(W) = 0. 


The helicoid is a ruled surface because F(u!,u”) = c(u?) + u! - v(u2), where 
c(u’) = (0,0, u2)' and v(u?) = (sin(u?), —cos(u”), 0)". Clearly, ¢(u*) = (0,0, 1)7 
and v(u’) are linearly independent. 


3.23. The principal curvatures are the eigenvalues of the the Weingarten 
map and hence the zeros of its characteristic polynomial. The characteristic 
polynomial of any 2 x 2 matrix A is given by 


xa(A) = A2 — A+ Trace(A) + det(A). 


3.24 The graph of ¢ has the following parametrisation: 


x 
Fy) = y 
p(x, y) 
Its partial derivatives: 
il 0 
OF | 0 OF 1 
Ox a6 oy ap 
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First fundamental form: 


ox ox dy 
(Si) = ‘5 
dy Ig (3) 
ox oy dy 
Its inverse: 
fie (3) dy IY 
(git) 1 dy Ox dy 
g SO 
1+ I grad ||? dy 0g 1 CX) 2 
ee + ee 
ox dy ( *) 
Unit normal field: 
dp 
Ox 
N=—_—__| _ 
v¥1+|l grad ¢||? ay 
1 
Second partial derivatives of the parametrisation: 
0 0 0 
a°F 0 a°F 0 a°F 0 
aD. = > ALTAR > aad. = 
Ox 920 dyox a0 dy vy 
ax2 dxdy dy? 
Second fundamental form: 
a2 a2 
1 dx2—- axdy 


————— 
 J/t+igradgi2 | a2 02 


aoxoy ay? 
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Weingarten map: 


3/2 ; 

2 
(i+ ll grad | ) -(w/) 2 
a0 1+ dp ‘ ao dp dg a0 dg oF. a2 jee dg 2 
ax2 dy dxdy dx dy dx2 ax dy dxdy ax 
e (1, (39))_ ov a a9 Pp ap ap, dy (, (ay)? 
axdy dy dy2 ax ay axdy dx dy day ax 


The claim follows. 


3.25 From the above computation of the Weingarten map we see 


2 
a2 a2 a 
ax? dy? axdy det(Hess ) 


K= = 


(Gy oe 


Now any symmetric real 2 x 2 matrix has positive determinant if and only if it is 
(positive or negative) definite (both eigenvalues positive or both eigenvalues 
negative) while it has negative determinant if and only if it is indefinite and 
non-degenerate (one eigenvalue positive and one negative). 


3° 


3.26 Use exercise 3.24. 


3.27. (a) After the parameter transformation v! = u!/R, v* =u, the rescaled 
catenoid is given by the parametrisation G(r) (v!, v2) = R- (cosh(v!) cos(v?), 
cosh(v!) sin(v2), v!)' = R- Gav}, v’). By exercise 3.21 we know that Gq) 
parametrises a minimal surface. One easily sees that we have for the first fun- 
damental form g(r)ij = R?. 81), for its inverse BR) =R?. Bays for the normal 
field Nr) = Nc), for the second fundamental form hay = R-ha)ij, and hence 
for the Weingarten map wry, = R-!-way}. Thus Hp) = R-!- Hi) = (0,0, 0)". 
(b) At height 4 the rescaled catenoid describes a circle of radius R- cosh(h/R). 
Hence h = Rarcosh(1/R). 


(c) There is an upper bound for h because 
lim Rarcosh(1/R) = lim Rarcosh(1/R) = 0. 
R\O R/Z1 
3.28 First partial derivatives of the parametrisation: 
sin(@) sinh(u!) cos(u2) + cos(a@) cosh(u!) sin(u2) 


— (ul, uy =] sin(a) sinh(w!) sin(u2) — cos(w) cosh(u!) cos(u2) |, 
u 


sin(a) 
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—sin(a@) cosh(u!) sin(u2) + cos(a@) sinh(u!) cos(u2) 
— (u!, u’) = sin(@) cosh(u!) cos(u2) + cos(a) sinh(w!) sin(u2) 
u 
cos(a@) 


First fundamental form: 


cosh2(u!) 0 
“> 0 cosh?(u!) 


? cosh~?(u!) 0 
(g!) = 


0 cosh~2(u!) 


Its inverse: 


Unit normal field: 


—cos(u2) 
—— in(u’) 
~ cosh(u!) are 

sinh(u!) 


Second partial derivatives of the parametrisation: 


sin(@) cosh(u!) cos(u2) + cos(a@) sinh(u!) sin(u2) 


2 
a (u!, u) = sin(a) cosh(u!) sin(u’) — cos(a@) sinh(u!) cos(u’) 
0 
: —sin(a@) sinh(u!) sin (u?) + cos(a@) cosh(u!) cos(u2) 
— (ul, u’) = sin(@) sinh(u') cos(u?) + cos(a@) cosh(u!) sin(u) 
0 
—sin(a@) cosh(u!) cos(u2) — cos(a@) sinh(u!) sin(u2) 
BEES. (u! u’) os, ‘ h lg 2 inh 1 2 
aqeye = —sin(@) cosh(u*) sin(u~) + cos(@) sinh(u~) cos(u~) 


0 


Second fundamental form: 


—sin(a) —cos(a@) 
(hij) = ‘ 


—cos(a@) sin(@) 


Weingarten map: 


/ = H( —sin(a) —cos(@) 
w! ) = cosh“ (u ; 


—cos(a@) sin(a@) 
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(i) 
(ii) 
(iii) 
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We conclude H =0 for all a. For a=z/2 we get the parametrisation of the 
catenoid as in example 3.8.13. For a = 0 we get the parametrisation of the 


helicoid as in example 3.8.14 after the parameter transformation v! = sinh(u!), 


v2 = u-. 


3.29 One can easily check that in both (a) and (b) the ruled surface is a mini- 


mal surface. Conversely, suppose that it is minimal. From the parametrisation 
F(t,s) = c(t) + sv(t) we see that 


a G ) = c(t) + sv(t) OF ) = v(t) 
OT SpH=c + sv(t), By 5S) = VU). 


Hence we have for the first and second fundamental forms 


(gij) = G ') » (hij) = Gi oo 
Thus 
(w!) - (ee 5) 
and therefore minimality means that 1; = 0, in other words N L °F /dt’, ie. 


0= (€+s¥,¢C x v+sv x v) 


= (€4,C x v) +5 ((¥,C x v) + (6,0 x v)) +s? (v,v xv). 
Thus 


(¢,¢ x v) =0, 
(vp.cxv) + (é,v x v) =0, 
(v,v x v) =0. 


If v is constant, then (ii) and (iii) hold automatically while (i) implies ¢(f) = 
a(t) - v because both v and ¢ are perpendicular to ¢. Integrating twice yields 
c(t) = BX) -v+wandc(t) = y()-v+tw+u. Thus c parametrises a straight 
line and the surface is part of a plane. 


Let us now look at those values of ¢ for which v(t) 4 (0,0,0)'. From (iii) we 
conclude that v(t) = a(f)v(t) + B(Hv() and thus 


—(vxv)=vVxv+vxv=prexv. 
Ae ) B 
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The unique solution to this ordinary differential equation for v x v with initial 
value v(fo) x v(to) at t = fo can be written down explicitly: 


t 
v(t) x v(t) = exp (/ pds) - V(to) X V(to). 
fo 


Hence v(t) x v(t) are linearly dependent for all f, i.e. v(t) and v(f) are contained 
in a fixed plane. After applying a Euclidean motion we may assume that this 
is the x-y plane. Since ||v|| = 1, the curve v parametrises part of the unit circle 
in the plane, i.e. we can write 


sin(Q2 (f)) 
v(t) = | —cos(Q(a)) 
0 


for some smooth function Q. Now (i) yields ¢(f) = a(f)v(t), while (i) gives 
v(t) = Bc) + y(v(@. On the other hand, 


cos(&2(t)) 
vO) =A | sincaq~) | — 22— - vi. 
0 
Comparing we find 
cos(Q2 (f)) 
BHO) = QZ | sin(Q~@) 


0 


If Q(t) £ 0, then é(t) = £(cos(Q(t)), sin(Q(t)), 0)", thus c lies in an affine plane 
parallel to the x-y plane. Then the ruled surface is contained in this affine 
plane. Let therefore 2 = 0. Then Q(t) = wt + to. After applying a rotation we 
may assume f = 0. Since ¢ is perpendicular to v, we can write 


cos(wf) 0 
c(t) = B(D) | sin(@t) | + y(@ 10 (A.1) 
0 1 


with 6? + y? = 1. Thus 


cos(wt) —sin(wt) 0 
c(t) = B(t) | sin(wt) | + Bo cos(wt) | + y(t) (") : 
0 0 1 


290 


APPENDIXA HINTS FOR SOLUTIONS 


Comparing this to ¢()=a(f)v(), we find B=y=0 and B=-a. Putting 
6 =: A, integrating (A.1), and a last translation concludes the proof. 


3.30 From the formula for the minimal curvature we see that a surface of 
revolution is minimal if and only if 


. er 
— 


r 


holds. Now r(f)=c,cosh(t+ c2)/c, solves this differential equation and 
for suitable choices of cy>0O and cp realises all initial values r(fo)= 
cy cosh(tg + c2)/c, > 0 and 7(to) = sinh(fp + c2)/c1. 


3.31 We observe that for the third component u(t) = cos(t) + In(tan(t/2)) of 
F we have 


du _cos*(t) 


a am 


so that it is strictly monotonically increasing. Denote the inverse function by 
t(u). Then 


r= sin(t(u)), 


dr _ ; dt _ sin(t(u)) — 
a cos(t(u)) - CO a an(t(u)), 
@r 1 dt  sin(t(w)) 


due cos2(t(u)) du cos4(t(u))’ 


Hence 
F(t) 7 sin(t)/cos*(t) 
rHA+rf2)2 sin) + tan2()2_— 


3.32 Let c be parametrised on the interval J. Then 


Qn 
[Kaa = -f{f 7 ney) r(1 — rcos(g)« (t)) dgdt 
Ss Jo. ri—rcos(g)k(t) 


2a 
= -{f «(t) cos(g) dgdt = 0. 
ITJO0 


3.33 Choose r > 0 so small that r < 1/«(f) for all t € J. Let S be the tubular 
surface around c. We only need to consider ¢ for which x(t) 4 0, i.e. «(t) > 0. 
From 

1 x(t) cos(@) 

r1—rcos(g)k(t) 


K= 
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we see that K >0 if and only if cos(g) <0, i.e. g € (17/2, 37/2). Using exer- 
cise 3.16 we find 


32/2 
dn < / KdA= i «(t) cos(~) dg dt = 2k(c). 
{K>0} TJx/2 


This proof of Fenchel’s estimate is due to Konrad Voss [33]. 


4.1 The standard vectors e; and e2 form an orthonormal basis of 7,5; for any 
p = (x,y,0)'. We compute 


dyf (e1) f(p + te) 


t=0 


f(x+t,y,0) 
t=0 


dt 


~ dt 
of 
ao y, 0) 

= (—sin(x), cos(x), 0)" 


and similarly 
0 
dpf(e2) = oy, 0) = (0,0, 1)". 


Since d,f(e,) and d,f(e2) are again orthonormal, d)f is a linear isometry. 


4.2 Atp =(x,y,0)' we compute 


of i ae 8 
apf(e1)= 5&0) = Toa ae Joey | 
De en ce y) 
POD ay OP" WA OP V3y(x? + y?) 


One can easily check that d,f(e,) and dpf(e2) are again orthonormal. 


4.3 If we denote the coefficient function of the first fundamental form of F 
by gi; and the ones of f o F by gj, then, using the chain rule and the fact that 
df is a linear isometry, we get 


a -(“EP a(f oF) 
§ij = 


due” ud 


= (df (DF (e)), df (DF (e;))) = (DF (ei), DF(e)) = gi- 


= (D(f o F)(e), D(f o F)(e)) 
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4.4 This follows from ag) = (ars where f(p) = q and the fact that 
the inverse of a linear isometry is again a linear isometry. 


4.5 Given a local isometry f:$; > Sz we can restrict it to an isometry of a 
neighbourhood U of any given point p € S; onto its image V = f(U). By 
exercise 4.4 (f|y)~! : V > U is also an isometry. Since f is onto we can find 
such a neighbourhood V for any given point g € Sp. 


This last argument fails if f is not assumed surjective. For example, let Sz be 
a surface having elliptic points and hyperbolic points (such as the torus). Let 
S1 Cc So be the open subset of elliptic points. Then the embedding f : Sj — Sp 
is a local isometry. But no hyperbolic point in Sz can have a neighbourhood 
which is isometric to an open subset of S; because isometries preserve Gauss 
curvature as we shall see (see Theorem 4.3.8). 


46 df= DpF\t,s = Alt,s is a linear isometry. 


4.7. Take a Euclidean motion F : R°? — R? such that F(E,) = Ex. Now 
exercise 4.6 applies. 


4.8 Look at the curve c: R > S, c(t) = (cos(t+ fo), sin(t +f), z)', where fo is 
chosen such that c(0) = (x, y,z)!. Then ¢(0) = X(x, y, z) and hence 


d d 
Oxayah = dayofiX%y2)= =| ficcM)= =|  cost+to) 
dt t=0 dt t=0 
= —sin(f9) = —y 
and similarly 
Ox(xy22=*X, Ixwyfs = 0. 


For Y we can take the curve c(t) = (x,y,z + #)'. Then one gets 
bv(ayafl = OW ay22=9, Ivay,2f2 = 1. 


4.9 Compute 


O(foF 
dx (vf) = ax yy ae 
J 


dul 
a eel 
~ ; oul aul 


wo. (am a(foF) , (foF) 
-rs(z aul Nj ee) 
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and similarly 


du! au dulul 


0& O(foF a2(foF 
vax =Dn(¥ uv Lee Z ). 


By Schwarz’s theorem, 


(foF) dad (foF) 


duiul dulul 


and hence 


dx (df) — dy(axf) = >> (« 
yf 


3 o> => 
~ ‘oui = oul aul dul 


: any s) a(foF) 
7 pe (« out Oui dus 


On O(foF) 9 wo) 


due’ Ou! ‘oui aut 
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4.10 From é(t) = (—cos(t) cos(@), —sin(t) cos(@),0)' and N(c(t)) = —c(t) = 


(—cos(t) cos(9), —sin(t) cos(@), —sin(@))' we get 


Vv 
ae = c(t) — (e(), N(c()) N(cO) 


—cos(t) cos(@) —cos(t) cos(0) 
= | —sin(f) cos(9) — cos?(6) —sin(t) cos(0) 
0 —sin(0) 
—cos(t) cos(@) sin?(0) 
= | —sin(t) cos(@) sin2(@) | , 
—sin(@) cos?(@) 


which vanishes if and only if 6 = 0. 


4.12 The Gauss equation implies 
> g* Rin =) git (jew = hixw}) =)- (w/w) _ w]w') 
ijk ijk ij 
a Trace(W)* — Trace(W7) 
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= (ky + Ko)” _ («? + 3) 
= 2k1K2 
= 2K. 


4.13 Covariant differentiation of vector fields along curves is now defined by 
(4.2): 


V OF 
qv = » (é + on ris a) 5k Oo 


where v(t) =é!(t)(0F /du!)(E(t)) + E2() (OF /du7)(E(t)) and €=F—! oc. State- 
ments (a) and (b) of lemma 4.2.12 follow immediately. For (c), writing w(t) = 
n' (t)(AF/du') (EO) + n° (O(0F /du*) (E(t), we compute 


d d _ 
qm) = ai( Dat) 
2 Os tl éke eini + gidin! + ei€'!) 


and 


Vv ge OF aa aF 
s(5v.w) = (Le ap Tec a) 


ikm 
= > (v's F a siti) 
ij km 
and similarly 


V : 
s(» <0) = Ss ( nigy + > rmeic ‘neni 


ij km 


Hence, by (4.3), 


V i a 
g ao” g ra 


(é | gi P é! 7 ij + eB (r iK&mj or rim) sie) 


= 
ij 
=> (é UT Igy te i! i arr: “si é¢ riety), 
yf 
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Note that (4.3) follows directly from (4.7) and therefore holds for general 
Riemannian metrics. This proves (c). Assertion (d) is again easily checked. 
Checking lemma 4.2.17 is similar. 


4.14 Computing the left hand side of the equation in local coordinates one 
sees that the terms containing Christoffel symbols cancel due to their sym- 
metry in the lower indices. What remains is the local expression for the Lie 
bracket. 


4.15 The proof of lemma 4.3.10 no longer applies because it uses the Gauss 
equation and hence the second fundamental form and Weingarten map, which 
we do not have for general Riemannian metrics. Assertion (a), however, is a 
direct consequence of the definition of R: 


Riv, w)x = Vig = Ve 


For (b), using exercise 4.13, we compute 


g (Vows) = g(Vy Vx) — 8(Vo,w%sY) 
= dy8(VwX,y) — 8(Vwx, Vy) — Ov,w8™,y) + 8%, Vv,wy) 
= dy y8(X, Y) — Oyg(X, Vwy) — IwS(x, Voy) + g(x, Vw Voy) 
— dv,w8%, y) + 8%, Vv,wy) 


and similarly 


g (Vow) = dydyg(x, y) — Iwg(x, Vvy) — dvg(x, Vwy) + 8, VvVwy) 


_ OV v8 (X, y) + g(x, Vvpvy): 


Thus, by exercise 4.14, 


g(R(v,w)x,y) = g (Vey) ~g (Vix) 
= Ivwi8%Y) + 8, Vw Wry) — B(x, Vv Vw) — Ov, w—Vipv8 OY) 
+ 8%, Vu,wy) — 8, Vopr) 
= —8(x, Riv, w)y) 
= —g(R(v, w)y, x). 
This shows (b). Before we continue with the proof of lemma 4.3.10 we observe 


that the proof of lemma 4.3.11 remains valid for general Riemannian metrics 
without change. As in the proof of lemma 4.3.11 one sees that (a) and (b) of 
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lemma 4.3.10 imply that 
g(R(v, w)x,y) = (v'w? — vw!) (xty? — xy!) g(R(e1,e2)e1,€2), 


where e}, e2 are a fixed basis of TS and v = vie; + vey and similarly of the 
other tangent vectors. This directly implies (c). For (d), we calculate 


g(R(v,w)x + R(x, vw + ROW, xv, y) 
_ (Cae Pw) orty? _ xy!) + (xt? — evhywly? _ wy!) 
+ (wx? — wx! (vy? — v*y!)) g(R(e1, e2)e1, €2) 
= 0. 


4.16 Straightforward computation using the formulae from lemma 4.2.14 
(for rk), lemma 4.3.5 (for Rix) and exercise 4.12. 


4.17 Invariance of the length under reparametrisations can be shown exactly 
as in lemma 2.1.16 (replacing the Euclidean norm by the Riemannian norm). 
For the energy, we see that even a simple rescaling of the parametrisation does 
indeed change it. Put c(t) = c(at). Then 


1 eo. a2 pe 
El¢c] = >| g(C(t), c() dt = = | g(C(at), C(at)) dt 


2 ab d 
=> ] g(c(s),&(s)) — = aE [cl]. 
aa a 


418 If F : U > S; is a local parametrisation of $1, then foF : U > S> is 
one of Sz and the components of the Riemannian metrics gj : U — R are the 
same for both. Hence the Christoffel symbols are also the same and the claim 
follows. 


4.19 From é(t) = ac(at + B) we get 


V 


“elat +p) =0(~ 
dt 


Vv: _ 


4.20 We know from example 4.5.9 that the equator is a geodesic when 
parametrised by arc-length. By exercise 4.19, this is also true if the equator 
is parametrised proportional to arc-length. Any other great circle is the iso- 
metric image of the equator and hence, by exercise 4.18, also a geodesic when 
parametrised proportional to arc-length. Simply choose A € O(3) such that it 
maps the x-y plane to the plane E whose intersection with S? is the given great 
circle. 
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4.21 From exercise 4.19 we know that ¢ is a geodesic. Since clearly c(0) = 
c(0) = p and ¢(0) = 6¢(0) = dv, it is the unique geodesic with these initial values. 


4.22 (a) Letc: [a,b] > S be a curve, c(s) = F(t(s), g(s)). We compare its 
length to that of a line of longitude, c() = F(t,go), t € [¢(a), t(b)]. Here we 
assume without loss of generality that t(a) < t(b). Since 0F/dt and dF /dg are 
perpendicular, we get 


bid 
tie / SFU. 0(9)| ds 


>| OF OF 
= i or (t(s), p(s))t(s) + —(t(s), y(s))p"(s)|] ds 
a t dg 


oF 
57 ES) POE) ds 


=f 

_ fF 
=| (8). ) 
=f 


oF , 
ar | (s), Go) 


- |t(s)| ds 


. t'(s) ds 


dt 


oF 
= —(t 
ap (Po) 


(b) The line of latitude y t> F (fo, ¢) is a geodesic if and only if V,,w = 0, where 
w = dF /0q. From the proof of theorem 4.5.13 we know that V,w = av, v = 
dF/dt. Hence the line of latitude is a geodesic if and only if (@7F/dg”, v) =0. 


We calculate 
°F OF\ 9d /aF dF\ [dF 30°F 
ag?’ at | ag \ dg’ dt dy’ dvat 


~ —— 


=0 
_ 10 /dF aF 
~  2at\ag’ ap 


1a 2 
ap ) 


—r(to)r(to). 


Thus the line of latitude is a geodesic if and only if 7(t9) = 0. 
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4.23 Choose an orientation-preserving parameter transformation ¢ such that 
C(s) = c(y(s)) is parametrised by arc-length. Then 1 = ||¢’(s) |p = ||€(9(s)) 9'(S) lle, 
hence g’(s) = ||é(g(s))||z'. Thus 


_ Va _ (Fe ; 
Kg =§ ag =§ gee am 

Vv. 1\2 : " 

Se ae ‘g)+e-g yn 


_ V, ; na &(¥é,n) 
8 Gan) oP = eS 


4.24 The first column in the matrix corresponds to the definition of xg. For 
the second we first observe that 


we conclude that a = —x, and the claim follows. 
4.25 Since the curves s +> F(t,s) = exp, (sn(t)) are geodesics we have 


OF, dF 5. OF 


hence Es j= iG s) = 0. From 


Vv, 
kg) nO) = Fel) = Vor 


oF aF : 
=P GO +I GO =P COCO +P On, 


we conclude re (t,0) =0 and ri (t,0) = «g(¢). Similarly, using the Frenet equa- 
tion (V/dt)n = — kgé (see exercise 4.24) we get eee 0) = 0 and rg, 0) = 
—Kg(t). The remaining Christoffel symbols are determined because of symme- 
try in the lower indices. 


4.26 IfF:U — Sisa local parametrisation of $;, then foF : U > Sz is local 
parametrisation of S,. With respect to these parametrisations both surfaces 
have the same Christoffel symbols. This shows that v is parallel if and only if 
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f ovis parallel. For given vo € T,5;, let v be the unique parallel vector field 
on S; along c with v(fo) = vo. Then 


dgf(Pc(vo)) = dgf (v(t) = (df © v)(t1) = Pfoc((df © v)(to)) = Proc(dpf (vo): 


4.28 In the case of a constant curve the local differential equations (4.15) for 
a parallel vector field reduce to * = 0. Hence the vector field is parallel if and 
only if it is constant. 


4.29 By exercise 4.22 the lines of longitude are geodesics, hence dF /d@ is the 
variation vector field of a geodesic variation. 


4.30 For each p € M_, the surface M_, lies on one side of the affine tangent 
plane T,M_, +p. By exercise 3.11(b) it cannot have negative curvature, hence 
K > 0. To see that K > 0 one can apply exercise 3.25. The surface M_ is the 


graph of the function g(x, y) = 1 + x2 + y? whose Hessian 


-3/2 f1+y? —xy 
= 4) 2 
Hess g(x, y) = (1+x +y ) ( ay awe 


is positive definite. 


4.31 Let f:M,—M, be an isometry and let c(t) = exp, (tX) be the geodesic 
in M, with initial values c(0) = p and ¢(0) = X. Since isometries map geodesics 
to geodesics, f o c is the geodesic with initial values f(p) and d)f(X). 
Hence f(c(t)) = XPf(p) (tdpf(X)). In particular, for t=1 we get f(exp, (X)) = 
expr p) (dpf(X)). On Ml, any two points p and q can be joined by a geodesic; 
just intersect M,, with the plane containing p, g and 0. Thus exp, : TpM, > Mx 
is surjective. Hence for any g ¢ M, we can find an X € 7,M, with exp, (X) =q. 
Then f(g) = EXPF(p) (dpf(X)). This shows that f is uniquely detemined by the 
point f(p) and the linear map d,f : T,hM > Ty(pyMk. 


Now fix p = (0,0, 1) ' € M,. For any q € M, we can find an f € G, with f(p)=q. 
Moreover, for any linear isometry A: T,)M, — TgM, we can modify f € G, in 
such a way that d,f =A (by composing with a suitable f €G, with f(p) =p). 
Since the isometry f is determined by f(p) and d,f, the group G, contains all 
isometries. 


4.32 Let Hc be the point where the perpendicular from C intersects the 
side c. Applying the sine rule to the triangle (A, C, Hc) yields s, (h;¢)/sin(a) = 
§,(b)/sin(/2) = 5,(b) and similarly for the triangle (B, C, Hc). 
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4.33 By the sine rule we get 


sin*(@) 4  sin?() 2 sin(w) sin(B) 2 
sin?(y) sin?(y) sin(y) sin(y) 
_ 2. sin?(@) + sin?(B) — 2 sin(a) sin(B) cos(y) 
7 sin?(y) , 


a’ +b? — 2ab cos(y) = 


cos(y) 


(A.2) 


From the cosine rule for angles, which is equivalent to wa + 6 + y = m as we 
have seen, we obtain 


sin?(w) + sin?(B) — 2 sin(a) sin(B) cos(y) 
= sin?(@) + sin?(B) + 2 sin(a) sin(B)(cos(a) cos(B) —sin(@) sin(B)) 
= sin*(a)(1 —sin?(B)) + sin?(B)(1 —sin?(@)) + 2 sin(a) sin(B) cos(«) cos(B) 
= sin’(a) cos*(B) + sin?(B) cos*(a) + 2 sin(a) sin(B) cos(w) cos(B) 
= (sin(@) cos(B) + sin(B) cos(@))* 
= sin? (a + B) 
= sin’(1 — a — B) 
= sin’(y). 
Plugging this into (A.2) yields theorem 1.2.4. 
4.34 For our construction h must take values in (—1,1). In fact, if |n(0)| > 1, 
then / remains outside (—1,1) on its maximal interval of definition. Now for 
h(O) € (—1,1) the solution is of the form h(x) = tanh(x + x9). Thus the chart 


differs from Mercator’s projection only by a shift in the x-variable. 


4.35 Suppose we have a local parametrisation of S* which is conformal and 
area-preserving. Then 


(gi(ul,u?)) = c(u',u’) - (; ) 


This implies dA = c(u!,u*) du! du’ and since the chart is area-preserving we 


have c = 1, Le. 
1 0 
(gij(u',u*)) = é ) . 


This means that the local parametrisation is an isometry, which is impossible. 
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4.36 We compute the area in the Klein model. Using the formulae for the 
Riemannian metric coefficients, one easily computes the area element, 


dA= Cex ay) dew. 
We integrate over U by passing to polar coordinates. 


20 1 
[a-2-yyPaedy= f / (1 —?r)77” rdrdo 
U 0 0 
1 
=2n f (1 —r)73/* rdr 
0 


=2n[a- pl. 
= oo. ~ 


4.37 From the metric coefficient matrix we deduce directly that the area 


element is given by ae 
udv 


uz 


dud 1 ioe) 
/ — — / u-* dudv 
A Uu -1J./1-v2 


=-[ eR ae 


dA = 


Integrating, 


7 [ dv 
Vine 
= [arcsin(v)]}__ 


=. 
5.1 We choose Sjeg = S? and use the local parametrisation 


cos@ -cos@ 
F(g,0) = | cos@- sing 
sin @ 


with domain U = (0,27) x (—m/2,7/2). Then F(g,@) lies in the upper 
hemisphere if and only if 6 >0. Similarly, we can take this parametrisation 
with domain U’=(—2,7) x (—1/2,2/2). These two local parametrisations 
cover all points of S except for (0,0,1)'. This point is an interior point and 
can be covered by the local parametrisation FiU SSCS, FG, y= (x,y, 


V1—x2—y2)',U ={(x,y)" € R? |x? +? < I. 
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5.2 (a) Use local parametrisations of the form F(t,s) =c()+ (s - 3) v(t) and 
F(t,s) = c(t) + (3 - s) vit), (ty) € (tonto + L) x (-3. 1). 


(b) The equivalence of (i) and (ii) is seen by looking at the normal field 
N(t, 8) = (C(t) + sv(0) x v(t) which closes up if and only if v(¢+ L) =+v(t). The 
boundary is given by few + 5V(0) |te R| U few - 5V(0) |te RI. Ifvi¢+L)= 
+v(t), then this defines the disjoint union of two closed space curves. If 
vit+ L) = —v(t), then this is one space curve. This shows the equivalence 
of (iii) and answers (c). 


5.3. For the inner unit normal vector we have (d,F)~!(v(p)) = (x,y)! with 
y > 0. Thentrh F(u+ t(x,y)) = F((u!, 0) + t(x, y)) = F(u! + tx, ty), t € [0,¢), 
yields the required curve because ty > 0 and hence F (u! + tx, ty) € S. 


For the outer unit normal vector there is no such curve because any curve 
c: [0,¢) > S starting at p can be written as c(t) = F(x(), y() with y(t) => 0 
and y(0) = 0. Thus y(0) > 0. 


5.4 Reparametrise c; by arc-length and use substitution in the integral. 


5.5 

(a) (b) | 

A Ny 
NU7 NYS 

ee 
ai a> 
divX = 2 divX = —2 

(c) (d) 


divX = 0 divX = 0 


5.6 From Vy(fX) = fVyX + df(Y)X we have V.(fX) = fV.X + df(.)X. 
Taking traces yields the claim. 
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5.7 (a) Apply the divergence theorem to the vector field fp - grad f,; and use 
exercise 5.6. 


(b) This follows from (a). 


5.8 Let S be compact and let f : S ~ R be harmonic. By exercise 5.7 we have 


[ sieraaf.graa dA = - | faraa = 0. 
S S 


Since the integrand g(gradf,gradf) is non-negative this implies g(gradf, 
grad f) = 0. Thus grad f = (0,0, 0) '. Now let p,q € S be any two points. Choose 
a smooth curve c : [0,1] > S with c(0) = p and c(1) = q. Then 


1 d 1 1 
fate) = [ Spewyar= [ apeoyar= [ eterad few, e@) dt = 0. 


Hence f is constant. 


Note that this is no longer true if S is not connected because then f can take 
different values on the different connected components of S. 


5.9 If F isa local parametrisation of S, then F; = F + tfN is a local parametri- 
sation of the deformed surface. We get for the first fundamental form 


_ OF, oF; 
&1,ij = aul’ dul 


=a +e {(% ON). (2 FN ow) 


aut” dul au?’ dul 


= gy — 2efll;y + OW) 


and hence 
g=—2fl. 
Thus 
d 1 
— A[S;] = 5 | Trace(—241 dA= -2 | pHaa a -2 f (®, #) dA. 


6.1 Let p be a point in the interior of the tetrahedron. Then each straight 
half-line emanating from p will intersect the tetrahedron at exactly one point. 
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Thus the central projection with centre p will give a homeomorphism between 
the tetrahedron and the sphere with centre p. 


6.2 Since all triangles are equilateral, all interior angles are equal to 7/3. 
Thus for each vertex def(v) = 22 — 32/3 = zm and since the tetrahedron has 
four vertices )~,, def(v) = 4a = 27 -2 = 2m - x(X). 


6.3 Using exercise 6.1 we see that S* can be triangulated by the tetrahedron. 
Hence its Euler—Poincaré characteristic is 2, see example 6.1.3. 


6.4 Let pi,...,px be common neighbours. Hence there exists qeESn 
arm St(p;). From g € SM St(pj) C B(pj,€), we conclude p; ¢ B(q,e) and 
hence B(p;j,e/2) C B(q,3e/2). Since the ¢/2-balls about the points p; are 
pairwise disjoint we have 


Ar 


ay ; An 3¢ 3 
ai (5) = ee < vol(B(q, 3¢/2)) = > (F) 


This shows k < 3° = 27. 


6.5 Along each edge deform @ in the interior of the dashed region (e.g. using 
Fermi coordinates) such that it becomes smooth along the edge. 


aI 


6.6 A torus can be obtained by identifying the opposite sides of a square. 
Thus a triangulation can be obtained as follows: 


Making sure that we count each vertex and each edge which is identi- 
fied only once we obtain 18 triangles, 27 edges, and 9 vertices. Hence the 
Euler—Poincaré characteristic is 0. 


Appendix B- Formulary 


First fundamental form: 


oF OF 


Bi = fa sa 


Inverse of the first fundamental form: 


(s’) _ 1 ( 822 7) 
iy 811822 — 819 —821 fll 


02F 
hy ={——\.N)}). 
dulou! 


Second fundamental form: 


Weingarten map: 


Wea) ae 


j oF 
i Oul” 


k kj 
hi = > W? &kjs So hig i = We 
k k 


Christoffel symbols: 


dim 


1 dg; 
k jm 
ot 2 sf aul a 
m 


Covariant derivative: 


dt 


V at 
v= Teh) = + >) Pivie) — 


I8ij ) ik 


dul = oun 


OF 


kK: 
u 
ijk g 
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Riemann curvature tensor: 


RV, W)z = ViwZ — VanyZ = WVwz — VwVvz — VivwiZ 


DR viwizk Zz 


ijke 


are. ape 
Bee je. kj ki £ nm e pm 
Rik = Fa ~ Oui T sees 


— haw awe 
= jkW; — Nikw; 


=K. (a = gird} ) 


Gauss curvature: 


__ det(hij) is ji 
~ det(gi) 2 Rie: 


Mean curvature: 


Ki + k2 uence 
H= 5) 7me hj. 


Divergence of a vector field: 


divX (p) = Trace(Yp Vy,X) 


= np dwn) g(X, v)ds 
NO AID@.PI 


= X dul an dette) #). 


Divergence of a symmetric (2,0) tensor field: 
ke ij OD ix ap b 
(div b)° =)igK'g sa (Ns ek + TR wi) )- 
ijk a 
Euclidean trigonometry 
Sine rule: 


an eee: 
sin(w)  sin(B) _ sin(y)’ 
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Cosine rule: 


Cc =a’ +b* —2ab cos(y). 


Height formula: 
h. = bsin(a) = asin(B). 


Sum of angles in a triangle: 
a+P+y=nT. 


Spherical trigonometry 


Sine rule: 
sin(a) _ sin(b) __ sin(c) 


sin(w) sin(B) _sin(y)" 


Cosine rule for sides: 


cos(a) = cos(b) cos(c) + sin(b) sin(c) cos(@), 
cos(b) = cos(a) cos(c) + sin(a) sin(c) cos(B), 


cos(c) = cos(a) cos(b) + sin(a) sin(b) cos(y). 
Cosine rule for angles: 


cos(a) = cos(a) sin(B) sin(y) — cos(B) cos(y), 
cos(B) = cos(b) sin(@) sin(y) — cos(a) cos(y), 


cos(y) = cos(c) sin(a) sin(B) — cos(a) cos(B). 
Height formula: 
sin(Mc) = sin(b) sin(w) = sin(a) sin(B). 
Sum of angles in a triangle: 
a+Bty>n. 


Hyperbolic trigonometry 


Sine rule: 
sinh(a) _ sinh(b) __ sinh(c) 


sina) —sin(B) —_sin(y) " 
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Cosine rule for sides: 


cosh(a) = cosh(b) cosh(c) — sinh(b) sinh(c) cos(a), 
cosh(b) = cosh(a) cosh(c) — sinh(a) sinh(c) cos(B), 
cosh(c) = cosh(a) cosh(b) — sinh(a) sinh(b) cos(y). 


Cosine rule for angles: 


cos(a) = cosh(a) sin(B) sin(y) — cos(B) cos(y), 
cos(8) = cosh(b) sin(a@) sin(y) — cos(@) cos(y), 
cos(yv) = cosh(c) sin(@) sin(6) — cos(@) cos(B). 


Height formula: 
sinh(h,) = sinh(b) sin(a) = sinh(a) sin(B). 
Sum of angles in a triangle: 


a+B+y <7. 


Appendix C List of symbols 


(5°), xi 
(yey 202 
[-,-], 154 

Ee, 2 

Z(PSG,7), 7 

A(p.4g.7) = 21.41.71), 7 
Xi MEL 

V/dt, 155 


Vw, 159 
Views: 161 
Vz, 161 
A, XI 

A. Xl 

A[G], 53 
A[S], 130 
B, 124 

b(t), 58 

¢, 200 

dA, 126 
dist(q,S), 244 
divb, 233 
divX, 225 
df, 96,98 
DpF, xii 
dA, xi 

aS, 223 
dxf, 153 
Af, 231 


A(?1,P2,P3), 247 


6, 244 

E[c], 172 
En), 14 
E(p1,p2,P3), 247 
e(xX), 240 
exp,, 183 
Fap, 13 

f(X), 240 

gi, 98 

g!, 110,168 
ry 157 
GL(n), xii 
Gx, 205 

8p, 98, 168 
gradf, xii, 152 
A, 115 

KH, 116 

hj, 109 
A(p1,p2,p3), 248 
IsfdA, 126 

Sag fds, 225 
Ip, 98, 128 
Ip, 109 

K(c), 67 

K(P), 64 

k(t), 35,58 
Kg(t), 182 
Kaor; 21 

Kj, Ko, 114 
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K, 115 
k(X), 240 
L{c], 28,171 
L[P], 30 
L(p,q), 2 
lag. 
wc), 73 
M,, 201 
M,, 201 
N, 103 
Nc, 38 
n(t), 34,58 
O(n), xii 
Pq, 3 
Pit = P22, 
@*g, 170 
Mp; 155 
P, 244 


P., 193 
H(z), XI 
R, 163 
Rie 163 
S*, 20 

Sx, 200 
SO(n), xii 
Trace b, 233 
St(p), 247 
t(t), 59 
T,S, 93 
U,(S), 244 
Vt, xi 

Wy, 106 
wi, 109 
x(S), 243 
x(X), 240 


|X|, 239 
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